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DUAL POSITIVE IMPLICATIVE HYPER K-IDEALS OF TYPE 4
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ABSTRACT.In this note first we define the notion of dual positive implicative hyper K-
ideal of type 4, where for simplicity is written by DPIHKI — T4. Then we give some
related results. Finally we determine all of hyper K-algebras of order 3, which have
D1 ={1}, D2 ={1,2} or D3 ={0,1} asa DPIHKI — T4.

1 Introduction The hyperalgebraic structure theory was introduced by F. Marty [6] in
1934. Imai and Iseki [6] in 1966 introduced the notion of a BCK-algebra. Borzooei, Jun
and Zahedi et.al. [2,3,9] applied the hyperstructure to BCK-algebras and introduced the
concept of hyper K-algebra which is a generalization of BCK-algebra. In [1], the authors
have defined 8 types of positive implicative hyper K-ideals. Recently in [8] we introduced
the notion of dual positive implicative hyper K-ideal of type 3 and then we characterized
them. Now in this note first we define the notion of dual positive implicative hyper K-ideal
of type 4, then we obtain some related results which have been mentioned in the abstract.
We will define and study the other types of dual positive implicative hyper K-idaels in the
next papers.

2 Preliminaries

Definition 2.1. [2] Let H be a nonempty set and ” o” be a hyperoperation on H, that is
707 is a function from H x H to P*(H) = P(H)\{0}. Then H is called a hyper K-algebra
if it contains a constant ”0” and satisfies the following axioms:

(HK1) (zoz)o(yoz)<moy

(HK2) (zoy)oz = (z02)oy

(HK3) z < z

(HKd) z<y,y<z=z=y

(HK5) 0 < =z,

for all z,y,z € H, where x < y is defined by 0 € z oy and for every A,BC H, A< B is
defined by Jda € A, 3b € B such that a < b.

Note that if A, B C H, then by A o B we mean the subset U aobof H.

acA
beB

Theorem 2.2. [2] Let (H,0,0) be a hyper K-algebra. Then for all x,y, 2 € H and for all
non-empty subsets A, B and C of H the following hold:

()roy<zezoz<y, (ii) (zoz)o(xoy) <yoz,

(iii) z o (z o y) < ¥, (iv) zoy < z,

(v) A C B implies A < B, (vi) z € 00,

(vii) (AoC)o (Ao B) < BoC, (viii) (Ao C)o(Bo(C) < Ao B,

(ix) AoB<(C & Ao(C < B, (x) Ao B < A.
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Definition 2.3. [2] Let (H,0,0) be a hyper K-algebra. If there exists an element 1 € H
such that z < 1 for all x € H, then H is called a bounded hyper K-algebra and 1 is said to
be the unit of H.

In a bounded hyper K-algebra, we denote 1oz by Nx.

Definition 2.4. [8] Let H be a bounded hyper K-algebra. Then a non-empty subset D of
H is called a dual positive implicative hyper K -ideal type 3 (DPIHKI-TS3) if it satisfies:
(i)le D

(ii)N((NxoNy)oNz) < D and N(NyoNz) < D imply N(NzoNz) C D, Vx,y,z € H.

Theorem 2.5. [8] Let H = {0, 1,2} be a hyper K-algebra of order 3 with unit 1 and let
D={0,1}in H. Then Disa DPIHKI —T3ifand only if 2¢ 102 and 2 ¢ 10 1.

3  Dual positive implicative hyper K-ideals of type 4
From now on H is a bounded hyper K-algebra with unit 1.

Definition 3.1. A non-empty subset D of H is called a dual positive implicative hyper
K -ideal type 4 (DPIHKI — T4) if it satisfies:

(i)leD

(ii) N((NzoNy)oNz) C D and N(NyoNz) < D imply that N(NzoNz) C D, Va,y,z € H.

Example 3.2. Let H = {0,1,2}. Then the following table shows a hyper K-algebra
structure on H with unit 1.

o 0 1 2
0 {0y {0} {0}
1o {1y {01} {1}
2 | {1,2} {0,1} {o0,1}

Furthermore Dy = {1}, Do = {1,2} and D3 = {0,1} are DPIHKI — T4.

Example 3.3. Let H = {0,1,2}. Then the following table shows a hyper K-algebra
structure on H with unit 1.

0 1 2
{or {02} {0}
{1} {0,1} {2}
{2+ {0,2} {0,2}

Also Dy = {1} and D3 = {0,1} are DPIHKI—T4, but Dy = {1,2} isnot a DPIHKI—-T4.

N~ OO0

From now on we let D is a non-empty subset of a bounded hyper K-algebra H with unit
1,and 1 € D.

Theorem 3.4. A non-empty subset D of H is a DPIHKI — T4 if and only if
N((Nzo Ny)o Nz) C D implies that N(Nx o Nz) C D, Va,y,z € H.
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Proof. Let D be a DPIHKI — T4 and N((Nz o Ny)o Nz) C D. Then by Definition 2.1
and Theorem 2.2(x) we conclude that N(Nyo Nz) < D; Vy,z € H. So by hypothesis we
get that N(NxoNz) C D, Vz,z € H.

The proof of the converse is trivial.

Theorem 3.5. If Disa DPIHKI —T3 of H, then D isa DPIHKI — T4.
Proof. Straightforward.

Theorem 3.6. Let D C Hand 0¢ D. If 1 € lox; Vo € H, then D isa DPIHKI — T4.

Proof. By hypothesis we get that 1 € 101 C (1o1)o1 C ((1ox)o (loy))o (1o z);
Ve,y,z € H. So0€lolClo(((loz)o(loy))o(loz)),Ve,y,z€ H. Since 0 ¢ D, so
N((NzxoNy)oNz)Z DVz,y,z € H. Therefore by Theorem 3.4. we conclude that D is a
DPIHKI —T4.

Note that Dy = {1} and Dy = {1, 2} in Example 3.2 satisfy the conditions of Theorem 3.6.
Theorem 3.7. In H we have 100 = {1}.

Proof. By Theorem 2.2(vi) we have 1 € 100, now we prove that 100 = {1}. On
the contrary let 1 00 # {1}. Then there exists 1 # = € 100. By (HK2) we have
0cxoxC(lo0)ox=(lox)o0. So there exists t € 1 oz such that 0 € ¢ 00, hence ¢t < 0.
By (HK4) and (HK?5) we get that t = 0. Thus 0 € 1ox, so 1 < z. Since 1 is the unit of
H, by (HK4) we conclude that = 1, which is a contradiction.

Theorem 3.8. Let 101 ={0}. If 0 ¢ D, then D is not a DPIHKI —T4.

Proof. By (HK?2), Theorem 3.7 and hypothesis we have 000 = (101)o0 = (100)ol = 1ol =
0. So we get that 1 = 100 = 10(000) = 1o((1ol)o(lol)) = 1o(((100)o(100))o(lel)) C D,
that is N((NOoNO)oN1) C D. Also0=101=10(100)=10((100)o(101)). Now
since 0 ¢ D, we have N(NOo N1) € D. Thus D is not a DPIHKI — T4.

Example 3.9. Let H = {0,1,2}.Then the following table shows a hyper K-algebra struc-
ture on H with unit 1.

o | 0 1 2
0 | {oy {0} {0}
Lo {1y {0y {1}
2 | {2} {0,1} {0,1,2}

And D; = {1} and Dy = {1, 2} are not DPIHKI — T4, by Theorem 3.8.

Theorem 3.10. Let NNax = x, Ve € H and D C H . If 0 € D, then D is not a
DPIHKI —T4.

Proof. We prove that 1 01 = {0}. On the contrary let 1 01 # {0}. Then there exists
0 # x € 1o1. By hypothesis we get that loxz C 1o(lol) = NN1=1,s0 lox = 1.
Since NNz = x, hence x = 1o (loxz) = 101. Therefore 0 € 101 = z, that is x = 0
which is a contradiction. Thus 101 = {0}. So by Theorem 3.8 we conclude that D is not
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a DPIHKI —T4.

Example 3.11. Let H = {0,1,2}.Then the following table shows a hyper K-algebra
structure on H with unit 1.

o | 0 1 2

0 | {0y {0,1,2} {0,1,2}
Lo {1y {0} {2}
2 | {2} {o0,1,2} {0}

Then we can see that NNz = z. Also by Theorem 3.10 D; = {1} and Dy = {1, 2} are not
DPIHKI —T4.

Lemma 3.12. Let NNz = z. Then 101 = {0} and 000 = {0}.
Proof. See the proofs of Theorems 3.10 and 3.8.

Theorem 3.13. Let 1l #x €c Handz ¢ Dor 0 ¢ D. If 1o1 = {0,z} and 1 oz = {1},
then D is not a DPIHKI —T4.

Proof. By (HK2) we have (1o1l)oxz = (loz)ol =101 = {0,z} and (101)0o0 =
(l1o0)ol=101={0,2}. So by hypothesis we get that 0oz, z oz and 000 C {0, z},
also 200 = {z}. Hence we have 1o (((100)o(100))o(1o1)) C1lo{0,z} ={1} C D and
{0,z} =101C10((100)o(101)). Since 0 or z & D, hence N(NOo N1) Z D. Therefore
Disnot a DPIHKI —T4.

Example 3.14. Let H = {0,1,2}. Then the following table shows a hyper K-algebra
structure on H with unit 1.

| 0 1 2
0,2} {0,1,2} {0}
{1 {02y {1}
{2y {o0,1,2} {o0,2}

N~ OO0

And D; = {1}, D = {1,2} and D3 = {0,1} are not DPIHKI — T4, by Theorem 3.13.

4  Dual positive implicative hyper K-algebras of type 4 of order 3

In the sequel we let H = {0, 1,2} be a bounded hyper K-algebra of order 3 with unit 1
and Dy = {1} , Dy = {1,2} and D3 = {0, 1} be subsets of H.

Lemma 4.1. Let NNx = x; Vo € H. Then D3 is a DPIHKI — T4 if and only if
2€(202)N(201).

Proof. Theorem 3.7 and Lemma 3.12 imply that 100 = {1} and 101 = {0}. Now by a simple
argument we get that 102 = {2}. By (HK2) we have 200 = (102)00 = (100)02 = 102 = {2}.
Let D3 be a DPIHKI — T4 we prove that 2 € (202)()(201). On the contrary let
2¢(202))(201).
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If2 ¢ 202, then 1o(((102)o(102))o(lol))=10((202)00)C 10{0,1} ={0,1} = D3 and
2=102=10(200)=10((102)o(101)). Since 2 ¢ D3, we get that N(N2o N1) Z Ds.
Thus D3 is not a DPIHKI — T4, which is a contradiction. So 2 € 20 2.

If2¢ 201, Then 1o(((102)o(100))o(lol))=10((201)00)C10{0,1} ={0,1} = D3
and 2=10((102)o(lo1l)). Since 2 € D3, we get that N(N2o N1) Z D3. Therefore Ds
is not a DPIHKI — T4, which is a contradiction. Thus 2 € (20 1).

Conversely let 2 € (202)()(20 1) we prove that Ds is a DPIHKI — T4. By hypothesis
and (HK2) we have 002 = (1o1)o2=(l02)ol=201. Since2€ 201, then2€002.
Now by some manipulations we can check that :
(i)1o((100)o(100)),10((lo0)o(lol))and 1o ((1o1)o(lo1)) are subsets of Ds.
(i) 1o((100)0 (102)), 1o ((Lo1)o(102)), To((102)0 (100)), 10((102)o(101) and
1o ((1o2)o(102)) are not subsets of Ds.

So in the case of (i), by Theorem 3.4 we are done. And in the case of (ii), by some
calculations we see that N((Nz o Ny) o Nz) € Ds. So in this case also the conditions of
Theorem 3.4 hold.

Now consider 1o ((101)o(100)) =10(001). If 001 C {0,1}, then 1o((1o1)o(100) C D3
and we are done. If 2€ 001, then 1o ((1o1)o(100)) € D3, since2 € 1o((1ol)o(100)).
So we can see that N((N1o Ny)o NO) Z Ds, for all y € H. Thus D3 isa DPIHKI —T4.

Lemma 4.2. Let 101 C {0,1} and 102 = {1}. Then D3 isa DPIHKI — T4.

Proof. Since 101 C {0,1} and 1 02 = {1}, then by Theorem 2.5 D3 is a DPIHKI —T3.
Hence D3 is a DPIHKI — T4 by Theorem 3.5.

Lemma 4.3. Let 101 = {0} and 102 = {1,2}. Then D3 is a DPIHKI — T4 if and only
if2€(202)N(201).
Proof. The proof is similar to the proof of Lemma 4.1.

Theorem 4.4. Let 101 = {0}. Then the following statements hold:

(i) Dy and Dy are not DPIHKI — T4.

(ii) f2€ 102, then Dg isa DPIHKI —T4 if and only if 2 € (202)((201).
(iii) If 102 = {1}, then D3 is a DPIHKI — T4.

Proof. (i) Follows from Theorem 3.8.

(ii) Consider two cases: 102 = {2} or 102 = {1,2}. In the first case, the proof of Lemma
4.1 shows that Ds isa DPIHKI—T4if and only if 2 € (202)((201). In the second case,
the proof follows from Lemma 4.3.

(iii) The proof follows from Lemma 4.2.

Now we give some examples about the above Theorem.
Example 4.5. Consider the following tables :
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Hi| 0 1 2 Hy| © 1 2 Hy| 0 1 2

0 1 {0} {0}  {0,2} 0 | {0y {0,1,2} {0,2} 0 | {0} {0,2} {0,2}
Lfy {0y {1,2} L {1y {0} {2} Lfy {0y {2
2 | {2+ {02} {0,2} 2 | {24 {02} {0,1,2} 2 | {2+ {023 {0}

Hy| © 1 2 Hs| © 1 2 Hy | 1 2

0
0 {0y {0,1,2} {0,2} 0 | {0or {0,1,2} {0,1} 0 {0} {0y {0}
L {1} {0} {1,2} L {1y {0} {2} Ly {0y {1}
2 | {23 {0,2} {0,1} 2 | {23 {0,1} {0} 2 ({1,2} {o,1} {o0,2}

Then each of the above tables gives a hyper K-algebra structure on {0,1,2}. Moreover:
(a) In Hy, Hy and Hg, D3 is a DPIHKI — T4, by Theorem 4.4 (ii),(iii), While D; and D,
are not DPIHKI — T4, by Theorem 4.4 (i).

(b) In Hs, Hy and Hs, Dy, Dy and D3 are not DPIHKI — T4, by Theorem 4.4 (i),(ii).

Lemma 4.6. Let 101 ={0,1} and 102 = {1,2}. Then D3 is a DPIHKI —T4.

Proof. By (HK?2) we have {1,2} =102 C (1o1)o2=(102)o1 ={1,2}01 ={0,1} |J(201),
thus 2 € 201. Since 1 € lox, Vo € H and 2 € 102, then 1o(((lox)o(loy))o(102)) € Ds.
We easily see that 10 ((100)o(100)) and 10 ((100)o (101)) are subsets of D3. Since
lelox,Vve Hand2 €201, hence 1o (((lox)o(lo2))o(loy)) € Ds. If 2¢& 001,
then 1o ((1ol)o(lo1))and 1o ((1o1)o(100)) are subsets of D3. Let 2 € 0o 1, then
N((NzoNy)oNz) ¢ D3¥z,y,z € H. So D3 is a DPTHKI — TA.

Lemma 4.7. Let 101 ={0,1} and 102 = {2}. Then the following statements hold:
(i) Dy isa DPIHKI — T4 if and only if 2 0 2 # {0}.

(ii) Dy isa DPIHKI — T4 if and only if 1 € 20 1.

(iii) D3 isa DPIHKI — T4 if and only if 2 € 20 2.

Proof. (i) Let Dy is a DPIHKI — T4 we prove that 202 # {0}. On the contrary let
202 ={0}. Then

1o(((1o0)o(lo2)o(lo2)) =10((102)02)=10(202) =100 = {1} = D; and
1o((1o0)o(lo2))=10(102) =102 =2. Since 2 € Dy, hence D; isnot a DPIHKI—T4,
which is a contradiction. Thus 2 0 2 # {0}.

Conversely let 2 02 # {0}. We prove that Dy is a DPIHKI — T4. By (HK2) we have
{2} =102C(lol)o2=(102)o1=201,thus2€201l. From 2 €201 and 202 # {0}
and some manipulations we get that N((Nz o Ny) o Nz) € Dy; Va,y,z € H . So there is
nothing to prove, in other words D is a DPIHKI — T4.

(ii) Let Dy is a DPIHKI — T4 we prove that 1 € 20 1. On the contrary let 1 € 201. Then
1o(((1o0)o(102))o(lo0))=10((102)ol)=10(201) C10{0,2} ={1,2} =Dy and 0 €
1o((100)o(100)). Since 0 ¢ Dy, then Dy is not a DPIHKI —T4, which is a contradiction.
Thus 1 € 20 1. Conversely let 1 € 201. By (HK?2) we have (101)02=(102)o1 =201,
so (002)[J{2} =201. Hence 1 € 002. Also we have 10((100)0(102))= {2} C Ds. Now
since 1 € 101 we can see that N((Nx o Ny) o Nz) € Dy, Va,y,z € {0,1}. Since 1 € 00 2,
then N(Nzo Ny)o Nz) € Dy, for all z € {0,1} and y, z € {0,1,2}. If 202 # {0}, then by
hypothesis we can check that N((N2o Ny)oNz) Z Do, Yy, z € {0,1,2}. If 202 = {0}, then
by (HK?2) we have 0ol = (202)o1 = (201)02 = {0,1,2}. Hence N((N20oNy)oNz) Z Ds;
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Vy,z € {0,1,2}. Therefore Dy is a DPIHKI — T4.

(iii) Let D3 is a DPIHKI — T4 we prove that 2 € 20 2. On the contrary let 2 ¢ 20 2.
Then 202 C {0,1}, hence 1o (((100)o(102))o(lo2)=10((102)02)=10(202)C
10{0,1} ={0,1} = D3. But 1o ((100)o(102)) € Ds, since 2 € 10 ((100) o (10 2))
and 2 € D3, we conclude that D3 is not a DPIHKI — T4, which is a contradiction. Thus
2 € 202. Conversely the proof is similar to (i) and (ii).

Theorem 4.8. Let 101 ={0,1}. Then the following statements hold :
(i) If 1 € 102, then Dy, Dy and D3 are DPIHKI — T4.

If 102 = {2}, then:

Dy isa DPIHKI — T4 if and only if 2 0 2 # {0}.

Dyisa DPIHKI — T4 if and only if 1 € 20 1.

Dsisa DPIHKI — T4 if and only if 2 € 20 2.

11
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~

Proof. (i) Follows from Theorem 3.6 and Lemmas 4.2 and 4.6.

ii) Follows from Lemma 4.7.

Now we give some examples about the above theorem.
Example 4.9. Consider the following tables :

H| 0 1 2 Hy| 0 1 2
0 | {0} {0,1,2} {0,1,2} 0 | {0} {0,1,2} {0,1,2}
1 {1} {0,1} {1,2} 1| {1} {o,1} {1,2}
2 | {1,2} {0,1,2} {0,2} 2 | {2} {0,2}  {0,2}
Hs| 0 1 2 Hi| 0 1 2
0 | {0} {0} {o} 0 ({0,1} {o0,1,2} {0,1,2}
1 {1p {0,1} {1} 1 {1} {o,1} {2}
2 | {24 {0} {0} 2 | {2v {o0,1,2} {01}
Hs| 0 1 2 Hg| 0 1 2
0 | {0} {o0,1,2} {0,2} 0 | {0} {o0,2} {0,2}
1 {1} {0,1} {2} L{1y {01y {2}
2 | {2} {0,2} {0,1,2} 2 | {2} {0,2} {0}

Then each of the above tables gives a hyper K-algebra structure on {0, 1,2}. Moreover:
(a) In Hy, Hy and Hs, D1,D5 and D3 are DPIHKI — T4, by Theorem 4.8(i).

(b) In Hy, Dy and Dy are DPIHKI—T4, by Theorem 4.8(ii), while D3 is not a DPTHKI—
T4, by Theorem 4.8(ii).

(¢)In Hs, Dy, D3 are DPIHKI—T4, by Theorem 4.8(ii), while D5 is not a DPTHKI—T4,
by Theorem 4.8(ii).

(d) In Hg, Dy, Do and Dj are not DPIHKT — T4, by Theorem 4.8(i).

Theorem 4.10. Let 101 = {0,2} and 102 = {2}. Then D;(Ds) is a DPIHKI — T4 if
and only if 202 # {0}.

Proof. We give the proof of D1, the proof of Ds is similar to D,. Let Dy isa DPIHKI—T4
we prove that 2 02 # {0}. On the contrary let 2 02 = {0}. By hypothesis we have
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1o(((1o0)o(lo2)o(lo2)) =10((102)02) =10(202) =100 = {1} C D; and
2=102=10(lo2)=10((100)o(102)). Since 2 € Dy, so Dy isnot a DPIHKI — T4,
which is a contradiction. Thus 202 # {0}. Conversely let 202 % {0} we prove that D; is a
DPIHKI—T4. By (HK3) we have 201 = (102)o1 = (1o1)02 = {0, 2}02 = (002) [J(202).
Since 2 02 # {0} implies that 201 # {0}. Since 2 € (102)()(101),201 and 202 # {0},
then by some calculations we can get that N((Nz o Ny)o Nz) € D;. Hence D; is a
DPIHKI —-T4.

Now we give some examples about the above theorem.
Example 4.11. Consider the following tables :

H | 0 1 2 Hy| © 1 2
0 140y {0} {0,1,2} 0 110y {02} {0,2}
L {1 {02} {2} L {0.2p {2
2 | {2} {0,1,2} {0,1,2} 2 | {2} {0}  {0,2}

Hy| 0 1 2
0 | {0} {0,1,2} {0,1,2}
{1y {02} {2}
2 | {2} {0,1,2} {0}

Then each of the above tables gives a hyper K-algebra structure on {0, 1,2}. Furthermore:
(a) In Hy, Ho, D1 and D3 are DPIHKI — T4.
(b) In H3, Dy and D3 are not DPTHKI — T4.

Theorem 4.12. Let 101 = {0,2} and 102 = {2}. Then the following statements hold :
(i) If 202 C {0, 2}, then Dy is not a DPIHKI — T4.

(i) If 202 = {0, 1,2}, then Dy is a DPTHKI — T4.

(iii) If 202 = {0, 1}, then Dy is a DPIHKI — 4 if and only if 1 € 00 2.

Proof.(i) Let 202 C {0,2}. We have 10 (((100)0(102))o(1o1)) C10{0,2} ={1,2} = D,
and0€lol1C1lo((lo0)o(1o1l)). Since 0 ¢ Do, so D is not a DPIHKI —T4.

(ii) Let 202 = {0, 1, 2}. In the proof of Theorem 4.10 we obtained that 201 = (202) | J(002),
s0o 201 ={0,1,2}. Since 2 € (101)(((102) and {1,2} C (201)[)(2 0 2) then by some
manipulations we will see that N((Nxz o Ny) o Nz) € Dy; Vx,y,z € H. Therefore Ds is a
DPIHKI —T4.

(ili) Let 202 ={0,1} and Dy is a DPIHKI — 4 we prove that 1 € 0o 2. On the contrary
let 1 ¢ 002. Then we have 1o (((102)o(102))o(102)) =10((202)02)=10({0,1}02) =
10{0,2} = {1,2} = Ds. But 0 € 101 C 10(202) = 10((102)o(102)),s0 N(N20N2)  Ds.
Hence Ds is not a DPIHKI — T4, which is a contradiction. Thus 1 € 0 0 2. Conversely if
1 € 002, then by the proof of Theorem 4.10 we have 201 = (202)(J(002), hence 1 € 201.
By (HEK3) we have 002 C (201)02=(202)01={0,2}J(001). Since 1 € 002, then
1€001. Now 0 € 201 and hypothesis imply that N((Nz o Ny)o Nz) € Ds; Va,y,z € H.
Therefore Dy is a DPIHKI — T4.

Now we give some examples about the above theorem.
Example 4.13. Consider the following tables :
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H| o© 1 2 Hy| 0 1 2

0 |{0,2} {0,1,2} {0,1} 0 | {0 {0,1,2} {0,1}

L {1y {02} {2} L {1 {02} {2}

2 | {2v  {o,1,2} {02} 2 1 {2p {01}  {o}
Hy| © 1 2 Hi| 0 1 2
0 [{0,2} {0,1} {0,1} 0 | {0} {0,1,2} {0,1}
A1 {02} {2} 1 {1} {02} {2}
2 | {2} {0,1,2} {0,1,2} 2 | {2} {0,1,2} {0,1}
Hs| 0 1 2 Hs| 0 1 2

0o {0y {0} {0} 0 1{0,2}  {0,1}  {0,1}

{1} {0,2} {2} {1y {o2p {2}

2 | {2} {o,1} {o0,1} 2 | {2} {0,1,2} {0,2}

Then each of the above tables gives a hyper K-algebra structure on {0,1,2}. Also:
(a) In Hs and Hy , Dy is a DPIHKI — T4, by Theorem 4.12 (ii),(iii).
(b) in H1, Ho, H5 and Hg, Dy is not a DPIHKI — T4, by Theorem 4.12 (i),(iii) .

Theorem 4.14. Let 101 ={0,2} and 102 = {1,2}. Then D;(D3) isa DPIHKI — T4 if
and only if 0o 1 # {0} or 201 # {0}.

Proof. We prove theorem for D1, the proof of D3 is the same as Dy. Let Dy isa DPIHKI—
T4 we prove that 0o1 # {0} or 201 # {0}. On the contrary let 0o1 = {0} and 201 = {0}.
Then we have 10 (((100)o(100))o(100)) =10({0,2}01) =100 = {1} C D; and
10((100)o(100)) = {1,2} € D;. Hence Dy is not a DPIHKI—T4, which is a contradiction.
So 001 # {0} or 201 # {0}. Conversely let 001 # {0} or 201 # {0}. Then by (HK3) we
have (002)(J(202)=(101)02=(102)0o1={1,2}01={0,2}J(201). So2€ 002 or
2 € 202. Now by some calculations we can get that N((NxoNy)oNz) € Dq; Va,y,2z € H.
Therefore Dy is a DPIHKI — T4.

Now we give some examples about the above theorem.
Example 4.15. Consider the following tables :

Hi| 0 1 2 Hy| 0 1 2
0 {02} {o,1}  {0,1,2} 0 | {0} {0} {0}
1 {1} {0,2} {1,2} 1| {1} {0,2} {1,2}
2 | {2} {0,1,2} {0,2} 2 | {2} {0,1,2} {0,1,2}
Hy| 0 1 2
0 ({0} {o} {0}
1| {1} {0,2} {1,2}
2 | {2} {0} {0,2}

Then each of the above tables gives a hyper K-algebra structure on {0, 1,2}, Furthermore:
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(a) In Hy and Ha, D1 and D3 are DPIHKI — T4.
(b) In Hs, Dy and D3 are not DPIHKI — T4.

Theorem 4.16. Let 101 ={0,2} and 102 = {1,2}. Then the following statements hold:
(i) If 202 ={0,1}, then Dy is a DPIHKI — T4.

(ii) If 202 C {0, 2}, then Dy isa DPIHKI — T4 if and only if 1 € 00 2.

(iii) If 202 = {0, 1, 2}, then Dy isa DPIHKI—T4if and only if 201 # {0,1} or 001 # {0}.

Proof. (i) Let 202 = {0,1}. Now similar to the proof of (conversely of) Theorem 4.14
we have (002)J(202) = {0,2} J(201), so 1 € 202 implies that 1 € 20 1. Therefore
{1,2} =102C (201)02=(202)01 ={0,1} 01 = (00 1) J{0,2}, which implies that
1 € 00 1. By hypothesis and some calculations we can get that N((Nz o Ny) o Nz)  Da;
Vx,y,z € H. Therefore Dy is a DPIHKI — T4.

(ii) Let 202 C {0, 2} and D4 is a DPIHKI—T4 we prove that 1 € 002. On the contrary let
1 ¢ 002. Then by (HK?2) we have 200 C (1o1)o0 = (100)ol = 1ol = {0, 2}. Since 0 ¢ 200,
thus 200 = {2}. Therefore we get that 1o(((100)o(100))o(lol))=10((lol)o(lol))=
10({0,2}0{0,2}) =10{0,2} ={1,2} = D5. Since 0 €101 C1lo((100)o(lo1l)), then
N(NOoN1) Z Dy. So Dy isnot a DPIHKI —T4, which is a contradiction. Thus 1 € 002.
Conversely let 202 = {0} and 1 € 002. By (HK2) we have 1 € 002 C (201)02 = (202)0l =
0o 1. By some manipulations we can get that N((NxoNy)oNz) € Ds; Va,y,z € H. Hence
Dy is a DPIHKI —T4. Now let 202 = {0,2} and 1 € 00 2. By the proof of (i) we
have 1 € 201. So {1,2} =102C (201)02=(202)0o1=1{0,2}0l1=(001)J(201).
Thus 2 € (00 1) J(201). By some calculations we conclude that N((Nz o Ny)o Nz Z D;
Vr,y,z € H. That is Dy a DPIHKI — T4.

(iii) The proof is similar to (ii), by some suitable modifications.

Now we give some examples about the above theorem.
Example 4.17. Consider the following tables :

Hi| 0 1 2 Hy| 0 1 2
0 | {0} {0,1} {0,2} 0 | {0} {0,1} {0,1}
1| {1} {0,2y {1,2} 1| {1} {02} {1,2}
2 | {23 {0,1,2} {o,1} 2 | {2} {0,1,2} {0,2}

Hy| 0 1 2 Hy| 0 1 2
0 | {0} {o,1} {01} 01402} {o} {0}
1 {1 {02} {1,2} 1 {1 {02y {1,2}
2 | {2} {0,1} {0,1,2} 2 | {21 {0,2} {0,2}
H;| 0 1 2 Hg| 0 1 2
0| {0}y {0} {0} 0 | {0y {oy {0,1,2}
L1y {02y {12} L] {1} {02} {12}
2 {2} {0,1,2} {0,1,2} 2 {2} {o0,1} {o0,1,2}
Hi| 0 1 2 Hs| 0 1 2
0 | {0} {0,2} {0,2} 0 | {0} {0,1,2} {0,1,2}
1| {1} {02} {1,2} 1| {1} {020 {1,2}
2 | {2} {0,2} {0} 2 | {2} {o,1,2} {0}
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Then each of the above tables gives a hyper K-algebra structure on {0,1,2}. Also:

(a) In Hy, Ho, Hs, Hs and Hg, D2 is a DPIHKI — T4, by Theorem (i), (ii), (iii) and (iii),
respectively.

(b) In Hy, Hg and H7, Dy is not a DPIHKI — T4, by Theorem 4.16 (ii), (iii) and (ii),
respectively.

Lemma 4.18. Let 101 = {0,2} and 102 = {1}. Then D;, Dy and D3 are not DPIHKI —
T4.

Proof. The proof follows from Theorem 3.13.

Now we give some examples about the above lemma.
Example 4.19. The following tables show the hyper K-algebra structures on {0, 1,2} such
that D1, Dy and D3 are not DPIHKI — T4.

Hi| 0 1 2 Hy| © 1 2 Hy| 0 1 2

0[] {052 {0.2] 0 [{0.,7 {0} {0} 0 [{0] {0 (0.2
L) {02 {13 1| {1 {02 {1y 1 |{y {02 {1}
2 [ {20 {01} {02y 2 |{2} {02} {02} 2 |{3 {02} {0.2)

Theorem 4.20. Let 101 ={0,1,2} and 102 = {2}. Then the following statements hold:
(i) Dyisa DPIHKI — T4 if and only if 1 € 002 or 202 = {0, 1, 2}.
(i) Dy(Ds) is a DPIHKT — T4 if and only if 2.0 2 # {0}.

Proof. Note that from hypothesis and (HK2) we conclude that

(002)J(102)|J(202)=(1lol)0o2=(1l02)ol=201. (1)
(i) Let Dy is a DPIHKI — T4 we prove that 1 € 002 or 202 = {0, 1,2}. On the contrary
Let 1 ¢002and 202 # {0,1,2}. Consider two cases: (a) 1 €202, (b) 1 ¢202.
Case(a): Let 1 € 202. Then by hypothesis we get that 202 = {0,1}. So we have
lo(((102)o(lo2))o(lo2))=10((202)02)=10({0,1}02) =10{0,2} ={1,2} = Ds
and 10((102)o0(102)) =10{0,1} = {0, 1,2}. Since 0 € Dy, then N(N20o N2) Z Dy. So
Dy is not a DPTHKI — T4, which is a contradiction. Thus 1 € 002 or 202 = {0, 1, 2}.
Case(b): Let 1 € 202, by (1) we conclude that 1 &€ 201. Hence we get that 10 (((100)o (1o
2))o(100)) =10((102)ol)=10(201) C10{0,2} = {1,2} = Ds. Also 1o((100)o(100)) =
lo(lol)=10{0,1,2} ={0,1,2}. Since 0 ¢ D3,80 N(NOo NO) £ D5. Thus D5 is not a
DPIHKI — T4, which is a contradiction. So 1 € 002 or 202 = {0,1,2}. Conversely Let
1 €002o0r202={0,1,2}. Then by (1) we get that 1 € 201 and 10((100)o(102)) C Ds. By
hypothesis and some manipulations we can see that N((NzoNy)oNz) € Ds; Vz,y,z € H.
Therefore Dy is a DPIHKI — T4.
(ii) The proof is not difficult and nearly similar to (i).

Now we give some examples about the above theorem.
Example 4.21. Consider the following tables :
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Hi| © 1 2 Hy| 0 1 2
0 {0} {07 {02} 0 [{0,2] {0,1} {0,1,2}
1 {1} {o0,1,2} {2} 1 {1} {0,1,2} {2}
2 | {2} {0,2} {0,2} 2 | {2} {0,1,2}  {0,2}
Hy| 0 1 2 Hy| 0 1 2
0o {0y {0y {0,1,2} 0 | {0} {0} {0,2}
1| {1} {o0,1,2} {2} 1| {1} {o0,1,2} {2}
2 | {2} {0,1,2} {0,1,2} 2 | {2} {0,2} {0,2}
Hs| 0 1 2 Hg| 0 1 2
0 [ {0} {0,1,2] {0,1,2} 0 [{0} {02}  {0,2}
1 {1} {0,1,2} {2} {1} {o,1,2p {2}
2 [ {2} {0,1,2} {0} 2 | {2t {02y {0}

Then each of the above tables gives a hyper K-algebra structure on {0,1,2}. Moreover:
(a) In Hy and Hy, Dy and D3 are DPIHKI — T4 , by Theorem 4.20 (ii), while D5 is not
a DPIHT — T4, by Theorem 4.20 (i).

(b) In Hy and Hs, Dy, Dy and D3 are DPIHKT — T4, by Theorem 4.20 (i) and (ii),
respectively.

(¢)In Hs, Dy isa DPIHKI—T4, by Theorem 4.20 (i), while D and D3 are not DPIHKI—
T4, by Theorem 4.20 (ii).

(d) In Hg, D2, Dy and D3 are not DPIHKI—T4, by Theorem 4.20 (i) and (ii), respectively.

Theorem 4.22. Let 1ol = {0,1,2} and 1 € 102. Then Dy, Dy and D3 are DPIHKI—T4.

Proof. By Theorem 3.6 we have Dy and D2 are DPTHK I —T4. We now prove that Ds is a
DPIHKI—T4. By hypothesis we have 1 € lox; Vo € H, hence 1 € ((loz)o(loy))o(loz);
Va,y,2 € H. Thus we get that 2€ 101 C 1o (((lox)o(loy))o(loz)); Va,y,2 € H. Since
2 ¢ D3, then N((Nx o Ny)o Nz) € Ds; Va,y,z € H. Therefore D3 is a DPIHKI — T4.

Now we give some examples about the above theorem.
Example 4.23. The following tables show the hyper K-algebra structures on {0, 1,2} such
that D1, Dy and D3 are DPIHKI — T4.

Hi| 0 1 2 Hy| © 1 2
0 1{0} {0,1,2} {0,1,2} 0 1{0y {0,1} ~ {0}
1| {1} {0,1,2} {1,2} 1| {1} {0,1,2} {1}
2 | {2} {0,1,2} {0} 2 | {2} {0,1} {0,2}

Hy| © 1 2
0 [{0,2} {0,2} {0,2}
1| {1} {0,1,2} {1,2}
2 [{1,2} {0,1} {o0,1}
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Remark 4.24. Note that Examples 4.5, 4.9, 4.11, 4.13, 4.17 and 4.19. show that the
conditions of Theorems 4.4, 4.8, 4.12, 4.16 and 4.18, are necessary and we can not omit or
reduce these conditions.
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