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ASYMPTOTIC BEHAVIOUR OF SOLUTIONS TO STOCHASTIC PHASE
TRANSITION MODEL
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ABSTRACT. In this paper, we consider a stochastic adsorbate-induced phase transition
model. First, we prove the existence and uniqueness of global solution. Then, we
estimate the long-time expectation of the adsorbate coverage rate of the surface and
its average integral as well as the behaviour of solutions. Finally, numerical examples
are presented to illustrate those results.

1 Introduction In 1990, Ertl [4] and Jakubith et al. [9] found out that, in the catalytic
oxidation of CO molecules on a Pt(110) surface, adsorbed CO molecules and O atoms form
various types of spatio-temporal patterns, such as propagating wave, spiral, target, stripe
and chaotic patterns. To understand the mechanism of these phenomena from macroscopic
point of view, Hildebrand et al. [6, 7] presented a simple kinematic model of the surface
reaction coupled to a structural phase transition of the surface, that is, in Q x (0, 00)

(1.1) % = Az — py 7 -[x(1 — 2) v x(y)] — ae” Wz, — cxy + h(1 — x4),
% = p3Ay + que(ze +ye — 1)(1 — yy)-

The two-dimensional domain 2 denotes a Pt surface on which the patterns are performed.
The unknown functions x(z,t) and y(z,t) denote the adsorbate coverage rate of the surface
by CO molecules and the structural state of surface at a position z € € and time ¢, respec-
tively. The nonlinear advection —us 57 [2(1 — ) 7 x(y)] shows a flow of u on Q induced by
the gradient of the local chemical potential x(y) with mobility 1 —x. A typical form of x(y)
is such that x(y) = ¥%(3 — 2y). In the growth function of z, aeX(¥) denotes the desorption
rate of the molecules depending on x(y), ¢ the desorption rate by the effect of a chemical
reaction, and h denotes the adsorption rate. We mention here some results related to this
model:

e The square {(z,y) : 0 < z,y < 1} is an invariant and attractor set [18, p.381].

(a+’cl+h ,0), (ae*b}ichh’ 1) are homogeneous stationary solutions which are both stable.

However, given that models are often subject to environmental noise, it is important to
investigate whether the presence of such noise affects this result or not. In this paper, we
consider a stochastic version of model (1.1). The stochastic perturbation is as follows:

—ae~ B2 g, oy, 4 h(1 —x¢) ~ —ae B2 g, x4 h(1 — 2y)
+”white noise”,

qye(re + v — 1)(1 = ye) ~ qye(xe +y — 1)(1 — y¢) + " white noise”.
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The white noise here is effected by one-dimensional Brownian motion {w;, ¢ > 0} defined on
a complete probability space with filtration (2, F, {F; }1>0, P) satisfying the usual conditions
(see [10]). Since the unit square {(z,y) : 0 < z,y < 1} is an invariant and attractor set for
model (1.1), we assume that the white noise vanishes on the boundary of this square. Thus,
this environmentally perturbed system may be described by an It6 stochastic differential
equation of the form

dry = [ — ae—by?(3—2yt)xt —cry + h(l — Jit)] dt
(12) —|—O’1(.Tt)l’t(1 - It)d’LUt,
dye = qye(e +ye — 1) (1 — yi)dt + 02(y)ye (1 — ye)dwy,

where a,b, ¢, h and ¢ are positive constants, and o;(-) (i = 1,2) are bounded functions. The
generator of equation (1.2) is then given by

0 1 2 1 H2
(13) Lita) = 5+ 50021 — o L+ JoduP - 0?5 )
2
+Ud@@@ﬂml—@“_y%iéfﬂ_“4w64”$—w+hu—xﬁ%
o1

—1)(1 =) 2.
+aqy(z +y —1)( way
By some physical reasons, we only consider the solution (z;, y;) of model (1.2) with an initial
condition (zg,y0) €S = {(z,y) : 0 < z,y < 1} and in order that the system (1.2) describes
fitly the physical phenomena we expect that (x:,y:) are in this square for all ¢ > 0.

The aim of this paper is to show that (1.2) has a global solution lying in S. Next, we
estimate the long-time expectation of x; and its average integral in order to investigate the
behaviour of (2, y:).

The organization of paper is as follows. Section 2 provides the main results. First, we
shall verify that the square S is an invariant set of model (1.2), i.e., the solution (x¢,y:)
starting from S will remain in S with probability 1. Next, using comparison theorems, we
shall show that

h h

——— < limi <l < —
a+c—|—h\htrgl£fExt\h£S£pE$t\ae—b—i—c—i—h

and that there exist g;,9; € (0,1),0; > 0i(i = 1,2) such that as t — oo it holds true that
t t . e

%fo Tods — F}iwh’ T Jo xsds — ﬁ,yt — 1 and y; — 0 with probability 8;,9,, 01

and g9, respectively. Further, by calculating the Lie bracket and studying the controllability

of differential equations, it is proved that the system is sweeping for every compact set of
S, i.e., for any K such that K C S we have

lim P{(z,y:) € K} = 0.
t—o0
The last section, Section 3, illustrates the above results by some numerical examples.

2 Main results First of all, we will prove the invariance of S and the global existence of
solution to (1.2). Indeed, the following theorem is proved.

Theorem 2.1. For any (xo,y0) € S, there exists a unique solution (x¢,y:) of (1.2) for
t > 0. Furthermore, with probability 1, S is positively invariant for (1.2), i.e., if (zo,y0) € S
then (x4, y:) €S for all t = 0 with probability 1.
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Proof. Since the coefficients of (1.2) are locally Lipschitz continuous, for any initial value
(x0,y0) € S there is a unique solution (z:,y:) defined on an interval [0,7), where 7 is
explosive time, i.e., lim;—, - (|z¢| + |y:]) = 1 (see [1, 5]). Further, when either y = 0 or y = 1,
the coefficients of the second equation in (1.2) equal to 0. Therefore, by the local uniqueness
of the solution, we see that if yo € (0,1) then y; € (0,1) a.s. for ¢ € [0, 7). Therefore, to
show the existence of a global solution and also S to be positively invariant, we have only to
prove that if (zg,yo) € S then 0 < a3 < 1 for all ¢ > 0 (which yields that 7 = co0) a.s. We use
the technique of localization dealt with in [10]. Let 7 > 0 be sufficiently large for xy lying
within the interval [, ko]. Denote Hy = [1,1 — ] x (0,1). Tt is seen that U2 Hy = S,
Let us define a sequence of stopping times [10, Problem 1.2.7] for each integer k > ko by

T =1inf {t > 0: (v¢,y¢) & Hy}

(with the convention inf ) = c0). Since 7 is nondecreasing as k — oo, there exists the limit
Too = limyp_ oo 7. It is clear 7oo < 7 a.s.

Consider a positive function Q(z) = —Ilnz —In(1 —z) on (0,1). By using (1.3), we have

1
LQ(z,y) = —— {—ae‘byQ(?’_zy)x —cx+h(l - x)} +h
x
1 1
- [ae‘by2(3_2y)x + cx} + 50%(1‘)[(1}2 + (1 —2)?.
Since lim, o LQ(x,y) = —oo and lim,11 LQ(x,y) = —oo, there exists a positive number M

such that LQ(x,y) < M for any (z,y) € S. Therefore, by It6’s formula, for any ¢ > 0 it
holds that

t
(2.1) EQ(zirr,) = Q(wo) +/0 LQ(Tsprys Ysar,)ds < Q(wo) + Mt.

Suppose on the contrary that P{7,, < oo} > 0. Then, we can find a number T such that if
A={w:7Te(w) < T} then P(A) > 0. Therefore, from (2.1) we have

]EQ(xTATk) = E[]-AQ(:ET/\T;C)] + E[]-ACQ(:ET/\T;C)]
=E[14Q(zr,)] + E[l4-Q(z1Ar, )] < Q(x0) + MT.
On the other hand, if 7, < oo then
1 1

Since @ is positive, it follows that
1 1
(_ In > —In(l - %))P(A) < Q(zo) + MT.

Letting k — oo we get a contradiction. Thus P{7.,, = oo} = 1 and this implies that
P{r = oo} = 1. Therefore, if (zo,y0) € S, then we have (z;,y;) € S for any ¢ > 0. This
means that (x4, y:) is defined on [0,00) and S is an invariant set. The proof is complete. [

To study the dynamics of solutions of the system (1.2) we suppose that:

Hypothesis 2.2. o;(:) € C*(Ry) (i = 1,2) and there exist two positive constants €1,
such that €1 < 0;(x) < g2 and |ol(z)| < €2 for all x > 0.
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Theorem 2.3. Under Hypothesis 2.2, it holds true that

(i) there exist o; € (0,1)(¢ = 1,2) such that Pllimy_oo yr = 1] = 01 and Pllimy_ oo yr =
0] = 02;

ho .
(i) a+c+h hm 1nf Ez; < limsupExy < =07

t—o0o

(iii) there exist 9; € [0;,1)(i = 1,2) for which it holds that lim;_,o + f(f xsds =

. t
and lim;_, oo % fo Teds =

__h
ae~b+ct+h
Wh—i-h with probability 0,, 04, respectively.

Proof. To prove (i), we define the following two stochastic differential equations:
dy, = —qy,(y, — 1)%dt + 02(Y), (1 — 7, )dwr,

(2.2) 4G, = q7, (1 = G,)dt + 02 (F)T, (1 — Fp)dw,
Yo =Yg = Yo € (Oal)'

From Theorem 2.1 and the comparison theorem (see [8, Theorem 1.1, p.352]), we see that
Y, < yr < 7, forallt > 0 a.s. The scale functions s; (y) and s2(y) of the stochastic differential
equations in (2.2) are given, respectively, by

sl(y)[yexp{2/2uv2(;]v_(vl)l)()dv}du/;exp{/;wé%v)dv}du

2

SQ(y)z/yexp{—2/;7Mdv}du=/;exp{/;(qu(v)dv}d

2

-

-

Since o4(+) is bounded above and below by positive constants, it is easily seen that

A; = lim1 si(y) < o0, Bj:= lir%si(y) >—o0 (i=1,2).
y*}

y—

Therefore, by using [10, Proposition 5.22, p.345] we have

A o Ar—si(y)
Pllim g, = 0] =1-P[lim 5, =1] = ——5 =,
- - Az — 52(y0)
Pllim y, = 0] = 1 - Pllim g, =1] = —P—5="

o . A Ag—
This implies existence of g1 € [1 — %(110) 1) and g5 € [%g’;), 1) such that
P[lim y; = 1] = 01, P[lim y; = 0] = po.
t—o0 t—o0
Next, we prove (ii). We consider two one-dimensional stochastic processes Ty and Ty
given by

dzy = [h — (a + ¢ + h)Ty|dt 4+ 01 (T)Te (1 — Ty )dwy,
(23) dl’t [h, — ( —b +c+ h)%t]dt “+ 01 (?t)it(l - %t)dwt,
Tog = .’L‘o =29 € (071)
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Using again Theorem 2.1 and the comparison theorem as before, we get

(2.4) Te < ¢ < Ty forallt >0 a.s.

Tt follows from the first equation of (2.3) and Fubini’s theorem that

dEZ; = [h — (a + ¢ + h)Ez]dt,
Efo = Xp.

It is easy to see that

h h
ET, = N —(atcth)t o
T = (@0 a+c+h)e a+c+h
Therefore, lim;_. o ET; = ﬁ Similarly, we have lim;_,o EZ; = m Hence, by
using (2.4) we obtain
d < liminf Exz; < 1i Ez; < h
———— < liminf Ez; < limsupExy < —————-
a+c+h t—00 k tﬂoop S aetrce+h

We now prove (iii). It follows from the first equation of (1.2) that

1 t
(2'5) % - ? + ; / [7 ae*byf(372ys)x8 —CTs + h(l - xe)] ds
0

1 t
+ ;/ o1(xs)zs(1 — zs)dws.
0

Since 0 < x; < 1, then limy ., %t = 0 a.s. Furthermore, by putting M; = fg o1(zs)zs(1 —
xs)dws and by Hypothesis 2.2, { My, F;,t > 0} is a continuous martingale with the variation
<M > = f; 02 (zs)22(1 — x5)?ds satisfying

<M > < e%t/lﬁ, a.s.

Using the corollary to the theorem of time-change for martingales [10, Theorem 4.6, p.174],
there exists a Brownian motion (B, G¢) on (2, F, P) such that M; = Bcpys,,t > 0. For
P-as. weq,

o If < M >y (w) :=limy_oo <M > (w) < 00, then

M, B w B
lim M lim M — lim

t—o00 sy t t—o00 t

o If < M >, (w) = 00, then from

My(w)| _ | eMi(w)
t ] T 16< M > (w)
and from the strong law of large numbers for Brownian motion (see [10, p.104]) we
have ) )
lim My (w) < 3Bcr>,(w) (W) _ 9 Bs(w)| _ 0.
t—oo| ¢ t—oo |16 < M >4 (w) 16 s—oo| s
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Therefore,

1 t
(2.6) lim — o1(zs)rs(l — x5)dws = 0, a.s.

t—o0 0

Combining (2.5) and (2.6) gives

1 t
(2.7) Jim [ae_byg(?’_QyS) + ¢+ h]zgds = h, a.s.

Denote A = {w : limy_, o0 y¢(w) = 1}, we then have from (i) that P(A) = p;. For every
w € Aand e € (0,1), there exists T = T(g,w) > 0 such that y;(w) > 1 — &. Then, for all
s > T we have

(2.8) ae? < ae—0vi (@) (3-2ys(w) < qe—b(1—e)?(1+2e)

Because of (¢, y:) € S, we see from (2.7) and (2.8) that on the set A,

1 [ 1 [
(ae™® + ¢4 h) lim sup n / xsds < h < (ae_b(1_€)2(1+25) +c+h) litm inf n / xsds.
0 —o° 0

t—oo
Letting ¢ — 0 gives lim;_. o % fot Teds = m on A. It means that there exists p; €
[01,1) such that lim;_. 1 fot reds = m with probability g .

Similarly, there exists g, € [02,1) such that

K h
lim = | xsds=———
t—oo t [y a+c+h
with probability 9,. Hence, the proof is complete. O

. . . . £t
Since Theorem 2.1 implies (z:,y:) € S, we can use the transformation z; = ﬁ, Yy =
eTIt
Ttent

29) dé; = Pi(&me)dt + 01 (15 ) duw,
dn, = P2(§ta nt)dt + 02( 1_T.netm )dwt’

(t > 0). Then, by It6’s formula, the system (1.2) is rewritten into

where

_b(ee:(jnl; 3)} —ot h)

);

Pi(&m) =(1+¢)(—aexp{

n et —1 2( et
ag
2(1+ef) 146t

3 n n_1 n
e e e e
P =q|(——+——--1|+ 2 .
2(6m) q<1+e& 14 en > 2(1+e”)02(1+e")

It is seen that x; and y; tend to 0 or 1 if and only if & and 7; tend to —oo or +oo,
respectively.

To study the positivity of density of transition probability function to (2.9) we put

pi(z) = /0 Ui(du) (i=1,2),a0 = p1(&), Be = p2(m), vt = u — By

ot
1+ev
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By using It6’s formula, we obtain from (2.9) that

(2.10) dBy = g1(Be, ve)dt + dwy,
dve = g2(Be, v ),
where
Py(pr’ - R p71(6)
(2.11) a1(B,7) = 2(py (8 +771)a02 (8) 1 e - .y ef2 M
e D) 2(14erz D2 21 4erz D
e ®
and
P(p7! 1
(2.12) g2(3,7) = 1(py (B fl’Y)n% (3)
(e )y
o1 TtePr (B+m)
epfl(ﬁﬂL’Y) . epfl([ﬂ"‘/)

)_gl(ﬁa,y)

20(

1
S 21 4ern BEN]2 N err (B

Here p; '(-) denotes the inverse of p;(-) (i = 1,2). It is known that the density u(t,&,7)
of the random variable (&, ), if it exists and is smooth, can be found from the following
Fokker-Planck equation

ou(t,&n)  10* [ 5, € 1021, e
(213) =T = et + 5 G
0? et e O(Piu)  O(Pou)
* aeon ["1(1+e£)"2(1+en)“} T o o

For convenience of arguments, we will study the long-time behaviour of the density of
solution (&;,n;) of the system (2.9) or of the system (2.10) instead of considering the system
(1.2). Let us first survey some basic results on Markov semigroups.

Let the triple (X,X, m) be a o - finite measure space. Denote by D a subset of L! =
L'(X, ¥, m), consisting of the densities, i.e., D= {f € L': f >0, | f|| = 1}.
Definition 2.4. Let P be a linear mapping from L' to itself and let {P(t)}:>0 denote a
semigroup of linear operators on L'.

(i) P is called a Markov operator if P(D) C D;

(i) A Markov operator P is called a kernel operator if there exists a measurable function
k:X x X —[0,00) such that Pf(x) = fX k(z,y)f(y)m(dy) for every density f € D.

(111) Semigroup {P(t)}i1>0 is a Markov semigroup if P(t) is a Markov operator for every
t>0;
(iv) Semigroup {P(t)}i>0 is integral if P(t) is an integral Markov operator for every
t > 0.
(v) Semigroup {P(t)}i>0 is asymptotically stable if there is an invariant density f. such
that tlim IP#)f — f«ll = 0 for f € D (a density f« is said to be invariant under the
semigroup {P(t)}i>o if P(t)fx = fi for each t > 0).

(vi) Makov semigroup {P(t)}i>0 is said to be sweeping with respect to a set K € ¥ if
for all f € D,

lim [ P(t)f(z)m(dx) = 0.

t—o0o K
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If a semigroup is either asymptotically stable or sweeping with respect to compact sets
then we say that the semigroup has the Foguel alternative. Then, the following results are
known. For the proof, see [14].

Theorem 2.5. Let X be a metric space and let X be the its Borel o - field. Let {P(t)}i>0
be an integral Markov semigroup with a continuous kernel k(t,x,y). Assume that for every
feD,

/00 P(t)fdt > 0, a.e.
0

Then, the semigroup enjoys the Foguel alternative.

We now consider the space (R?, B(R?), m), where B(R?) is the Borel o - field of R? and
m is the Lebesgue measure on (R?, B(R?)). We can then construct a semigroup {P(t)};>0
generated by the system (2.9) and can prove that it has the Foguel alternative. To do
this, we add a condition to Hypothesis 2.2 and assume that the following hypothesis holds
throughout the remaining of the paper.

Hypothesis 2.6. The functions o;(-) (i = 1,2) satisfy Hypothesis 2.2 and are analytic.

Lemma 2.7. Let (&,m:) be a solution of (2.9) with initial condition (£9,1m0) € R2. Then,
the transition probability function P(t,&,no,-) of the Markov diffusion process (&,m:), i.e.,
P(t,&0,m0, K) = P{(&,m¢) € K} for K € B(R?), has a density k(t,&,n,&y,n0) with respect
to m with the regularity k € C*(]0,00) x R? x R?).

Proof. Since p;(x) is a strictly increasing function, it suffices to show that the transition
probability function of solution (8;,7:) of (2.10) has a density, say by k(t, 3,7, 3°,7°) sat-
isfying k € C*°((0,00) x R? x R?). We here apply the Hormander theorem on existence of
smooth densities of the transition probability function for the degenerate diffusion processes
described by (2.10) (see Nualart [13, Theorem 7.4], Malliavin [11] and Norris [12]).

When X (z) = (X1,---,Xg4) and Y(x) = (Y7,---,Yy) are a vector field on R?, the Lie
bracket [X,Y] is defined by a vector field

1. oy 0X;
YY) = 3 (Xl gt =1
Put (8.7) .
_ |91(B,Y _
(10(6’7) - {92(5,7)] ) ay = |:0:| )
az(8,7) = lao, a1], aiy1(8,7) = [ai,a1] (1> 2).
Then, _
[ )it %;17911 '
I TS (¢>2)

Denote by R?(f3,v) the vector space generated by vectors {a;(3,7)}i>1. If there exists a
point (3%,74%) € R? such that R?(3%,+°) # R?, then the vectors a; (i > 1) and a; are
parallel. Hence,
I gs
p—1

It then follows that go(3,7°) is constant for 3 € R.

(B°,9") =0, for all i > 2.
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On the other hand, from the fact that limg .o p; (8 + Y0) = limg_o0 py H(B) = o0
we have limg_. g2(08,70) = —oo. This is contradiction to the above result. Therefore, we
obtain the Hérmander condition:

(H) For every (3,7) € R2, the vectors a;(3,7) (i > 1) span the space R2.

Under the condition (H), the transition probability function P(¢, 5°,4,-) of system (2.10)
has a density k(t, 8,7, 3°,7°) with regularity k € C*°((0, 00) x R? x R?). Thus, the lemma
is proved. O

We now turn to study the solution (&, n;) of (2.9) with an initial random variable (&g, 19)
whose distribution is absolutely continuous with the density v(£,n). From Lemma 2.7, for
any t > 0, (&,n:) has a density u(t,&,n) satisfying the Fokker-Planck equation (2.13).
Further,

’u’(ta§7n) = / / k(t7§an7§1a§2)v(§17§2)d§1d§2-

As in [14] we see that system (2.9) generates a Markov semigroup. For any ¢ > 0, we define
the operator P(t):D — D by

( ) (5 77) = U t 5a / / t €, 7]7§17§2) (§1,§2)d§1d§2

Using Lemma 2.7 and an analytic prolongation, we know that the family of operators
{P(t)}+>0 on L*(R?,B(R?), m) becomes an integral Markov semigroup with a continuous
kernel k. The positivity of k is equivalent to that of & which is defined in the proof of Lemma
2.7. To verify this positivity we use the method based on support theorems (see Aida et al.
[2], Ben Arous and Leandre [3], Stroock and Varadhan [15]). Fix a point (839,70) € R? and
a function ¢ € L2([0, T];R),T > 0. Consider the following system of differential equations:

8u(0) = o+ J{16(5) + 01 (B0(5).70(5) s,
(214 {%(t) — 0+ Ji 9208 e

Let (B4,7) be a solution of (2.14) with the initial condition 84(0) = Bo,74(0) = o and
let F:L*([0,7],R) — R? be a mapping defined by F(¢) = (Bpsp(T),Ys+4(T)). De-
note by Dg, o4 the Fréchet derivative of F. It is known that if Rank (Dg,~0,¢) = 2
then k(T 3,7, B0,70) > 0 where (3,%) = (B4(T),74(T)). On the space C([0,T],R) of all
continuous functions from [0,7] to R, Dg, ,,¢ can be calculated by means of the per-
turbation method for ordinary differential equations as follows. Let f = (g1,92) and
A(t) = £'(Bs(t),74(t)). Denote by R(t,s), 0 < s < t < T, the fundamental matrix of
solutions of the equation
Z=At)Z

ie., 28UL2) — A4)R(t,s) and R(s,s) = I. Then,

T
Dy o s = / R(T, s)ayp(s)ds

where a1 = [(ﬂ .Let e € (0,7) and put ¢(t) =0if 0 <t < T —eand ¢(t) = L1(t =T +e)
if T'—e <t <T. By the Taylor formula we have R(T,s) =1 — A(T)(T — s) + o(T — s) as
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s — T. Thus,
T T
s—T+¢€ s—T+¢€
Dgy o0t = ——ads+ A(T) / (s = T)ayds + o(¢?)
T—e € T—e €
2
= gal - 6gA(T)al + o(€?).

991 Og1 991 (B) .
Since A(t) = gg’; 59;2 , it follows that A(T)a; = 89252% - where 8 = B4(T),7 = v4(T).

o8 oy ~o5

If the vectors a; and A(T)a; are linearly independent, then Rank (Dy, 4,,4) = 2. In the case
where a1 and A(T)a; are linearly dependent, (3,7) is a solution to the following equation:

Denote by G the set of all solutions of (2.15), then m(G) = 0. Indeed, put g(8,7v) = %—'g,

gi(B,7) = gﬁ‘fl(g]ll, where i = (i1,142) is a two- dimensional multi-index and denote S; =

{(B,7):9:; # 0}, then S; is open set. Given a two-dimensional multi-index i, we assume
without loss of generality that

_ 99 (8,7)

91(577) 86 ’

where i* is other two-dimensional multi-index with |¢*| < |i|. Since 6'(]”67(;’7) #0on S, it
follows from the implicit function theorem that

Gix (577) 7é Oa m-a.e. (577) on 57.

Denote by SL the zero set of g;= in S;, then
e m(S.) =0;
e S;\ SL is open and on which g;+ # 0.

We now consider the function g;+ on S; \ Si. Iteration of the above process leads to
g(ﬂafY) 7£ 07 m-a.c. (ﬂ77) on S’L Thus,

9(B,7v) #0, m-a.e. (3,7) on U; S;.

If there exists (Bo,v0) € R? \ U;S;, then g;(Bo,v0) = 0 for all two-dimensional multi-index
i. It then follows that g(/3,7) is constant on R?. Hence, g2(83,7) has the following form on
R2:

92(8,7) = cB+39(v), celR
This leads to a contradiction, because g2(f3, ) tends to —oo for every v when (3 tends to oo
or —oo. Therefore, R? \ U;S; = 0 and then m(G) = 0.

Summing up these results yields

Lemma 2.8. k(T 3,7, f0,%) > 0 if (3.7) = (Bs(T),74(T)) ¢ G.
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We are now in a position to consider the controllability of system (2.14) in the space
C([0,T],R). System (2.14) becomes

B(6) = (8) + g1 (B (0),76(1)),
(210) {vgb(t) = 928 (). 76(1)-

We then have the following claims.

Claim 1. Let 79 > 7. Since limg_. pl_l(ﬁ +70) = limg_ pz_l(ﬁ) = 00, it is easy to
see that limg_,o g2(83,7) = —oo uniformly in y € [y1,70]. Then, there exists Gy such that
92(0,7) < —1 for any 5 € [71, 7). Choose §(t) = —g1 (o, 7(£)), where A(t) is a solution of

the following equation
{v’(t) = 92(60,7(1),
7(0) = 0.
Then, system (2.16) has a solution (84(t),74(t)) = (Bo,7(t)) and 74(0) = ~o. Since v}, =
92(Bo,7¢) < —1 whenever v4 € [1,7), we can find T' > 0 such that v4(T) = 7.

Claim 2. Let 7 < 7. Since limg_, oo p; (8 + 70) = limg_._oo py (8) = —o0, it is
easy to see that limg ., o g2(5,7) = oo uniformly in v € [y9,71]. Similarly to Claim 1,
there exist By, a function ¢(¢) and T' > 0 such that (2.16) has a solution (84(t),v4(t)) =

(Bo,¥(£)),76(0) = 70 and 74(T') = 71.
Claim 3. Fix yo € R,L > 0, A; > Ay and € > 0 such that e < min{Z, A AO} Let

m* = max{|g1(8, )|+ |92(8,7): (8,7) € [Bo, Bo + L] x [Ao, Aul},

to = ;5 and ¢ = 372 L For every 4y € [Ag + ¢, A1 — €] the solution of system (2.16) with
(8505 76(0)) = (B 7o) satisties

Bs(to) € (Bo+%,B80+ L),
(217 {mw € ho— €0+ ot € [0, o).

Indeed, it follows from system (2.16) that

Therefore, for every 0 < s < t < tg, we have

By(to) > Bo + LLlto =6y + &
Bo(t) > Bo(s),
Be(to) <m*to(3L 4+ 1) + Bo < Bo + L,

and
t

Fre(®) = 760)| = | [ 92(56(5) / mids = m'ly = e
0
It now follows from (2.17) that for (B1,71) € (Bo, Bo + %] x [Ao + 2¢, A1 — 2¢] there exists
Yo € [y1 —€,71 + € and T € (0,%o) such that B4(T) = 1 and v4(T) = v1. The same proof
works for 81 € (ﬂo—%, Bo] and gives that: for all (81,71) € (60—%, ﬂo—i—%) x[Ag+2e, A1 —2€],
there exist v € [y1 —€,71 + €] and T € (0, tg) such that 54(T) = B1,7v4(T) = 1.

Summing up these claims, we get
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Lemma 2.9. System (2.16) is controllable in R? by piecewise continuous controls, i.e., for
any (Bo,%), (B1,71) € R? there exist a piecewise continuous control function ¢ and T > 0

such that (85(0),7(0)) = (Bo,70) and (Bs(T),74(T)) = (B1,71)-

Combining two Lemmas 2.8-2.9 yields
Lemma 2.10. Let (¢€°,1°),(8°,7°) € R? be given.

e For almost every (3,7) € R?, there exists T > 0 such that k(T, 3,7, 3°,7°) > 0.
e For almost every (£,m) € R?, there exists T > 0 such that k(T,&,n,£% 1°) > 0.

We have the following theorem.

Theorem 2.11. Under Hypothesis 2.6, let (x¢,y;) be the solution of (1.2) with initial value
(x0,y0) € S. Then for every t > 0, (zt,y) has a density o(t,x,y) satisfying the Fokker-
Planck equation L*o(t,xz,y) = 0, where L* is the adjoint operator of L in (1.3) which is
given by
. dy 1 02
L o(t,z,y) = —— +

ot %%[of(x)ﬁ(l — )] + 5372[05(y)y2(1 ~)*¢]

82

+ %[al(x)oz(y)xy(l —2)(1 —y)g| — %[{_ae—byz(?»—w)x e+ (1 — 1)}

0
-z —1)(1—y)y).
a9y lgy(z +y—1)(1 —y)¢]
Furthermore, for any compact set K C S, lim;_, o P{(z¢,y:) € K} = 0.

Proof. By virtue of Lemma 2.7, {P(t)}+>0 is an integral Markov semigroup with a continu-
ous kernel k(t,&,n,&p,10) for t > 0. Then, the distribution of (&, ;) has a density u(t,&,n)
satisfying the Fokker-Planck equation (2.13). This implies the first statement of theorem.
Next, using Lemma 2.10, we have for v € D

/ P(t)vdt > 0, a.e. on R2
0

Therefore, from Theorem 2.5, {P(t)};>0 has the Foguel alternative, i.e., one of two following
assertions holds true:

(A) {P(t)}i>0 is asymptotically stable on R2.
(B) {P(t)}i>0 is sweeping with respect to compact sets.

We shall show that the assertion (A) is not the case. Indeed, if (A) takes place then there
exists a unique stationary density u.(£,n) of the Fokker-Planck equation (2.13) such that

fim [ futt.n) = €. n)ldedn =

t—oo

As a consequence, lim; oo P{(&,n:) € K1} = fle u. (€, m)dédn for any K, € B(R2).
We choose a compact set K satisfying fle u(§,m)d€dn > 1 — p1. On the other hand,
from Theorem 2.3 we have P[lim; o 7t = 00| = 1. Therefore, 1 > P[lim; o 7: = 00| +
limy oo P{(&:,m) € K1} > 01 + (1 — 01) = 1. This contradiction implies that (B) must
hold. It means that lim; o, P{(&,n:) € K1} = 0 for any compact set K; C R. Therefore,
lims—, oo P{(z¢,y:) € K} = 0 for any compact set K C S. Thus, the proof is complete. [
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3 Numerical examples and conclusion In this section, we present numerical exam-
ples. Seta=4,b=5,¢=0.2,h =1, =1, (z0,y0) = (0.8,0.45), and (01, 02) = (0.5,0.2). In

the following figures, d; and dz denote, respectively, the lines z = - v and x = m
In Figure 1(a), y4 — 1 as t — oo. It follows that %fot T,ds — m as t — 00, see

Figure 1(b). In this case, the trajectory of x; oscillates around dg. Similarly, in Figure 2(a),
the trajectory of y; approaches to 0 and in Figure 2(b) one of z; oscillates around d; as
t — 00. The model (1.2) is sweeping with respect to compact sets.

In conclusion, we recall that this work provides some results about the asymptotic
behavior of a stochastic adsorbate-induced phase transition model (1.2). The mathematical
analysis shows that the square (0,1) x (0,1) is an invariant set of this model and the

model is sweeping with respect to compact sets of (0,1) x (0, 1). Furthermore, we show that

ye — 0,90 — 1, %fg:ﬂsds — m, and %fot Teds — ﬁ as t — oo with positive
probability. These results agree to those of Hildebrand et al. [6, 7] where they confirm that

(ﬁ, 0) and (m, 1) are stable homogeneous stationary solutions.

1 2
X
08 1.5 - - —d2
0.6
> x 1
0.2 0.5
0 0
0 5 10 15 0 10 20 30
t t
(a) (b)
Figure 1: Case when 3, — 1 and %fot Tsds — m
1 2
X
08 15 - —d
0.6
> x 1
0.4
0.2 0.5
0 0
0 5 10 15 0 10 20 30

(a) (b)

Figure 2: Case when y; — 0 and %fot zods — i
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