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ABSTRACT. Our thesis is that for the family of classes of the form EC(T'), T a complete first
order theory with the dependence property (which is just the negation of the independence
property) there is a substantial theory which means: a substantial body of basic results for all
such classes and some complimentary results for the first order theories with the independence
property, as for the family of stable (and the family of simple) first order theories. We examine
some properties.

ANNOTATED CONTENT

§1 Indiscernible sequences and averages, p.505—-520

[We consider indiscernible sequences b = (b; : t € I) wondering whether they have
an average type as in the stable case. We investigate for any such b the set stfor(b)
of formulas ¢(Z, %) such that every instance ¢(z, ) divide b to a finite/co-finite sets.
We also consider the set dpfor(b) of formulas ¢(Z,y) which can divide b only to
finitely many intervals; this is always the case if T" has the dependence property,
i.e., dpfor(b) = L(ry. If T has the dependence property, indiscernible sequences
behave reasonably while indiscernible sets behave nicely. Similar behavior occurs
for p € S(M) connected with indiscernible set b which we call stable types. We
then note the connection between unstable types, unstable ¢(z,y; ¢), and formulas
o(x,y; ¢) with the independence property, i.e. on singletons.]

§2 Characteristics of types, p.521-524

[Each indiscernible sequence b = (b; : t € I), has for each ¢ = (Z,%) a characteris-
tic number n = ng_,, the maximal number of intervals to which an instance ¢(z, c)

can divide b. We wonder what we can say about it.]

I would like to thank Alice Leonhardt for the beautiful typing.
The author would like to thank the United States Israel Binational Science Foundation for partially sup-
porting this research. Publication 715.
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83 Shrinking indiscernbles, p.525-529

[For an indiscernible sequence (b, : t € I) over a set A, if we increase the set a little,
i.e. if A/ = AU B then not much indiscernability is lost. An easy case is: if I has
cofinality > |B| + |T'| then for some end segment J of I the sequence (b, : t € J) is
an indiscernible sequence over A’.]

§4 Perpendicular endless indiscernible sequences, p.530-543

[We define perpendicularity and investigate its basic properties; any two mutually
indiscernible sequences are perpendicular. E.g., (for theories with the non inde-
pendence property) one indiscernible sequence can be perpendicular to at most
> |T|* pairwise perpendicular indiscernible sequences. We then deal with FT;H_
constructions.]

§5 Indiscernible sequences perpendicular to cuts, p.544-550

[Using constructions as above we show that we can build models controlling quite
tightly the dual cofinality of such sequences where dual-cf(b, M) = Min{|B| : B C
M and the average of b over B U b is not realized in M}.

That is, for any pairwise perpendicular (b¢ : ¢ < (¢*) we can find a model M
including them with dual-cf(b¢, M) being any (somewhat large) pregiven regular

cardinal).

§6 Concluding Remarks, p.551-553

[We speculate on a parallel to DOP and to deepness. Also on the existence of
indiscernibles (starting with any set).]

Notation: 1) T is a first order theory in a vocabulary 77, € a monster model of T, L is
first order logic so L (7) the first order language with vocabulary 7, i.e., the set of the first
order formulas in that vocabulary. Let L7(T) = L,(7y. We may write a € A(C €) for
G e (a(@) 4.

2) Let ¢, 9,9 be first order formulas, ¢ = ¢(z) mean that Z is a sequence of variables
with no repetitions including all free variables of ¢ (usually T = (x¢ : ¢ < lg(Z))). Let
»(Z,y) mean that we have sequence of variables Z and parameters § where Z"% is with no
repetitions; so ¢ = (T, ) is not exactly equality.

3) 1,J denote linear orders (used to index indiscernible sequences or sets). We shall use
b= (b, : t € I) with I (or J) a linear order, and {b; : t € I} C ™€ for some m < w. We use
I,J as subsets of ™€ for some m (not constant).

4) t denotes truth values, * is ¢ if t = truth or one and is —¢p if t = false or 0. So
pif(statement) 3o, — o if the statement is true, false resp., and ¢f(¥) means (=1,

5) dcl(A) is the definable closure of A, acl(A) is the algebraic closure of A (inside € or, here
more interesting, €°9).

* * *
Our main interest here is in (first order complete) theories with the dependence property,

but in the beginning we do not always assume this.
This work is continued in [Sh 783].
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§1 INDISCERNIBLE SEQUENCES AND AVERAGES

We try to continue [Sh:c, Ch.II, 4.13], but we do not rely on it so there is some repetition.
In [Sh:c], the notion stable (complete first order) theories, the notions of indiscernible set
and its average (and local versions of them) play an important role. In an unstable theory,
indiscernible sequences are not necessarily indiscernible sets. Still for indiscernible set I
if T'" has the dependence property, the basic claim guaranteeing the existence of averages
(any formula ¢(z,a) divide I into a finite and a co-finite set) holds. Moreover, any ¢(Z,a)
divides any indiscernible sequence into the union of < n, convex sets. For any 7', we can
still look at the first order formulas ¢(Z,%) which behaves well, i.e. any o(z,b) divide any
indiscernible sequence b to a finite/cofinite set.

In 1.3-1.9 4 1.9(c) + (d) we define the relevant notions: average type for an ultrafilter,
Av(J,D) or Av,(J,D) or any average type for an indiscernible sequence Av(J, (b; : t € I))
and majority (maj) for finite sequences (saying how the majority behave). We define the
set of stable formulas for an indiscernible b (stfor(b); also dpfor(b) which is L) for T
with the dependence property), and state some basic properties.

We define a notion of distance (< w) between indiscernible sequences (as in [Sh:93]).
Being of finite distance is an equivalence relation and this is related to canonical bases (of
types, of indiscernible sets) which play important role for stable theories, hence we try to
define parallels in 1.9, see 1.13(2).

Then we note a dichotomy for the types p € S™(M). Such a type p may be stable
(see Definition 1.19, Claim 1.16 - 1.31); not only is then the type definable, but for every
ultrafilter D on ™M with Av(M, D) = p, any indiscernible sequence constructed from D is
an indiscernible set, and the definition of p comes from an appropriate finite large enough
(A, k)-indiscernible set. If p € S™(M) is non-stable, that is not stable, then there is a
partial order with infinite chains closely related to it. We note that if T" is unstable with
the dependence property, then some ¢(x,y, ¢) define a quasi order with infinite chains and
also that if 7" is unstable some ¢(x,y;¢) has the order property (though not necessarily
the property (E) of Eherenfeucht, see [Eh57], some ¢(z1,...,z,) is an irreflexive relation
on some infinite set in some model of T'). It may be hard now to see how he could have
not defined stable, but without €°¢, and no dichotomical theorem, looking for a reasonable
property for which the proof works, it had been quite natural.

On the subject see [Sh:c, II].

By [Sh 10] the possible function fr ,(z 5 (A\) = Sup{|S7'(A)| : |[A| < A} are characterizing
(if p(z;7y) stable is: < A, if ¢ unstable without independence then Ded(\) and if with the
independence property 2*). Also ¢(Z,7) is unstable in 7' iff it has the order property iff
©(Z;9) has the strict order property or the independence property. Hence T is unstable iff it
has the order property or the strict order property even by a formula ¢'(z, g). But it follows
there that even if T has both the independence property and the strict order property, if
©(Z, 7) has the independence property some ¢’(z,7) has the independence property. Then
Lachlan proves that if ¢(Z, §) has the strict order property some ¢'(x, §) has the strict order
property.

More on “p(Z, ) with the independence property”, see Laskowski [Lw92].

The above settles fr.,, now for fr(\) = sup{|S(A)| : |A| < A} this gives only (fr,(M\)/7!,
Keisler [Ke76] show that if a countable T is unstable without the independence property
but if Ded()\) does not bound for some A > 271 then fr(\) = Ded(M\)¥° for A > 2/71. In
[Sh:c, III] it is proved (for T not necessarily countable, unstable without the independence
property) that for some k = kora(T) < |T|, fr(A) = Ded(X)<rora(T) for X > 2I7T1,

In [Sh 10], [Sh:a, II, §4], contains some claims on averages when T (or ¢) has the depen-
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dence property continued here. On other possible dividing lines among unstable theories see
[Sh 500, §2], (SOP,,n > 3), [DjSh 692], (NOP,,n = 1,2), [DjSh 710] (the oak property),
[Sh 702].

We may look at Th(M, Py, ..., P,) with P, a unary relation, this is connected to investi-
gating a model of T in logics with extra quantifiers; see Baldwin Shelah [BISh 156], Shelah
[Sh 205], [Sh 284b], [Sh 284c].

Baldwin Benedikt [BIBn00] deal with the following. Let N be a model of T, T with
the dependence property, we expand N by adding a unary predicate P interpreted as an
indiscernible sequence, I. We extend (N,I) to an |I|*-saturated model and ask is (M, P)
benign (see, e.g., [BBSh 815)).

Grossberg Lessman [GrLe00, §4] deals with the context: let T' be complete first order
theory, € its monster model, p say a 1-type, now we deal with the order property, indepen-
dence property and strict order property when we restrict the parameters and variables, i.e.,
satisfaction, to p(€), mainly generalizing parallels of results in [Sh:c], in particular the av-
erage ¢(x,y) has the order property iff it has the strict order property or the independence
property!. Compare with [Sh:c, I1].

We thank John Baldwin and an anonymous reader for some comments and Eyal Firsten-
berg for a very careful reading, corrections and comments.

1.1 Context. T a complete first order theory, its monster model being € = €1 as usual in
[Sh:c] the monster, €29 is when we add elements to designate equivalence classes.

1.2 Definition. 1) T has the dependence property or is dependent means it does not have
the independence property whose definition is repeated below.

2) T has the independence property if some formula ¢(Z, 7) has the independence property
(in T'), which means that for every n

®e ¢ (T, 0n1) [\ GT)(N (@, 50)T D).

nen2 <n

3) The formula ¢(Z;y) has the dependence property (in T') if it does not have the indepen-
dence property.

We can use below just J just of the form “~ B.

1.3 Definition. Consider a set of I of finite sequences of length m from the monster model
¢ where m < w, and an ultrafilter D over I.
1) Let Dom(D) =1.
2) For J a set of finite sequences from € we let Av(J, D) be {p(Z,a) : T = (zg: L <m),a € J
and {b € I :|= ¢(b,a)} € D}. It will be called the D-average over J or the average type
over J by D. If J = “~ B we may write B instead of J (or M if B = |M|). (Av stands for
average).
3) Av,(A, D) where ¢ = ¢(z,7) is the set of formulas of the form ¢(Z,a) or the form
—¢(Z,a) belonging to Av(A,D) and Ava(A,D) is the union of Av,(A,D) for ¢ € A.
Similarly Av,(J, D), Ava(J, D).
4) Let D be an ultrafilter on "B and B C A and [ is an infinite linear order.

We say b = (b; : t € I) is based on D over A or b is an (A4, D)-indiscernible sequence if
for each t € I the type tp(b;, AU {bs : s <; t}) is the average by D over AU {bs : s < t}.

1so though the names are similar this is not specially related to §1, e.g., the notion of stable types are
not related
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If A=U{c:ce Dom(D)}, ie. Ais the domain of D we may write “b is a D-indiscernible
sequence” or b is based on D. This makes sense for I finite but we shall mention it in such
a case.

5) Let p € S™(B) and B C A. We say b = (b; : t € I) is based on p over A if for some
ultrafilter D on ™ B the sequence b is based on D over A and p = Av(B, D).

1.4 Comment: 1) If D is a principal ultrafilter on J, say {b*} € D then Av(B,D) =
tp(b*, B). B
2)If b= (b; : t € I) is based on D over A then D is a principal ultrafilter iff (Vs,t € I)(bs =
bt).

1.5 Claim. 1) For D an ultrafilter on I C ™€ and A C € the set Av(A, D) is a complete
m-type over A, i.e., € S™(A) (and it does not split over UL, see Definition 4.23).

2) Let p € S™(A). Then p is finitely satisfiable in B iff p = Av(A, D) for some ultrafilter
D on™A.

3) If p e S™(M) then p is finitely satisfiable in M.

Proof. Easy.

1.6 Claim. Let D be an ultrafilter on ™ B and B C A.

0) Assume that b* = (bj : t € I;) is based on D over A and b*> = (b? : t € 1) and
forany n < w,it1 <p ... <p tn and s1 <yp, ... <y, Sp we have tp(B,}lA...AB,}n,A) =
tp(b2, " ... b2 , A). Then b? is based on D over A, (see part (5)); (if Iy is finite we should
add || < |L]). o

1) For any linear order I there is b = (by : t € I) based on D over A.

2) If I is a linear order and b = (b, : t € I) is based on D over A, then b is an indiscernible
sequence over A.

3) If b= (b :t €1I) is based on D over A and J C I, then b | J = (b; : t € J) is based on
D over A; here we allow that J is finite.

4) If b® = (bt : t € I) is based on D over A for { = 1,2 then b',b? realizes the same type
over A (in €); again we allow I to be finite.

5) If b = (bf : t € I,) is based on D over A andn <w and Iy =t < ... <t for £ =1,2,
then the sequences BE T Abih and B?ﬁ tL AE% realize the same type over A.

6) p = Av(A, D) does not split over B, which means that: if be € A M < w and
tp(b, B) = tp(¢, B) and ¢ = ¢(z,y) a formula, then o(Z,b) € p = ¢(Z,¢) € p.

Proof. Easy, E.g. -
1) If I is well ordered, choose b; by induction on ¢. By compactness this holds for any I.
Ui

1.7 Definition. 1) For an infinite linear order I and an indiscernible sequence b= (b :
t € I), having £g(b;) = m for t € I, we define:

(a) stforpa(b) = {@(z,7,¢) : Lg(Z) = m, and for every a € )¢ the set {t € T:¢ =
@(by;a, e)} is finite or the set {t € I : € = —~(by; a,c)} is finite}
(stfor stands for stable formulas, pa stands for parameters)
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(b) stfor(b) = {p(z;9) : ¢(Z,y) € stforpa(b), i.e., no parameters}
(¢) dpfor(b) = {¢(Z,7) : £g(§) = m and for every a € “9)¢ the set
{t € I: ¢ = pla,b;]} is a finite union of convex subsets of I}.
Let dpforp,(b) be defined similarly allowing parameters, obviously dpfor stands for

“formula with the (relevant) dependence property”

(d) dpfor™(b) is defined similarly when the union is of < n convex sets; similarly is the
other cases

(e) writing stforp,(b) = L(7) we mean the set of “relevant” formulas.

2) For a sequence b = (b; : t < k) with by € ™€, and formula ¢ = (7, 2),£9(j) = m, we
define

maj, (4, (b : £ < k))) = {p(y,0)* :t € {true false},
ce DA and |{£:= @b, &)t} > k/2}.

Clearly “p(y,¢) € maj, (€, (by: £ < k))” is a first order property of ¢ (with the parameters
bo" ... br—1).

If not said otherwise we use k odd so that we have “completeness”.

(Note that maj stands for majority; this is not necessarily a type, just a set of formulas).

3) E= E:Z(g 5> Where ¢(7, 2) is a formula in L. (), written 21 EZ; with lg(21) = lg(22) =
(Lg(z)) x k (written (Z1,...,Z,) instead of Z1"..."Z,, abusing notation) is defined as
follows: (Zo,...,Txk—1)E(ZG, ..., T)_1) =
v\ Ae@en= Ao 2).

uCk,|u|>k/2 L€u uCk,|u|>k/2 LE€u

Of course, it is an equivalence relation.

1.8 Claim. 1) If b = (b; : t € I) is an infinite indiscernible sequence, £g(by) = m and

o(y; 2) € stfor(b) so Lg(y) = m, then for every k large enough we have:

(a) for any ¢ of length Lg(Z), for some truth value t the set {t € I := (b, ¢)t} has
< k/2 members

(b) if to, ..., th—1 are distinct members of I then maj, (A, (by, : £ < k)) € SI'(A) for
every A C &, in fact for every nonprincipal ultrafilter D over {b; :t € I} and set A
we have maj, (A, (b, : £ < k)) is a subset of Av(A, D), in fact is equal to Av,(A, D)

(c) ZJf toy ..y tk—1 € I with no repetitions and sq,...,Sx—1 € I with no repetition then

(Bt bt 2) EE 1y (B by,

(d) for some finite A we have: if I';.I C J where J is a linear order, b= (b :te
J),b' | I =b and b’ is A-indiscernible sequence, |I'| > k, then

() (b),(c) holds for b | I' and
(B) o(y,2) € stfor(b’ | I').

2) Let b = (b; : t € I) be an indiscernible sequence p(y;z) € dpfor(b) so g(y) = m then
for some k =k, i:

(a) for any ¢ of length £g(Z) and t the set {t € I : @[b;, €|t} is the union of < k intervals.
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3) The k above depends only on (p, : n < w) where py, is tp(by, ~... by, 0) for any t; <;
<1ty

Proof. 1)

(a

) By compactness

(b) just think of the definitions
)
)

(c) follows from clause (b)

(d) by compactness.
2), 3) Similarly. Ui s
1.9 Definition. Let b = (b, : t € I) be an infinite indiscernible sequence.
1) We define (Cb stands for canonical bases, working in €°9):

(a) for ¢(y;2) € stfor(b) let Cbyy.5)(b) be (Et07"'76tk—1)/E£(g,2) € €%, with k =
(5, (D) minimal as in 1.8(1)(a) and any pairwise distinct to, ..., tx_1 € I
(b) Cb( ) = del{Cbyy.5(b) : p(y, 2) € stfor(b)} C €.

2) If I has no last element then

Av,(A,b) = {¢(z,a)" : for every large enough t € I we have
¢ = (b, a)® where t is a truth value}

AvA(A,b) = U{Av,(A4,b) : p € A}

AV(A7B) = {(p(jj’ EL) ¢(£7y) € LT(T)? a e w>A
and = (b, a) for every large enough t € I}.

3) Let AVstfor(A,B) be AVA(
4) If the order on I = Dom(

b, A) for A = stfor(b), similarly for replacements to stfor.
b) does not matter then we can replace b by {b; : t € I}.
1.10 Claim. [T is dependent]

Assume I is a linear order with no last element and b = (b, : t € I) an indiscernible
sequence, Lg(b;) = m.
1) dpfor(b) = {¢(Z,7): any ¢ and y but T = (z¢ : £ <m)}.
2) Av,(A,b) € S7'(A), see Definition 1.9(2), i.e., for every p(Z,¢), for some t for every
large enough t we have = p(bg, ¢)t.
3) Av(A,b) € S™(A), see Definition 1.9(2).
4) Avsitor (A, b) does not depend on the order of I (so by 1.7 we can use I a set or infinite
linear order which is not necessarily endless).
5) If b is an (infinite) indiscernible set, then stfor (b) = dpfor (b) = L(r) (and stforpa(b) =
dpfor,, (b) = {¢(z,7,¢) : ¢ C €, (and of course lg(T) = m)}.

Proof. Left to the reader or see [Sh:c, 11.4.13] (for part (5) see (A) = (B) in ).

To formalize clause (d) of 1.8(1) let



510 SAHARON SHELAH

1.11 Definition. 1) For a set A of formulas and k < w we say that (b} : t € I), (b? : t € I5)
are immediate (A, k)-nb-s (or the first is an immediate (A, k)-nb of the second over A) if

(a) both are (A, k)-indiscernible sequences of length > k

(b) for some (A, k)-indiscernible sequence (b; : t € I) and order preserving functions
h1, ho from Iy, I5 into I respectively we have t € I, = b he(t) = =b,fort=1,2

(nb stands for neighbors).

2) The relation “being (A, k)-nb-s” is the closure of being an “immediate (A, k)-nb” to an
equivalence relation. We say “of distance < n” if there is a chain of immediate (A, k)-nb-s
of length < n starting with one ending in the other. We may write A instead of (A, w) and
if A =1L,y we may omit A.

3) We can replace k by < k (and even < w).

4) We write (A, A, k) if the indiscernibility is over A (also in part (2)).

5) If b, b? are infinite indiscernible sequences, we say they are “essentially nb-s (over A)”
if for every finite A C L, (1) and k < w they are (A, k)-nb-s (they are (A, A, k)-nb-s).

6) If b is an infinite indiscernible sequence over A we let Ca(b) = {b: for some b’ an
essentially nb of b over A,b appears in b'}.

7) If b is an infinite indisernible sequence over A we let C’,(b) = {b: b appears in some b/,

an infinite indiscernible sequence over A which is an A-nb of b}.

1.12 Remark. C'y(b) was defined in [Sh:93, Def.5.1(4)].

1.13 Claim. 1) If (b; : t € I) is an infinite indiscernible sequence and ¢(y, z) € dpfor" ((b;

t € I)), then for some ﬁmte A and k, for any (A, k)-nb sequence (b, : t € I') of (by: t € I>
we have ¢(y, z) € dpfor™({b} : t € I'))

2) The result in (1) holds also for stfor™((by : t € I)). If b = (b : t € I) is an infinite
indiscernible sequence and (g, ) € bthI"(l_)) then for some finite A and k for any (A, k)-nb
b’ of b we have Cbyy ) (b') = 5(b) and Av(; 5 (€, b)) = Av,; 5 (€, b).

3) If by, by are (A, k)-nb-s of dzstance < n for every finite A and k < w, then they are
L (1y-nb-s of distance < n.

4) Like part (3) with a fized k, i.e., if by, by are (A, k)-nb-s of distance < n for every finite
A, then they are (L, (r); k)-nb-s of distance < n.

5) If b is an infinite indiscernible sequence, then stfor(b) = U{stfor™(b) : n < w}.

Proof. Easy. (Use compactness for (3) and (4).

1.14 Definition. Let p € S™(B).

1) We say p | ¢ is definable where ¢ = ¢(Z, 7) and £g(Z) = m, if some ¥ (g, ¢) define it with
¢ C B, where

2) We say (7, ¢) defined p | ¢ where ¢ = ¢(Z,7) if:

() for every a € “9%9) B we have
p(z,a) € p& €= 1la,q.

3) We say p | ¢ is A-definable if it is definable by some (g, ¢) with (g, 2) € A.
4) We say p € 8™(B) is definable if every p | ¢ is definable.
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1.15 Claim. The number of definable p € S™(B) is at most < (|B| + 2)I71.

Proof. For every definable p € §™(B) choose a sequence (¥, »(¥,Cop) : ¢ = @(zo,...,
Tm-1;Y) € L) such that ¥, (9, ¢, ) define p [ ¢ and ¢, , € B. Now

(a) the number of such sequences is < (|B| 4 2)!7!

(b) if p1,p2 € S™(B) and (Yyp, (U,Copy) = ©(T0,-- s Zm—1;7) € L)) is equal to
<¢<P,p2 (ya 6907;02) : ‘P(an <oy Im—13 Z?) € L-r(T)>a then p; = po.

Together we are done. Uias

1.16 Claim. 1) Assume that B C €,p € S™(B) and D is an ultrafilter on ™B and
b = (b : t € I) is an infinite D-indiscernible sequence over B such that Av(B, D) = p.
Then there is a function F from {(A,A) : A C B is finite and A C L,y is finite}
into D, but we may write Fa(A) instead of F((A,A)) and Fa(bo,...,be—1,A) instead of
FalbgU...Ubs_1 UA), such that:

(*) if a <w and for each £ < o we have be € ™B,by € Fa(bo,...,bi_1,A)(E D) then
the sequence (by : t € I)"(by : £ € o*) (where the x in a* means invert the order) is
a A-indiscernible sequence over A.

2) Letp € S™(B),D,b = (b; : t € I), A =0 be as in part (1). For any ¢(ij, %) there are a
finite A, C Loy and ky, < w [also large enough as in 1.8] such that: if by € ™B for £ <k
where k > kg are as in part (1) for A = Ay, then we have:

® if p(y,z) € stior(b) then
(i) Avy(€,b) = maj, (€, (b : £ < k)) = Av,(¢,D)

(ii) p 1@y, z) and even p™ = Av, (€, D) is definable by a first order formula with
parameters from B (see Definition 1.7(2)).

3) Assume that By, pe, De,b* = (b% : t € I,)) are as in part (1) for £ =1,2 and By = B =
By,p1 = p =po, [y = I = Is. Then Avy,y 5 (&, Dj) does not depend on j provided that
©(y,2) € stfor(b') N stfor(b?) and B = M < €; recall Av,;.5)(€,b7) = Av,; 5 (€, D).

Proof of 1.16. 1) There is no harm with increasing I, so without loss of generality, (as we
can supply appropriate b;’s) I has no last element. For simplicity without loss of generality
A is closed under permuting and identifying the variables. Next we shall choose Fa(A).

Let n < w be above the number of free variables in any formula in A and let ¢y < ... <
tn—1 <t bein I. Now tpa (b, AU {b;, : £ < n},€) is a finite set of formulas and let (7, &)
be its conjunction. So ¥(Z,¢) € tp(by, BU{bs:s <t},&) = Av(BU{bs:s < t}, D) hence
J={be™B:¢E=yb,e)}eD.

Choose Fa(A) as any such J; why is F as required? So suppose that A C B is finite
and let by € Fa(boU...Uby_1 UA) for £ < £(x) or for £ < w. Clearly

(¥)1 b € Fa(boU ... Uj)g,l U A) implies that [t,—; <t € I = by, b’ realizes the same
A-type over AU {bs,,..., bt} U{be—1,...,b0}]
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But as (bs : s € I) is an indiscernible sequence over B, and b',b;_1,...,by € B, we can
replace tg < ... < t,_1, by any tj < ... <t _; <t from I, so

(#)2 if b € Fa(boU...Ubp 1 UA) and ty < ... <ty <t in I then V/,by realizes the
same A-type over AU {by,..., by }U{bo,...,be—1}.

But by the choice of n,

(*)3 for any b € Fa(bgU...Uby—1 UA) we have tpa(b, AU{bs : s € I}U{bs_1,...,bo}) =
U{tpa (b, AU {bsg,- - bs,  } U{br—1,...,b0}) : 80 <...< Sp_1 arein I}.

By induction on ¢ < w we prove that

(¥)4 for k <w forany mf <...<m) | <flandt) <;...<;ti_, fori=1,2the A-type

which by, " ... bm%,l bti—l o by and b2 bm%,l bti—l ... "byz realizes over
A are equal.

So together we are done.

2) In Clause (i) the first equality holds by Claim 1.8, Clause (a); that is such A exists by
it. For the second equality, if ¢(Z,¢)* € Av(€, D), then for any linear order I e.g. the
present one we can find b’ = (b} : t € I) based on (B U ¢, D), by Claim 1.6(1). Apply
the first equality with b’ standing for b. Note that tp(b’, B) = tp(b, B) hence there is an
automorphism of € over B mapping b to b’ hence we can in clause (i) replace b by b’ (not
changing (b, : £ < 2k).

Clause (ii) follows from clause (i) as

X for & € WENE we have: ¢(x,¢) € pt iff p(z,¢) € Av(BUE,Db) iff
©0(7,¢) € Av,(€, (b : € < k)) iff € = 9]¢, bo, . .., bg_1] where
Iy, bo,. . be1) = \/ \ ey, be).
uCk,|u|>k/r L€u
[Why? The second “iff” holds as Av,(€,b) restricted to B U is p* | ¢, by an
assumption of our claim and similarly the first. The third iff holds by clause (i)
which we have proved, the fourth iff holds by Definition 1.7(2).]

3) Obvious from clause (i) of part (2). Ui1e

The notions “p € S™(B) is finitely satisfiable in B”, “is definable”, “has uniqueness” and
“is stable” are closely related and important here; we shall define now the two later ones
and investigate their relationships.

1.17 Definition. We say p € §™(B) has unique indiscernibles (or has uniqueness) when

it is finitely satisfiable in B and
X if (x)(a) Dgis an ultrafilter on ™B for £ =1,2

(b) p= Av(B,Dy) € S™(B) for ¥ =1,2

() b= (b} :tel)isa (B,D,)-indiscernible sequence,
see Definition 1.3(4), i.e. bf realizes
Av(BU{b. : s <; t,D}) for t € I where of course
I is an infinite linear order
then b', b? realizes the same type over B.
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1.18 Claim. Ifp € 8™(B) is definable and finitely satisfiable in B (automatic if B = M),
then p has unique indiscernibles.

Proof. For each formula ¢ = ¢(Z,7), lg(§) = m let 1, (7, €,) be such that:

() ¢, € B
(B) for every a € “9%) B we have
go(:f,d) epesd ': %(@, Eso)‘

Let Dy, D2 be ultrafilters on ™B such that Av(B, D) =p= Av(B, Ds) and let
(bf : t € I) be as in Definition 1.17.
Now we prove that

(¥)p if tp <7 ... <r t1 and @ = @(Zp,...,T1,2),9(Te) = m,d € t9(2)B then ¢ =
go[b%n,...,bl}l,d] Egp[b%n,...,bfl,d].

Let o(Zn,...,%1,7) and d € Y99 B be given.

We define the formula ¢y (Zy, Tr_1, ..., 21, ;) and dj, € t9(2x) B by downward induction on
k <n.
Case 1: k=n.

Qpn(i‘n;---,i‘hg()) = @(in,...,a’:l,ci) SO CZ() =d.

Case 2: k < n. B
We have pi11(Zk+1,---,21,dky1), now as p is definable (and fixing some of the param-
eters causes no harm) there is @i (Zg, ..., Z1, d;) with dp C B of course, such that:

X for every a,,...,a; € ™B we have:
(pk+1(j7a;ca s 7El/15dk+1) Ep= < ': @k(a;ca s 7El/15dk)'

So we have carried the induction.
Now let £ € {1,2} and let A = U{d}, : k < n}, it is a finite subset of B, and let A be any
finite subset of L7y which includes {¢y : k < n} and let F& beasin 1.16 with Dy, B, A, A
here standing for D, M, A, A there and let af € Fa((a§ : j <i)UA) C "B for i <w and
¢e{1,2}.

So (af : i < w) is A-indiscernible over A, and clearly

K ifig <...<ip <w,tn, <g ...7<] tq t}}en
tpaal ... oal A= tpa(BL. ... B, A).

Easily

Ko for £ € {1,2},k <nand i) <...<ipr1 we have

': (pk-‘rl[af;wrl) B 7aflajk+1] = (pk[afkv RS &fl ) Cik]
[Why? It suffices to note that E gpkﬂ[dfkﬂ,dfk,...,cifl,cik+1]7 iff {a € ™B :
on+l[aa aflwrl’ ceey EL{, dk+1]} S -D7 ﬁ Spk+1(jvagk7 ey dfladk+1) S D, ﬁ ’: Sok(akarla

..,afl,dk).

Why? The first iff holds by the choice of FA((ag, ..., aj, 1)), the second iff as
p= Av(B, D;) and the last iff by the choice of yy, dy.]
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hence by the transitivity of =

': (Pn[afnv'“?a’flagn] = QOO[dO]
but ¢,, = ¢ and d,, = ¢ so

': (p[&fnv v 7&5176] = QOO[CiO]
So the truth value of p[al ,...,a¢ ¢ does not depend on £ € {1, 2} so together with 1.16(1)
we get (%), so we are done. Uiz

1.19 Definition. 1) We call p € S™(B) a stable type if:

(a) p is finitely satisfiable in B
(b) for some ultrafilter D on ™ B satisfying p = Av(B, D) and sequence b = (b : t € I)
based on D (see Definition 1.3(4) so [ is infinite) b is an indiscernible set over B.

2) We call p € S(B) a non-stable type if it satisfies (a) above but not (b).
3) An infinite indiscernible sequence b is stable/nonstable if it is an indiscernible set/it is
not an indiscernible set over the empty set (see 1.28).

1.20 Claim. Assume T is dependent.

1) If p € 8™(B) is stable then p is definable and has uniqueness.

2) If p € S™(B) is stable, then every infinite b based on p is an indiscernible set, that is for
every D,b = (b; : t € I) as in Definition 1.19 the sequence b is an indiscernible set over B.
3) The number of stable p € S™(B) is < (|B| + 2)!71.

Proof. 1) The type p is definable by 1.16(2)(ii), 1.10(5) and so has uniqueness by 1.18.

2) Let b be based on D over B and let D! = D and b} = b;. As p is a stable type there are
D’ (b, : t € I') as in Definition 1.19. Let Dy = D’ and we can find (b? : ¢ € I) such that:
b? realizes Av(B U {b. : s <; t},D’) (by 1.6). Now clearly I |=t; < ... < t,,I' 51 <
... < sy implies tp(b; ~..."b;,,B) = tp(b2 " ... b2, B) for every n (by 1.6(5)) hence also
(b2 : t € I) is an indiscernible set over B. By part (1) the sequences (b : t € I), (b2 : t € I)
realizes the same type over B hence also (b} : t € I) is an indiscernible set over B.

3) By part (1) and 1.15. 04 .90

1.21 Claim. 1) Assume p € 8™ (B) has uniqueness. If for £ = 1,2, Dy is an ultrafilter on
™ B satisfying p = Av(B, D;) and b* = (b% : t € I) is based on Dy, then b',b? has distance
< 2.

2) In parti(l), instead uniqueness it suffices to assume that n < w,to <r ... <y tp—1 the
sequences b%O T Ab%ﬂ_l and bt20 T Abfﬂ_l realizes the same type.

Proof. Should be easy.

1) By the definition of uniqueness (see Definition 1.17) this follows by part (2).

2) By 1.13 it is enough to prove, for any finite A C L) and k¥ < w that b',b? are
(A, k)-nb-s of distance < 2. This in turn follows by 1.16. 0191

The definability of p | ¢ proved in 1.16(2) for ¢ € stfor(b) say more than stated. The
defining formulas are canonical (i.e., the formula depends on ¢ and T', the parameters
depend also on p).
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1.22 Definition. Let ¢(Z,7) be a formula € L, 1) which has the dependence property
(holds if T has it).

1) Let ki[e(Z,9)] = kr[e(Z,§)] be the minimal & < w such that there is no sequence
(ag : £ < k) with @, € “99¢ for ¢ < k such that

€ = Apen2(3Z) Aok (7, a0)"0.

2) We say (k,A) is suitable to b, ¢ if:

(a) b is a A-indiscernible sequence
(b) the formulas in A have arity < £g(b)

(c) if b is a A-indiscernible sequence of the same A-type as b, £g(b’) > 2k then for
any a € 9 ¢ for some truth value t the set {t € Dom(b’) : € |= o[}, @]t} has < k
members.

3) We say (k,A,n) is strongly suitable to b,y if 7 = (ny : £ < k), (a), (b), (c) as above
hold and

(d) if b’ = (b, < i < i(x)) is a A-indiscernible sequence of the same A-type as b and
lg(b’) > an then for no a € “9W¢ are there ty,, < i(*)(¢ < k,m < ng) with no

i<k
repetitions t¢, m, < te, m, When £1 <l V (€1 = t2 A'my < mg) such that for any
mi, mg < ng we have gp[b;el - ,al = [biez ,al iff £, — £y is even.

4) (¥, Z) = Y, p(z,9) (¥, Z) is the canonical definition if it is as in the proof of 1.16(2).
5) Similarly for ¢(Z, 7, c).

Trivially

1.23 Claim. In 1.16(2), if ¢(%,y) € stfor(b), then p | ¢ is defined by by p(z.5) (Y, ¢) for
some ¢ C B (of length £g(Zy(z,5)))-

Now it should be clear that

1.24 Claim. Ifp € S™(B) is stable and b is an infinite indiscernible set based on p, then
for any automorphism F of €9 which is the identity over Cb(p), the sequences b, f(b) are
nb-s of distance < 2. [See Definition 1.11.]

We shall show

1.25 Claim. [T is dependent] If b = @5 :t € I) is an infinite indiscernible set over () and
an indiscernible sequence over A, then b is an indiscernible set over A.

Proof. By 1.28 below.
But we first prove some “local” claim.
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1.26 Claim. Assume

(%) © = @(Z1,...,Zn,7),L9(Z¢) = m and for any permutation ™ of {1,...,n} we let
Pr = Spﬂ(jla s 7jm7g) = So(jﬂ(l)a s 7‘%71'(77,)7@)'

1) Ifb = (b : t € I) is a {p(Z1,...,Tn,¢)}-indiscernible sequence but not set and I =
Ip+ I + Iz, |Iy]| > n—2,|I] > n—2, then for some permutation = of {1,...,n} and
t3,ta, ...ty € Ig U Iy, we have: @n(T1,T2,d) =: ©(T1,T2,bs,,...,bs,,¢) linearly ordered
(by : t € I) that is, for t # s € I we have = play, as,d] <t <r s.

2) In part (1), with I is infinite of course, @ (T1;Z2" ... Tn,2) ¢ stfor(b | I); moreover

(pﬂ-(i‘l,i‘z,d) ¢ SthI‘(b rjl)

Proof. See e.g. [Sh:c, IT] and history there; the point being that the permuations exchanging
k,k+1for k=1,...,n— 1 generate the group of permutations of {1,...,n}. 4 .96

More information concerning 1.26 is

1.27 Claim. [T is dependent.]
1) Assume

(a) b= (b; : t € I) is an indiscernible sequence of m-tuples over d and I = Jo+ J1 + J2
(b) (7,7, d) ¢ stfor(b) and let ¢' (7,7, d) = (7,7, d)
(¢) |Jol,|J2] are finite large enough, in fact just > ky(zq,z) from 1.8(2).

Then we can find Y(Z,e) and truth value t such that

(a) fort € Ji, = (39)(V(y,€) A @' (9, ar, d)*)

(B) fort+# s e Ji we have
t <y, siff
V(G €), ¢ (§,ae, d)* = @' (7, as,d)*

(77) for some n < kyz,,5,2) and to <j ... <jtp_1 from JoU Jy and n € "2 we have
Y(y,€) = /\Z<n90/(ga Btw C{)n(e) :

2) In part (1) we can deduce that

(6) 9(Z1,Z2,€) is a partial order and b | Jy is 9(Z1, T2, €)-increasing where ¥(Z1, T2, €) =

(Vﬂ)[ﬂ}(ﬂv é) A @/(gv T, d) - (Pl(gﬂ T, d)}

3) Assume in part (1) that J2 = 0 and |Jo| large enough. Then still we can find (T, €),t
and n(x) such that:

() ift1 <gy ... <y bn(x) then )
Ele.e) & NS @ )
(ﬁ) ZfS <7 t} <J - <n tn(*) <Jn75 then

@' (Y, as,d)*, (g, €) = ' (G, a,, ) V...V @ (F,an,,,,d)*
(v) as in part (1).
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S
&

1) Without loss of generality I is dense without first and without last element. As
d) ¢ stforp,(b) for some sequence @, for both truth value t the set {t € I : € |=
d)*} is infinite. As we can replace ¢ by - without loss of generality {t € I : € |=

roof.
'Y
a,
a,d)} is unbounded from above (in ). As b is an indiscernible sequence over d easily

(
o(bt,
(

S
S

ts
() for every s € I the type {¢(bs, 7, d)f<t) : ¢ € I} is consistent.

Let n < w be minimal such that for some n € "2 and ty <; ... <7 t,—1 the type
pZto,.‘.,tn71> = {(p(bt(,g,d)n“) < Tl} U {_‘<p(btvgvd) <y tO} U {(p(btag7d) ttpo1 <1 t}
is inconsistent. We let 7 € ™2 be as above such that for this n,n is minimal under the
lexicographic order. Such n,7 exists as o(Z, 7;d) € dpforpa(B).

By (*) above clearly n > 1. Also by the minimality on n clearly n(0) # false, n(n—1) #
true, so n > 2,1(0) = true and n(n — 1) = false; so for some k& < n — 1 we have
n(0) =n(1) =...=n(k) #n(k+1).

As pl, ;. .~ isinconsistent we can find finite sets J~ C {s:s <sto},Jt C{s:t,_1 <y
s} such that the set {=¢(bs, 7,d) : s € J~}U{p(bs,, 5, d)"D : £ < n}yU{p(bs,5,d) : s € J*}
is inconsistent.

Let 1(z,d*) be the conjunction of {=(bs,7,d) : s € J~} U {p(bs,, 5,d)"®) : £ < n,l ¢

{k,k+ 1}y U{p(bs,5,d) : s € JT}. So {¢(y,d*), p(be,, Y, d), ~(bs,., §,d)} is inconsistent,
S0

< ’: (Vﬂ)[ﬂ}(ﬂv CZ*) A (P(Btk ) zj, g) - @(Etk+1 ’ gv CZ)}

However {(y,d*), ~p(bs,,7,d), ¢(bt,_,,7,d)} is consistent (otherwise i’ € ™2 such that
M) =n) =0 ¢ {k,k+1} and (t, : £ < n) contradict the minimality of n by the
lexicographic order). So by the indiscernibility

H for 81,82 € [tka tk+1]1 we have 1/)(3/7 J*)a @(65153?7 J) = @(65253?7 J) iff 51 < s2.

By indiscernibility this clearly finishes the proof of part (1), except the bounds on |Jp|+|J2],
which we can get by redefining £,z 4 z) or repeating the proof.
(2), (3) Follows. |:|1.27

1.28 Claim. [T is the dependent.]
For an infinite indiscernible sequence b = (by : t € I) (over 0) the following conditions are
equivalent:

(A) b is an (infinite) indiscernible set
(B) stfor(b) = L)

(C) for every set A, if b is an indiscernible sequence over A, then b is an indiscernible
set over A.

Proof. We shall prove three implications completing a “circle”.

(C) = (A):
Holds as (A) is a special case of (C), i.e. choosing A = 0.

(A) = (B):

Assume (Z,7) ¢ stfor(b) then for every n for some ¢, € 9W¢ the sets It =: {t €
I := bt a]} and I8¢ = {t € T ;= —[bs, G,]} has > n members. Let h: I — {true,false},
and define p, = {@(bs, )" : t € I}, and we shall show below that pj, is consistent, so
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T has the independence property, contradiction, so there is no (z,7) ¢ stfor(b), hence
stfor(b) = L. (7, i.e., condition (B) holds.

So let ¢ be a finite subset of py,, so for some finite J C I we have ¢ = {¢(bs, 7)*® : t € J}.
Let n = |J| and so there is a permutation 7 of the set I such that ¢t € J = n(t) € e,
possible as |I}| > n. As b is an indiscernible set there is an automorphism F of € such
that t € I = F(b;) = by(. Clearly F(q) = {¢(br), 1) 1t € J} C tp(€n,U{by : t € I}),

hence F~1(¢,) realizes g, as promised.

(B) = (C):

So assume that b is an indiscernible sequence over A. Let IT = Iy + 1+ I, with Iy, I any
infinite linear orders. Clearly there are b} € ™€ for t € Iy U Iy such that bt = (b, : t € I'T)
is an indiscernible sequence over A.

If bt is not an indiscernible set over A, then for some ¢ C A and ¢ = (%1, ..., Ty, ) the
sequence b is {(}-indiscernible sequence but not a {¢}-indiscernible set, so by 1.26 some
¢ = ¢ (T1,%2,d) = px(T1,T2,d) linearly ordered {b; : t € I} where 7 is a permutation of
{1,...,n},t3,...,tn € IpU Iy and d = Bt3ABt4A ...ABtnAE Ccu {BS s € I U IQ}; hence
¢’ (%1, T2, Z) is not a stable formula for b. So stfor(b) # L (1), contradiction. So b* hence
b is an indiscernible set over A as required. [y 08

* * *

We now may think on ¢(Z, ¥, ¢) which are stable for b which we get in the approximation of
order in 1.25(4). We may wonder can we not by expanding p (with more variables, over the
same B preserving finite satisfiability in B) get clearer picture. This may help in getting
indiscernible sequences. (See more in concluding remarks).

1.29 Definition. If p € §™(B) is finitely satisfiable in B let

(a) stfor(p) = N{stfor(b): for some ultrafilter D on ™ B satisfying p = Av(B, D), the
sequence b = (b, : a < w) an indiscernible sequence obeying D} (this does not
matter if we take one or all such b by 1.6(4),(5))

(b) Cb(p) = N{Cb(b): for some ultrafilter D on ™B satisfying Av(B,D) = p the
sequence b is a (D, B)-indiscernible sequence (in €%¢, of course)}.

Of course

1.30 Observation. For any M < € and p € S™ (M), or just p € S™(B) is finitely satisfiable
in ™ B we have stfor(p), Cb(p) are well defined as there are ultrafilters D on ™M such that
Av(M,D) = p.

1.31 Observation [T is dependent.]

If bisa {p(Z,...,T; ¢) }-indiscernible sequence over A but is a A,-indiscernible set over

) and has > k, members, then b is a {¢(Zo,...,Zr—1;¢)}-indiscernible set over A where

A, ={3z /\ o (%, 70) 1) . ) € "2 and 7 is a permutation of {1,...,£}} and n = n, is
{<n

such that &7 - - from 1.2 fail.

Proof. By the proof of (B) = (C) inside the proof of 1.28 it is enough to prove for every

permutation 7 of {1,...,¢} that ¢/ (Z1,7,d) = ¢=(Z1; T2, ..., T, d) € stforpe(b).
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By the proof of (4) = (B) inside the proof of 1.28 this follows from “b is A-indiscernible
over . Uis1

1.32 Remark. Note that p € S(M) may be definable but not stable, e.g. M < N are models
of the theory of (R, <), and a € N\M is above all b € N, then tp(a, M, N) is definable but
not stable.

1.33 Conclusion: [7" is dependent and is unstable.]

1) There are M < € and non-stable p € SY(M) [in €, not just €°4!].

2) There is an indiscernible sequence of elements which is not an indiscernible set of ele-
ments (over ()

Proof. 1) As T is unstable, for some M < & we have |S*(M)| > ||M||'T hence by 1.20(3)
some type p € S'(M) is nonstable.
2) By part 1) and Definition 1.19. Oy .33

Now 1.27(3) applies to 1.33(2) (where Z; is ;) gives

1.34 Conclusion. If T has the dependence property but is unstable, then some formula
o(z,y;¢) define on € a quasi order and even partial order with infinite chains, (so x,y
singletons).

Proof. By 1.33(2) and 1.27. Uisa

1.85 Remark. So if T satisfies some version of #-stable (see [Sh 300, Ch.II] or [Sh 702]) then
T is stable or T has the independence property.

So we may wonder

1.36 Question: 1) Does the “has the dependence property” case in 1.35 is needed?

2) If T has the independence property does some ¢(z,y, ¢) have the independence property?
3) Let p € 8™(B) be non-stable, letting D € {D’ : D’ an ultrafilter on ™B satisfying
Av(B,D’) = p}, how many b® can we find in 1.20 which are pairwise not nb-s, (for T with
the dependence property)?

Note that

1.37 Observation. If T' is unstable, then some formula ¢(z,y,¢) has the order property
(equivalently is unstable, hence some ¢(z,y,¢)) define a partial order with infinite chains
or has the independence property.

Proof. We know that some ¢(z, ) is unstable so choose a formula ¢(z, g, ¢) with the order
property, such that £g(y) is minimal. So there is an indiscernible sequence {(a;” < b; >:i <
w4) such that € = ¢[b;, a;, ¢ iff j < 4. Clearly (b; : i < w4) is an indiscernible sequence over
¢, if it is not an indiscernible set, say not (9, k)-indiscernible set, ¥ = 9(xo, ..., Tx—1,¢), then
possibly changing ¥ the formula 9(z,y,bo, ..., bm—1,bn-2,b2w41, - -, b2k m—3,C) linear
orders (a4 : i < w), hence has the order property. So assume (b; : i < w) is an indiscernible
set over ¢, and let a} be the first element of the sequence a@;. If (bo;11 : ¢ < wd) is not an
indiscernible sequence over ¢ U {a}_} then, by the indiscernibility of (a;” < b; >: i < w)
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over ¢, we can find a formula ¥(z,y,¢),¢ C ¢U{a, : i < w or w3 < i} such that |=
O[b2w, a4 0;41C'] for i <w but = ~0[baw, a5 0;,,¢] for i < w and we are done. So assume
(b2i+1 : i < w4) is an indiscernible sequence over ¢ U {aj,}, hence all {a5; : j < w4}
realizes the same type over {ba;1 : 4 < w4} U hence for j < 2w we can find as; realizing
tp(a@z;, {b2it1 : @ < wd} UG, €) and the first element of @} ; is ay. This contradicts the choice
of p(z,y,¢) as having the order property with £g(§) minimal as we can “move” af to ¢.
U137

1.88 Remark. Note that for indiscernible sets, the theorems on dimension in [Sh:c, III] holds
for theories T with the dependence property, see §3.
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§2 CHARACTERISTICS OF TYPES

We continue to speak on canonical bases and we deal with the characteristics of types
and of indiscernible sets. More elaborately, for any indiscernible sequence b = (b; : t € I), T
an infinite linear order, we have a measure Ch(b) = <Ch¢(iyg¢)(6) 1 0(Z,7y) € L)) with
T = (x; :i <m),m=Lg(b) for t € J, where Chy; 5. )(b) measure how badly ¢ (z,7,) fail
to be in stfor(b) (see Definition 2.5), we can find such b’s with maximal such Ch(b) and
wonder what can we say about them. The case of an indiscernible set is covered by §1.

2.1 Hypothesis. T has the dependence property.

2.2 Definition/Claim. Let b = (b, : t € I) be an infinite indiscernible sequence, k < w.
Then

(a) (Claim) ift; € Tand i <j=1; <;t; for i <j <w and
b* = (by,, "besyy - bigp s 11 <w) then
(a) Cb(b) = Ch(b') C Cb(b*),
(B) if (1, .., Tk Y) = (%4, Y) then: _
O (T1,...,%k;9) € stfor(bF) iff p(z4;7) € stfor(b)
(v) if b*! b*?2 are related like b* above to our b then Ch(b*1) = Cb(b*?2) (even
for the “local” version this is true)
(8) if p(z,9) € dpfor(b),¢' = ¢'(71,...,7k,9) = ¢(@.§) & —p(@m,7) or
90/ = Qol(jla s 7‘%16;@) = (@(iﬁvg) = _‘Qp(jmvg)) then 90/ € Stfor(bk)

(b) (Definition)  let Cbk(f)) = Cb(b*) and AvF(b, ) = Avgyo (b, €)
for any b* as above

(¢) (Definition)  Cb¥(b) = U{Cb*(b) : k < w}

(d) (Fact) if Iy, I, are infinite subsets of J and b = (b; : t € J) is an
indiscernible sequence (recall .J linear order) then
Cb¥(b [ I;) = Cb¥(b [ L)

(e) (Fact) if the infinite indiscernible sequences b', b? are nb-s, then
Cbh¥(b') = Cb%*(b?) for a < w

(f) (Definition)  if p € §™(B) is finitely satisfiable in "B and o < w
then let Cb®(p) = N{Cb*(b): for some ultrafilter D on ™ B
satisfying Av(B, D) = p, the sequence b is a
(D, B)-indiscernible sequence}.

Proof. Easy.

Recall: nonforking is quite worthwhile for stable theory; and have several equivalent
definitions. There is worthwhile generalization for simple theories; but of course, not all
definitions for stable theories give it for simple 7. We may look for a generalization of
nonforking for dependent theories (see alternatives in [Sh 783]).
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2.3 Definition. For a < w. We say p € S™(A) does not a-fork over B C A, if for every
model M 2 A for some ¢ € S™(M) extending p we have Cb®(q) C aclgea(B). Similarly
we say that C/B does not a-fork over A C B if ¢ C C' = tp(C, B) does not a-fork over it.

2.4 Remark. Assume that T is a simple theory, b = (b; : t € I) is an infinite indiscernible
sequence. Then we cannot find (@, : n < w) indiscernible sequence, (¢(Z,a,) : n < w)
pairwise contradictory (or just m-contradiction for some m) and

N (3t € D((br.an)).

n<w

Proof. Assume toward contradiction that ¢, (@, : n < w) form a counterexample. By
thinning and compactness without loss of generality the set I,, = {t € I : € |= @[b¢, @, ]} are
pairwise disjoint, and each is a convex subset of I.

Now we can repeat and get the tree property. More fully, for any cardinals u > k we
consider J = " as a linearly ordered set, ordered lexicographically and for p € "y let
J, ={v € J : pav}; without loss of generalitylet Iy C I has order type w and let h: I — J
be order preserving. We can find ¢, € € for n € J such that (¢, : n € J) is an indiscernible
sequence satisfying ¢t € I = ¢y = b;. By compactness, for each o < k we can find
(a, : p € “u) such that:

(@) (p(z,a,): p € *p) are pairwise contradictory (or just any m of them)
(B) m€ Jp,p €= CE ey, a)
Now (¢(Z,a,) : p € "~ ) exemplified the tree property. Oos

We have looked at indiscernible sequences which are stable. We now look after indiscernible
sequences which are in the other extreme.

2.5 Definition. 1) For b = (b; : t € I) an indiscernible sequence, we define its character

Ch(b) = (Chyy,5)(b) : (7, 2) € Lr(1y)

where

Chy(y,5)(b) = Max{n :for some ¢ the sequence (TV(¢p(b,¢)) : t € I)

change sign n times (i.e. Iis divided to n + 1 intervals)}

(so it is < 2k, (g.5))-
2) For p € S™(A), let

(a) CH(p) = {Ch(b) : b is an infinite indiscernible sequence such that every b; realizes
p}

(b) for a formula ¢ = (%o, ..., Zr_1) let CH(p, ¢(Zo,...,2x)) = {Ch(b) : b= (b, : t €
I) is an infinite indiscernible sequence such that to <y t1 <; ... < ty-1 = € |=
©lbtyy - - be,_,] and each by realizes p}

(¢) CH™**(p) = {n € CH(p) : there is no bigger such 7’ € CH(p)}, when “%’ is bigger
than 7" mean (Vo)(n, < nf,) & (3p)(n, <nf,)

(d) CH™®(p, p(Zg,...,vx-1)) = {7 € CH(p, p(Zo,...,Tx_1)): there is no smaller 7’ €

CH(p7 (P(jO, e 7i‘k—1))}'
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Note: for the trivial ¢, CH(p, ) = CH(p) hence CH™**(p, p) = CH™*(p).

2.6 Remark. 1) Instead of counting the number of interchanges of signs we can look at

(a) Chyyz)(b) = Max{n: for some sequence ¢, if J is a cofinite subset of I then
the sequence { TV(p(bs,¢)) : t € J) change signs > n times}; we then define
CH(p), CH™2*(P) etc.
or

(b) Tygn(b) ={ne=>2:¢ =3y N\ @by, 9" forty < ... <tyye-1}
£<tg(n)

and/or other variants.

2) Clearly 2.5(2) is a try to get “maximal”, “most general” extensions of p (as nonforking
is for stable T')

2.7 Claim. Let p € S™(A) be non-algebraic, T = (x¢ : £ < m).

1) If n = (n, : ¢ = o(z,y)) € CH(p), then there is n’ € CH ™*(p) such that n < 7'
2) CH™*(p) is non-empty.

5) If CH(p,p) # 0 then CH™ (p, ) # 0 and CH™(p, ) £ 0.

Proof. Let R, < be an n-place and 2n-place respectively predicate not in 7p and let

Iy = Th(Cr,c)eea U{(VZ)[R(Z) — ¥(T, )] : ¥(Z,¢) € p}
U{30....,2k-1)(\ R@e) & )\ o, # T0,) 1 k < w}

1<k 1 <lz
U{Z <y — R(Z) A R(y)}
U {< linearly ordered {Z : R(Z)}”}
U{(vZ1),...,(VZk)(VE1) . .. (YO)(T1 < T2 < ... < Ty,
& 1 < ... <ip— (@1, T5,0) =V, Yk, ©) :
cC Aand ¢ € L) and k < w}

(with Z; = (i : £ <m)). For n = (nyzy : o, 9) € (77)) and @ = (@;i(T, ;) : 1 < |T])
listing the formulas for L. (7 let

Iie ={0n, 4, : 1 <|T|} where
Ono(z,g) = GY)(IZo, ..., 3n)[To < T1 < ... < Ty &
N\ (@@, 9) = ~p(Ze41,7))-

<n

Now easily
(a) T'p is a consistent type (using p being non algebraic and Ramsey theorem)
(b) if n <7’ then 'y C T o
(¢) T, U5, is consistent iff (3n/)[n <7’ € CH(p)]
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(d) if J is a directed (partial) order, 7y = (ny,z,5,) : ©(Z,9,) € Lr(1)) € CH(p,¢)
increases with ¢t € J and n* = (n;(i7g¢) : p(,7,)) and? T(3,50) = max{ny ,(z,y,) :
t € J}, then n* € CH(p,¢)

(e) like (d) inverting the order.

Together we can deduce the desired conclusions. Uo7

2.8 Question: For p € S(A) (or just p € S(M)), does indiscernible sequences b of elements
realizing p such that Ch(b) € CH™®*(p), CH(b) € CH™®(p, ¢) play a special role?

2well defined as T is dependent
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83 SHRINKING INDISCERNIBLES

For stable theories we know that if (b; : t € I) is an indiscernible set over A and ¢ € “>¢€
then for some J C I we have |J| < |T| and (b; : t € I\J) is an indiscernible set over
AucuU{b : t € J}. We look more closely at the generalization for theories with the
dependence property (continuing [Sh:c, IT]).

The case of indiscernible sets is easier so we delay it.

3.1 Notation. For a linear order I, let comp(I) be its completion.

3.2 Claim. Ifb = (b;:t € I) is an indiscernible sequence over A and ¢ € “>¢€ (so finite),
then

(a) there is J* C comp([),|J*| < |T| such that

(*) ifn <w and 5t € "I,5 ~y« t (i.e., 5,1 realize the same quantifier free type
over J* in the linear order comp(I)) then as = (as, : £ <n),a; = (ar, : £ < n)
realize in € the same type over AU ¢

(b) if we fir n and deal with -types we can demand |J*| < kg < w

(¢) if in addition b is an indiscernible set, then in () of clause (a) we can weaken
5~y-tto (Vf,k)[(Sg =S =1y Ztk) & speJ =ty J* — sy Ztg]

(d) if we replace € by C' C € in (a) we just use |J*| < |C|+ |T.

Proof.

) by (b)

) follows by Claim 3.4 below
)

)

similarly

—~

=

follows.

Us.2

The reader may restrict himself in 3.3, 3.4 to the case n = 2 so a is just an indiscernible
sequence; this suffices for 3.2.

3.3 Definition. 1) For A C L, (7, a linear order I, m* < w,n < w, ay an ordinal for £ < n,
a model M and a set A C M, we say that & = (au,a: £ <n,u € [I]Y,0 < ay = ayy)) is
(A, m*)-indiscernible over A of the {(ay : ¢ < n)-kind if the following holds:

) fm<l+m*  ITEt< - <tpni1,lEs <...<8$n_1 and for every v C m we
let u, = {t¢ : £ € v},wy, = {s¢: £ € v} then (ay, ae:l <nvE€E [m], a < ay) and
(A0 s £ < myv € [m]f, a < ag) Tealizes the same A-type over A in M.
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2) If we omit A we mean all first order formulas, if we omit m* we mean w. Also in a, q¢
we may omit £ (because it is |u|). Of course nothing changed if we allow ay ¢ to be a finite
sequence (with length depending on («,¢) only) but we can instead increase ay.

3) We add “above J” where J C I (or J is included in the completion of I) if in (%) we

demand(VrEJ)/\(r<t¢Er<5g & r=ti=r=s & ty <r=s,<r). Wesay

¢
“almost above J” if we add J N {ty: £ < n} = 0.

3.4 Claim. 1) Assume

)

) M a model of T and AC M

) a={ayke:l<nk<keuc [l is indiscernible over A
)

Then there is a finite subset J of I or of the completion comp(I) of I such that (ay ke : £ <
n,k < ke,u € [1]°) is A-indiscernible over AU above J.

2) Moreover, there is a bound on |J| which depend just on A, (k¢ : £ < n) (and T), and so
it is enough that a is Aq-indiscernible for appropriate finite Aq.

3) So for every C C € there is J C comp(I) of cardinality < |C| + |T| such that a is
indiscernible above J over AU C.

Proof. 1) Toward contradiction assume that the conclusion fails. Let m* be the maximal
number of free variables in members of A times. Without loss of generality I is a complete
linear order with a first and a last element. For every finite J C I we choose <tg <
my), (s{ : £ < my) such that:

(1) my <m*

(i) t§ <t{ <...<t] _jand s <s{ <...<s]

myg—1

)
)
(iii) for at least one m < my we have t,,s) ¢ J (actually follows from the rest)
(iv) (t] : € <my),(s] : £ < my) exemplify that .J is not as required

)

(v) my is minimal.

Let b5 = (aj ., € <nk <kpue[{t],....t;),, 1} and bl = (ay ;- £ <n,k < ke,u €
[{Sbja cty S;In,]—l}]£>'
So clearly

(¥)1 the A-types of "0, b} over A are different
[why? by their choice].
For J e [I]<% let t] = s/_,, for £ =my,ms+1,...,2m;—1. Let D* be an ultrafilter on
[I]<X0 such that t € I = {J : t € J € [[]<N} € D*.
As my < m* < Ny, and D* is an ultrafilter, clearly for some m(x) < m* we have
Yo = {J € [I]<®0 : m; = m(x)} € D*. For £ < 2m(x), let

I} ={tel:{JeYy:t] <;t} € D*}

R={tel:{JeYy:t] =t} € D}
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I'={tel:{JeYy:t< t]} e D"}

Clearly (I,',12,1}) is a partition of I, 1) is a singleton or empty, I, ! is an initial segment
of I and I} is an end segment of I. As I is complete there is ¢; € I such that I # () =
ID={t;yand {t € I :t <;t;} DI,  and {t € T : t; <; t} D I}. So there are functions
g,h:{0,...,2m(x) — 1} x {0,...,2m(*) — 1} — {—1,0, 1} such that for each ¢, k < 2m(x)

we have

{(JeYy:t] e e D

and

gl k)=1e{JeYy:t] <t} € D*
gl k) =0 {JeYy:t] =t} e D*

gl k) =—-1 e gk t)=1.

For any ¢,k < 2(m(x)) if there is ¢ satisfying t; <; t <; ¢} then choose such tj ;. Now let

Y* = {J €Yy :for every £,k < 2m(x) we have t] € I,?(g’k),

and t] <;t] @ g(l,k)=1and t] =t{ © g(t,k)=0
and if ¢7 , is well defined then

t] <t <ti}.

Clearly Y* € D*.
For £ < 2m(*), let I; be the convex hull of {t/ : J € Y*}. We let <, be <; if I} C I,;*
and be > if I} C I}. If none of them hold, then I} = {t;}, <,= () and clearly

Mo if <y# (0, then in (I;(Z’i), <) there is no last element and ¢ € I;(Z’i)

t] e 1"y e D

Xy e={({,k): 0,k <2m(x),I; NI} # 0} is an equivalence relation and lek =<,=<j
& tf =t

My let w={¢:I;={t;}} thenlekNlcw=kew & t; =t}

X3 for each Jo € Y*, the set {J € Y*: if fek, £ ¢ w then t;° <, t/} belongs to D*.

={J:t <y

We now choose J, € Y* by induction on n such that lek & ¢ w = t;" <, tg"“.
Now

)9 if i(%) < w,n € “*)2 then the types of b9 “b9 ... b0 and of
Jo J1

Jix)—1
) ~gn(2)~  ~pn(i(x)—1)
by, by, Tby L, over A are equal.

[Why? By the indiscernibility, see Definition 3.3.]
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Now by clauses (iv) + (v) in the choice of ¢/, s (for £ < mj, = m(x)) for each i there is
i € A and d; C A such that € = ¢;]c, bgi,di] A —p;ie, lei, d;].
Now

(*)s the sequence (¢;(7,0Y ,d;) : i <w) of formulas is independent.
[Why?  For each i(x) < w and n € ™2 we need to prove that ¢ [
(F9)[ /\ i(7, If)gi,cfi)"(i)]. Now by (%)2 it is enough to prove that € |
1< (*)
Gl A wilm 50, dh)).
1< ()
But ¢ exemplifies the satisfaction of this formula so ()3 holds.]

As A is finite, one ¢ appears as ,, for infinitely many n’s (though not necessarily with the
same d,, as we allow A to be infinite), so we get contradiction to “T" has the dependence
property”.
2) Similar.
3) Follows. Us.4

3.5 Claim. Assume a‘ = (a! : t € I;) is an indiscernible sequence (with the linear order)
I, of cofinality k > |T| for £ = 1,2. Then we can find s, € I, for £ = 1,2, < k such
that (al, "a% : a < k) is an indiscernible sequence with (s, : a < k) being <p,-increasing

unbounded in I, for £ =1,2.

L 52 by induction on 1. Os5

Proof. Easy by 3.3, just choose s;, s;
See more in 4.11.

As 3.5 deal with A = L, (1), we can derive the parallel result for finite A C L (7).
3.6 Conclusion 1) Assume

() (by :t € I) is an indiscernible sequence over A, comp(I) the completion of I.

For every C' C € there are (ng,(z,y5 : @(T,7) € Ly (1)), a sequence of finite numbers, J C
comp(I) of cardinality < |C| + |T'| and (Jy,(z,5,6) : ¢ € Lr(7)), Jp(z.5,¢) @ finite subset of J
such that:

(¥)o if J« is an initial segment of J including U{Jy,z5.6) : ¢ € Ly(1),¢ C C} then
b [ (J\J.) is an indiscernible sequence over AU C U {b; : t € J..}

(¥)1 for every a € 9 A and ¢ = (Z,7,¢),¢ C C there are n < Ny(z,g) and t1 < ... <tp
from J, such that if r,s € I\{t1,...,t,} and m € [I,n] = (s <1 tm) = (r <1 tm)
then |= ¢[bs, a] = ¢lbr, a]

()2 for every k < w,a € WWA ¢ 0 and ¢ = p(71,...,2k, 2, §) there are n < n,,
and t; <...<t, from J, such that if 51 <7 ... <7 sp and ri <7 ... <y 7} are from
Jand m € [1,n] & L€ [Lk] = (se <ptm =70 <1 tm) & (tm <1 50 =tm <1 7¢)
then = ¢[bs,,...,bs,,¢al = @by, ..., b ¢ al.

2) Assume

(%)3 (buae: € <n,u € [I],a < ay) is indiscernible over A and ay < w for £ < n (and
n < w).
For every ¢ there are J C I, |J| < |T'| and finite J, C J for ¢ € L (1) such that
the parallel of ()1, (*)2 hold.



CTT WITH NIP 529

Proof. 1) This restates 3.2, 3.4.
2) Similar.

3.7 Question: If < (= ¢(z,y,¢)) is a partial order with infinite increasing sequences, we
may consider k-directed subsets, kK = cf(x) > |T|, they define a Dedekind cut.
What about orthogonality of those?

3.8 Conclusion. 1) Assume (b, : t € I) is an indiscernible set over A. For every B there is
J C I such that |J| < |T|+ |B| and (b, : t € I\J) is an indiscernible set over AU B.

Proof. Easy.

3.9 Claim/Definition. Assume p € §™(B) is a stable type and B C M. Then dim(p, M)
= |I| + |T| for any I a mazimal indiscernible set C ™M base on p is well defined.
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§4 PERPENDICULAR ENDLESS INDISCERNIBLE SEQUENCES

Dimension and orthogonality play important role in [Sh:c], see in particular Ch.V. Now,
as our prototype is the theory Th(Q, <), it is natural to look at cofinality, this is dual-
cf(b, A) defined below (4.5(3)), measuring the cofinality of approaching b from above (here
b is always indiscernible sequences with no last member). So a relative of orthogonality
which we call perpencidularity suggest itself as relevant. It is defined in 4.5, as well as
equivalence and dual-cf. Now perpendicularity is closely related to mutual indiscernibility
(see 4.7(1), 4.11(2)), hence if T is unstable, then there are lots of pairwise perpendicular
indiscernible sequences: if (G, : o < A) is an indiscernible sequence, not an indiscernible
set and bY = (Gyatn : 7 < w) for a < A then {b® : a < A} are pairwise perpendicular.
In this section we present basic properties of perpendicularity. In particular, it is preserved
by equivalence (4.11(5)). For perpendicular sequences, we can more easily restrict them to
get mutually indiscernible sets than in §3. In particular we show that if cf(Dom(b')) #
cf(Dom(b?)) then b!, b? are perpendicular.

But for indiscernible sets perpendicularity does not become orthogonality, in fact it is
trivial (see 4.15).

The case of looking at more than two indiscernible sequences reduced to looking at all
pairs (4.14(2), 4.17(2)). Also, as in [Sh:c, V], if b is not perpendicular to a¢ for ¢ < ¢* and
the a‘-s are pairwise perpendicular then ¢* < |T|* (see 4.19).

Lastly, we recall (from [Sh:c]) the density of “types not splitting over small sets” (for
theories with the non independence property), hence the existence of a “quite constructible”
model over any A.

We think
4.1 Thesis: First order T" with the dependence property is somewhat like the theory of the
rational order (or real closed fields).

If M is a model of (Q,<) and ((I;,I}) : @ < a*) is a sequence of pairwise distinct
Dedekind cuts of M, and N, is a dense linear order for a < o* and N is M when in the
cut (I, I}) we insert N,, then M < N; so we have total freedom of what we put in the
cuts.

In the next section we shall prove that if (a® : a@ < a*) is a sequence of pairwise
perpendicluar endless indiscernible sequences that we have quite a total freedom in choosing

(dual-cf(a®, M) : @ < «*), this is a parallel for the above property of Th(Q, <).

4.2 Thesis: If b', b? are endless indiscernible sequences, which are not perpendicular, then
there is in a sense an inside definable function showing that I, = {¢ € M : ¢ realizes
Av(b%,b*)} has the same cofinality.

4.3 Hypothesis. T has the dependence property.

4.4 Definition. 1) We say the infinite sequences b', b? are mutually indiscernible over A
if b’ is an indiscernible sequence over U{b?~* : t € Dom(b3>~¢)}U A for £ = 1,2. If we omit
“over A” we mean A = ().

2) We say that the family {b® : ¢ < ¢*} of sequences is mutually indiscernible over A,
if for ¢ < ¢* the sequence b¢ is an indiscernible sequence over U{b$ : ¢ # (,e < (*,t €
Dom(b®)} U A.

3) We say “b!,b? are mutually A-indiscernible over A” if b’ is a A-indiscernible sequence
over U{b?~*:t € Dom(b>~¢)} U A for £ =1,2. Similarly in part (2).
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4.5 Definition. Let a‘ = (a! : ¢ € I;) be an indiscernible sequence which is endless (i.e.,
I, having no last element) for ¢ =1, 2.
1) We say that a!,a? are perpendicular when:

(%) if b, realizes Av({bk,: we have m <n & k€ {1,2} or wehave m =n & k <
(}ua Ua? a’) for £ = 1,2 then b',b? are mutually indiscernible (see 4.4 above)
where bf = (b% : n < w) for £ = 1,2.

We define “A-perpendicular” in the obvious way.

2) We say al,a are equivalent and write ~ if for every A C € we have Av(A,a') =
Av(A,a?).

3) If a! C A we let dual-cf(al, A) = Min{|B|: B C A and no ¢ € “~ A realizes Av(B,a')};
we usually apply this when A = M.

4.6 Example: M a model of Th(Q, <).
b’ = (bl, : n < &) is an increasing sequence in M.
Then b!, b? are not perpendicular iff they define the same cut of M.

4.7 Claim. 1) Ifal,a? are endless mutually indiscernible sequences, then they are perpendi-
cular.

2) “Mutually indiscernible” and “perpendicular” are symmetric relations.

3) On the family of endless indiscernible sequences, being equivalent is an equivalence
relation.

4) In Definition 4.5(1) in () there, to say “for every such (b’
say “for some (b, :n < w,f=1,2)" are equivalent.

5) If al,a? are endless indiscernible sequences and A-mutually indiscernible sequence then
they are A-perpendicular.

6) If a,a are endless indiscernible sequences, a
perpendicular.

:n <w,l=1,2)" and to

2 2

is indiscernible over a' then a',a? are

4.8 Remark. By 4.12 below, in () of Definition 4.5(1), for any set A we can add: b', b? are
mutually indiscernible over A; that is for any A, if b%, realizes Av({bt, :m <n & k€ {1,2}
orm=n & k</(}ual ua?U A,a’) then b!, b? are mutually indiscernible over A where
b’ = (b, :n <w) for £ =1,2.

Proof. 1) Let b, for £ € {1,2},n < w be as in Definition 4.5(1).
Now we prove by induction on k < w that

(¥)x the sequences al* = al~(bt_,,...,b}),a%* =a%"(b?_|,...,b3) are mutually indis-
cernible.

For k = 0 this is assumed. For k = m + 1, by the choise of b} as realizing Av(al* a>* al)
clearly at**1 a%* are mutually indiscernible. Similarly by the choice of b2, clearly al:**1,
a%**1 are mutually indiscernible.

Now the statement “(bl : n < w),(b? : n < w) are mutually indiscernible” is a local
condition, i.e., it is enough to check it for (b} : n < k), (b2 : n < k) for each k < w, but this
holds by () above.

2) Read the definition and rename.
3) Let a',a% a* be endless indiscernible sequences. Clearly Av(A4,a') = Av(4,a!) so
al ~ al by Definition 4.5, so = is reflexive. Also Av(A,a;) = Av(4,a2) & Av(4,a2) =
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Av(A,a;) so ~ is symmetric. Lastly, if a! ~ a? and a? ~ a3 then for any A we have
Av(A,al) = Av(A,a%) A Av(A,a?) = Av(A,a®) hence Av(A,al) = Av(A4,a3), as this
holds for any A we can deduce that a'! ~ a3, i.e. = is transitive. So & is really an
equivalence relation.

4) Suppose that for i € {1,2} we have (bif : n < w,¢ € {1,2}) such that b¢ realizes
Av({biF :m <n & ke {l,2l orm=n & k < (}uUaua?a’). We can choose an
increasing sequence of elementary mapping f: (n < w,f < 2) such that n; < ny V (ny =
ni Al < ) = fir C ff2 f0 is the identity on a' U a?, Dom(f}) = Dom(fJ) U b.°,
Dom(f,;) = Dom(f})Ubt?, fr(byt) = b2, f2,,(bL?) = b2%2. No problem to carry the
induction and f* = U{f% : n < w} can be extended to an automorphism of € thus proving
the claim.

5) Similar to (1).

6) Left to the reader (see 4.16). Oy

4.9 Claim. Assume that for £ = 1,2 we have:

Iy, Jy are endless linear orders

bf = (b} : t € I;) is an indiscernible sequence
a’ = (af : t € Jy) is an indiscernible sequence
4,5,m¢)

t(l,s,1) <p, t(£,8,2) <p, ... <y, t(£, s,n¢)

)
)
)
d) for s € J; we have @’ = Bf(£)871)A e AEf(
)
) if s1 <y, S2 then t(€,s1,n0) <y, t(¢,s2,1).

0) If b’ is an indiscernible sequence, then so is a’.

1) If ', b? are mutually indiscernible, then a*,a® are mutually indiscernible.

2) Assume that {t({,s,1): s € Jy} is an unbounded subset of I, for £ =1,2. If b',b? are
perpendicular, then at,a? are perpendicular.

3) Like part (2) for “equivalent”.

Proof. Just think.
(Concerning (2) see 4.11(4) below). Uag

4.10 Claim. Assume that b® = (bf : t € I,) is an endless indiscernible sequence of my-
tuples, so bj = (bf,, : m < my). Assume that uy C {0,...,m¢ — 1} and af = bj | ug for
tel,t=1,2.

1) If (b} : t € I), (b7 : t € I3} are mutually indiscernible, then (aj : t € I1),(a? : t € Iz) are
mutually indiscernible.

2) If (b} :t € ), (b? : t € L) are perpendicular, then (a; : t € I),(a? : t € L) are
perpendicular.

3) Of course, permuting, duplicating or renaming the indiscernible in <bf,m :m < my), etc.,
also is O.K.

Proof. Easy.
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4.11 Claim. 1) Ifa* = (a} : t € I,)) is an indiscernible sequence for { = 1,2 and |T| <
cf(I1), |I1| < cf(I2), then for some end segments Jy, Jo of Iy, I respectively, al | Jy,a2 | Ja
are mutually indiscernible.

1A) If A is finite to deduce just A-mutually indiscernible, we can omit |T| < cf(I7).

2) Ifa’ = (af : t € 1) is an indiscernible sequence for £ = 1,2 and cf(I), cf(I2) are infinite
and distinct then a',a% are perpendicular.

3) Assume that a* = (a! : t € I,)) is an endless indiscernible sequence for £ = 1,2, § is limit
ordinal and b, realizes AV({BZ B<a & ke{l,2}orB=a & k< /(}ualua?a’) and
b’ = (0%, : a < 68) for £ = 1,2. Then the following are equivalent:

2

(a) al,a? are perpendicular

(8) bl,b? are perpendicular.

4) Ifa* = (a! : t € I)) is an endless indiscernible sequence and Jy C Iy is unbounded for
¢ =1,2, then a',a? are perpendicular iff a' | Jy,a? | Jo are perpendicular.

5) If a’ = (a; : t € I*) are an endless indiscernible sequence for { =1,2,3,4 and a',a® are
equivalent and a2, a* are equivalent, then a',a? are perpendicular iff a%,a* are perpendicu-
lar; so perpendicularity of a',a? depend just on a'/ ~,ay/ ~.

Proof. 1) By 3.6(1) applied to A = U{a} : t € I} and a2, there is an end segment J, of
I, such that a? | Jo is an indiscernible sequence over A. Let J) be a countable subset of
J2 and apply 3.6(1) to A’ = U{a? : t € J5} and a', so there is an end segment J; of I
such that a' [ .J; is an indiscernible sequence over A’. Reflecting on the meaning clearly
al | J,a? | Jp are mutually indiscernible.

1A) Similar to (A); without loss of generality A is closed under permuting and identifying
the variables, and we use the relevant variant of 3.6(1) or just 3.4.

2) Without loss of generality cf(I1) < cf(l2). It is enough for every formula ¢ = ¢(Zq,. ..,
Ty Y1, - -, Yr) With Lg(Z,) = Lg(a}) and €g(je) = Lg(a?) to show that for some ¢, € I1,ty €
Ig:

X for some truth value t, for all t, <p, £] <7, ... <1, £, ta <p, {3 <1, ... <1, l} we
have = @[bg ,...,b; 0%, ..., b%]
m 1 k

By (1A) and 4.7(5) this is easy (as for each finite A we can use suitable end segments).
3) If a',a? are perpendicular then by definition 4.5(1) we have b', b? are mutually indis-
cernible and by 4.7(1) this implies that b!, b? are perpendicular. The other direction is
even easier, though we have to use 4.7(4).
4) Let b}, b2 (let n < w be as in (*) of Definition 4.5(1)) for a®,a2. Now for every set A, the
types Av(A,a’), Av(A,a’ | Jy) are equal (see 1.10(2)). As (al | J1) U (a2 | Jo) is included
in (a! Ua?) clearly (bl : n < w), (b?: n < w) are as required in (x) for al | J;,a® | Ja.
By 4.7(4) we have a',a? are perpendicular iff (b} : n < w), (b2 : n < w) are mutually
indiscernible iff a' | J;,a? | J, are perpendicular; so we are done.
5) We choose bf, by induction on 2n + ¢ for n < w,? € {1,2} as any sequence realizing
pl = Av(atua?uaduatu{br, m<n & ke{l,2}orm=n & k< (},a%). Soa!,a?
are perpendicular iff (b} : n < w), (b2 : n < w) are mutually indiscernible (by 4.7(4)).

Now by the assumption (on the equivalence) the type pf, is also equal to Av(a' U a2 U
aduatu{bl, :m<norm=n & k< /(},a%h).

Using again 4.7(4) we have: a3, a* are perpendicular iff (b} : n < w), (b2 : n < w) are
mutually indiscernible.
Together we get the desired conclusion. 411
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4.12 Claim. Let a',a? be endless indiscernible sequences. The following are equivalent:

(A) al,a? are perpendicular

(B) there are A, bl b2 (for n < w) such that (a) a' Ua*> C A and b, realizes Av(A U
alua?u{bf,:n<n & ke{l,2} orm=n & k<(},a") and (b) the sequences
bl = (bl : n < w),b? = (b2 : n < w) are mutually indiscernible

(C) for every A 2 a',a® and by realizing Av(A,a') and by realizing Av(A,a?) the se-
quence by realizes Av(A U by, al)

(D) if A D a',a% and b.,b% are as in clause (B) (a) then (b} : n < w), (b2 : n < w) are
mutually indiscernible over A.

Proof.
(D) = (B):

We can find A,bf, for n < w,? € {1,2} which are as in clause (B) except possibly the
mutual indiscernibility in the end, i.e., as in (x) of Definition 4.5(1) but with A D a! U a®.
By (D) this suffices.

(C) = (D):

Now we can prove by induction on ¢ < w that:

X if my <mg<ny <...<n; <wand/,...,0 € {1,2} then b}, "b2 "bl " ... "b%
and bl "bZ, "biL " ... bl realized the same type over AU{b, :n < my,l € {1,2}}.
[How? For ¢ = 0 as we are assuming clause (C), for i + 1, because the type
tp(?)f;i:l,A U b, : n < niy1,0 € {1,2}}) does not split over a‘+! by the defini-
tion of Av hence over A.]

By transitivity of equality of type from X we can prove that (b3, 1 : n < w), (b3,,5 1 1 < w)
are mutually indiscernible over A, as in 4.7(4) this suffices.

(B) = (A):

If A,b% for n < w,l € {1,2} are as in clause (B), then as [B; C By = Av(B;,a’) C
Av(By,a%)] they are as in (x) of Definition 4.5. So by 4.7(4) the sequences a',al are
perpendicular, i.e., clause (A) holds.

(A) = (O):

Assume that a',a
let A > Ny.
Choose bf, for a < AT, £ € {1,2} by induction on « such that bf, realizes Av(AUU{D}; : § <
aV (B=a & k< (},a"). Easily by the choice of A for some ¢ C A and ¢(7, %, ¢) we have
€ |= ¢[b, b3, ¢ iff o < 5. By the mutual indiscernibility of (b}, : v < A), (b2 : @ < A) (which
holds as a!,a? are perpendicular) the set {p(bL, b2, 2) : a < A} of formulas is independent,
contradiction. g0

2 are perpendicular but clause (C) fails for the® set A. So a',a? C A4,

3the choice of b', b2 of course is immaterial as: if b, b"’ realizes Av(A,a') and b2 realizes Av(A+b +b",a?)
then b2°b/, b2 b realizes the same type over A
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4.13 Claim. Assume a‘ = (a! :t € I;) are endless indiscernible sequences for £ = 1,2.

1) If a' is an indiscernible sequence over A, then: a' is an indiscernible set over A iff al
is an indiscernible set over ().

2) Assume that a' is an infinite indiscernible sequence over A, then: a
iff a' is non-stable in (€,c)cea.

3) If at,a? are equivalent, then a' is non-stable iff a2 is non-stable.

L is non-stable in €

4) Assume that for £ = 1,2,J, C I, is convexr and infinite and a',a? are mutually indis-
2
cernible then a' | Jy,a2 | Jy are mutually indiscernible over U(éz I (Le\Je))-

=1
5) Let k € {1,2}. In part (4) we can omit “Jy a convex (subset of It)” if a* is an indis-
cernible set.

Proof. 1) By 1.28.
2) Follows.
3), 4), 5) Check directly. Uaas

4.14 Claim. 1) Assume a',a” are endless indiscernible sequences. If al,a% has cofinality
> |T| and are mutually indiscernible and b € “>¢&, then for some end-segments Jy,Jo of
Dom(a'), Dom(a?) respectively a' | Jy,a® | Jo are mutually indiscernible over b.

1A) Like (1) for mutual A-indiscernibility, when Ay is finite, Ay finnite large enough a',a®
just endless.

2) Assume b, b? b3 are endless indiscernible sequences C A and I is an infinite linear
order and af realizes Av({a¥ : s </t & k€ {1,2,3} ors =t & k < (}UA,Db") for
0€{1,2,3} andt €I and let a* = (a} : t € I), then:

(a) (aj"a?"a} :t € 1) is an indiscernible sequence over A;

2

(b) if al is an indiscernible set then a',a? are mutually indiscernible over A

(c) if any two of a',a% a® are mutually indiscernible and Iy, I3, I3 are disjoint un-

bounded subsets of I, then a® | Iy,a® | I3 are mutually indiscernible over AU(a? | I3)

(d) if a',a? are mutually indiscernible then they are mutually indiscernible over A.

Proof. 1) No new point so left to the reader.
2) Without loss of generality I is dense with no first, no last elements, and I is not a
complete even restricted to an interval and every interval has cardinality > |T'|. Now

Clause (a):

Easy as in 1.6(2).

Clause (b):

For any s1 <;< ... <y Sp_1, stipulating sg = —o0, s,, = +00 and letting I, = {t € I :
s¢ <1 t <1 S¢41}, by the construction we know that: the sequences al | Ip,...,a" [ I,
are mutually indiscernible over a? ~... a2 . Recalling that every interval has cardinality
> |T, by 3.8 this implies that a' is an indiscernible set (see 4.13(1)) over a2 ... a2 _ ;
as this holds for any n < w and s; <j ... <7 S,_1, we get that a' is an indiscernible set
over a2. But for any ¢ € I the sequence (a2 :s €I & t <; s) is an indiscernible sequence
over U{al a2 : s <; t}. So clearly if {s : s <; t} is infinite then by the last two sentences,
a? | {s el :t<; s}al are mutually indiscernible (even over {a? : s <; t}). By the

assumption on I in the beginning of the proof we are done.

Clause (c):

S
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Note that by the assumption on @, it is enough for any pairwise disjoint I, C I for
¢ = 1,2,3, each as we assume in the beginning of the proof of part (2), to prove that
al [ I;,a% | I,a? | I are mutually indiscernible.

By transitivity of equality it is enough to prove:

x) if £(1) # £(2) € {1,2,3},t1 < to in I, then the sequences a'W-g"® and g -g'®
t t t t

1 2 1

realizes the same type over AU {al: ¢ € {1,2,3} and —(t; <rt <;t2)}.

To prove (x) it suffices for any n and s1 <; ... <; s, with t; <; t3 <; s1 and k €
{0,1,2,3} to prove that Eszl)AELgQ) and &fél)A&f?) realize the same type over AU U{al :
me{l,....n—1} & £€{1,2,3yorm=n & ¢<k}u{a’:s<t,lec{1,2,3}}. Wedo

it by induction on 4n + k.

For n = 0: The sequences a‘®,a’® are perpendicular by 4.7(1) hence the required con-
clusion holds by (A) = (C) of 4.12.

For n+1: If k = 0 this is known (being equivalent to the case (n',k’) = (n,3)), other-
wise this follows by the definition of average more exactly as tp(a’ AU {al :m €
{1,...,n} & £ef{l,2,3orm=n+1 & Lek}u{al:s<ty,lec{1,2,3}}) does not
split over a* by 1.6(6).
Clause (d):

By 4.12. |:|4.14

4.15 Conclusion. If b*, b? are endless indiscernible sequences and b! is an indiscernible set,
then b', b? are perpendicular.

Proof. By 4.14(2), clause (b).

4.16 Claim. 1) Assume a,b are endless indiscernible sequences. Then a,b are perpendic-
ular sequences, iff for any o(Z,7,¢) for some truth values t we have:

(a) for every large enough s € Dom(a), for every large enough t € Dom(b) we have
Q: ': (p[fls, bta é]t

(b) for every large enough t € Dom(b) for every large enough s € Dom(a) we have
¢ = plas, by, ¢t

2) For any ¢ = p(Z,7,¢), there is a truth value t = ty(z 5.2 for which clause (a) holds and
there is a truth value t =tz 5,z such that clause (b) holds.

Proof. By 4.12(C) (and 1.10(2)).
Part (2) is easy too. Ua.16

4.17 Claim. 1) The parallel of the relevant earlier claims holds for several indiscernible
sequences, that is, assuming a$ = (df it € I) is an endless indiscernible sequence for

¢<¢"

(A) If the intervals [cf(I¢),|I¢|] are pairwise disjoint, cf(Ic) > |T| + ¢*, then for some
end segment J: of I¢ for ¢ < ¢*, we have (8 | J¢ : ( < ¢*) is mutually indiscernible,
which means: each a° | J¢ is indiscernible over U{a® | J. 1 e < (* & e # ¢} (in
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fact we can get indiscernibility over U{a® : e < ¢* & |I| < cf(l)}Uuu{a® | J. :
e € (¢, ¢}

(B) Assume (a$ : ¢ < *) are mutually indiscernible, b € “>¢€ and I; = Dom(a%) and
cf(Dom(a%)) > |T|+ ¢*. Then there are end segments J: of Ic for ( < ¢* such that
(as | I : ¢ < ¢*) is mutually indiscernible over b.

(C) If Ais a set, J: is an infinite linear order disjoint to U{I. : ( < (*} and Etf realizes
Pt =Av(AU{as e < (¢ & sel.ore=¢ & seJ. & s <y tor
s€J. & e <(UAAS) for any ¢ < (*,t € J¢ then {{a$ : s € J¢) : ¢ < (*} are
mutually indiscernible over U{aS : e < (*,s € I.} U A.

(D) If (aS : ¢ < ¢*) are pairwise perpendicular and J; = J for ¢ < (* then in clause
(C), @ realizes ¢f = Av({aS :e < (* & selore<(* & seJ & s<ytor
s=t & e <(JUAaA%).

(E) if Jo = J is an infinite linear order (disjoint to U{Dom(a%) : ¢ < (*}) and as for
¢ < (*,t € Jo realizes the type ¢i from part (D), and for any e < ( < (*,(a5:s €
Je), (a$ 1 s € J¢) are mutually indiscernible or just perpendicular, then {((a§ : s €

S
Je) 1 ¢ < ¢*) are mutually indiscernible, moreover even over A.

2) If we weaken in the conclusion of clause (A) of part (1) the mutually indiscernible by
mutually A-indiscernible, then we can weaken cf(I¢) > |T'| + |(*| to cf(I¢) > |C*].

Proof. Similar to earlier proofs (4.11). Ugar

4.18 Claim. 1) Ifa= (a, : t € I) is an indiscernible sequence, b € “>€ then we can divide
I to < 21T conver subsets (I¢ : ¢ < ¢*) such that (a | I¢ : ¢ < C*, I; infinite) is mutually
indiscernible over b.

2) Similarly in 4.17: if a% is an endless indiscernible sequence over A for ( < ¢*, and
they are mutually indiscernible and b € “>¢€ then we can find w C ¢*,|w| < |T| and
for ¢ € w a partition of Is to < 2T conver sets (Ice © € < g¢) such that the family
{a¢: ¢ e \wpu{at | Ir. : ¢ € w,e < e} is mutually indiscernible over AU b (the
partition of I¢ is induced by some subset I/ of comp(I¢) of cardinality < [T).

Proof. 1) By 3.6.
2) Similarly. Uais

Generalizing another claim for stable theories:

4.19 Claim. Assume that

(a) b,a are endless indiscernible sequences for ¢ < C*
(b) a%,a° are perpendicular for ¢ # ¢

(c) b,aS are not perpendicular.

Then ¢* < |T|".

Proof. Assume toward contradiction that ¢* > |T'|7. We let A = BUU a° and by induction

¢
on n < w, we choose (a%* : ¢ < ¢*) and b}, and for a fix n < w we choose as* by induction
on ¢ < ¢* and then we choose b}, such that:
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(a) aS* realized the average of a¢ over AU {b, :m <n}uU{as* :m<n & e < (* or
m=n & < (}

(b) bZ realizes the average of b over AU {b%, : m < n}uU{as*:m <n,e < (*}.
For each ¢, as b,a¢ are not perpendicular, we can find n¢ < w,ué € [w]™ for £ = 0,1,2
such that (b, : n € u)"(@y* : n € u) and (b}, : n € ud) (@y* : n € uf) does not
realize the same type; say one satisfies ¢¢(Z,7) the second not. As we can replace (as :
¢ < |T|*) by any subsequence of length |T|*, without loss of generality ¢ < |T|t =
ne = n*,uf = us, pc = . Now for every U C |T|* let fy be the elementary mapping
with domain U{a$* : n € wuy,¢ < |T|*}, mapping EL,CZ’l* to EL%’; iff ( € U,ny = ngy or
¢ € TI"\U,n1 € ui,n2 € ug,|ng Nuy| = |na Nug|. Let gy be an automorphism of €
extending fgl. We have gotten the independence property for o(z, %) as gu((b5; : n € ul))
realizes {p((Z, : n € ug), (@™ 1 n € uy))fCE . ¢ < |T|T}, contradiction. 0410

We can deal with perpenducularity of ultrafilters instead of indiscernible sequences.

4.20 Definition. Let D, be an ultrafilter on ™) (By) for £ = 1,2.
We say that D;, D; are perpendicular if:

(*) if b, realizes Av({bh, : m <norm=nAk <}UB1UBy,Dy) forn <w,l e {1,2},
then (bl : n < w), (b2 : n < w) are mutually indiscernible.

Parallel claims hold, e.g.

4.21 Claim. Let Dy, By,mg (£ =1,2) be as in the definition 4.20 above.
1) D1, Dy are perpendicular iff

(#%) if A D By UBa, b realizes Av(A, D), and b? realizes Av(AUb', Dy) then b* realizes
AV(A U bQ, Dl)

2) Let b® = (b : t € I;) be endless indiscernible sequences, and let Dy be an ultrafilter on
{bf : t € I} containing {bf :t € J} for all the co-bounded subsets J of Iy, for € = 1,2. Then
D1, Dy are perpendicular iff b*, b2 are perpendicular.

3) In Definition 4.20 we can replace “mutually indiscernible” by “perpendicular”.

Proof. No new point.

We can translate:

4.22 Claim. 1) Assume we are given set B(C €) and D is an ultrafilter on ™B and I
is an endless linear order. Then for some ultrafilter D* on the cardinal A = |T'| + |B|, in
€ /D* we can find an indiscernible sequence b = (b; : t € I) in B*/D such that:

(x) if Ay C€,ae€™C then:
© @ realizes Av(Ay, D) iff a realizes Av(A1,b) (in €*/D*) iff every by realizes
AV(Al, D) = AV(Al, b) = tp(@, Ap,C.
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2) If b= (b; : t € I) is indiscernible, I endless, by € ™B for m < w and B C A, then there
is an ultrafilter D on ™ B such that (%) of part (1) holds.

Proof. Straightforward.

* * *

As background for the following note that for 7" a totally transcendental (= Rg-stable), for
every A C € the set of isolated types in S(A) is dense (i.e. if € |= (Fz)p(z,a),a C A then
p(z,a) belongs to some ¢ € S(A) which is isolated, i.e. such that for some (Z,a’) € ¢ we
have ¢ (z,a) F ¢). This gives that we can extend A to a model such that “few” types over
A’ are realized in it, so in some sense M is understood over A ([Mo65] or see [Sh:c]). This
enables us to preserve much (e.g. “respecting”, see the next section), this is fine but the
assumption makes it irrelevant here.

For stable 7' we can replace isolated by |T'|"-isolated (see [Sh:c, IV]). Also we can replace
isolated by “does not fork over some finite subset of A”; this looks like an opposite to being
isolated (as a non-forking is an “opposite” to an isolated one) but is still managable (and
helpful, called Fﬁo—isolated). But all these seem under too strong assumptions so irrelevant
here. We use a substitute: does not split over a small set, a precursor of non-forking (from
[Sh 3]), still of interest when non-forking is not available.

Recall ([Sh:c, Ch.IIL,§7:IV])

4.23 Definition. 1) p € FSP(B) if for some set A we have p € S<¥(A),B C A,|B| < &
and p does not split over B, see part (4) below. Let p € FSP mean that for some set B we
have p € FP(B).

2) A = (A, (b, B; : i < i*)) is an FsP-construction (or (b;, B; : i < i*) is an F$P-construction
over A) if tp(b;, AU {b; : j < i}) € FP(B;), so B; C A =1 AU {b; : j < i}) for every
1 <4

3) Omitting B; means for some B;; let i* = fg(.A).

4) Recall that p € S™(A) splits over B C A if for some formula ¢(z,§) and sequences b,
from %99 A realizing the same type over B we have ¢(Z,b), ~¢(Z,¢) € p.

We give a proof of 4.24 for self-containment.

4.24 Claim. 1) If B C A and p is an m-type over B, then there are ¢ € S™(A) extending
p and By C A, |B1| < |T| such that q does not split over B U Bj.

2) For any A and k > |T| there is a model M and FSP-construction A = (A, (b;, B; : i < i*))
such that:

(a) M = A# and | M|| = |A[<=+ )" 2T+

0<k
(b) M is k-saturated,

(c) cf(i*) = k or k singular, cf(i*) = k™.
3) If A is an FSP-construction, k = cf(x),b C Ag(A) has length < r, then tp(b, A) does
not split over some B C A, |B| < k.
4) In part (2) we can add (d) if we replace (a) by (a)* where

(d) if p € S™(M) does not split over B C M,|B| < x then i* = sup{i: B C A# and b;
realizes the type p | At}

()" M = A2 and | M| = |A[<" + 2

20+1T]
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Proof. 1) For any set C C A let us define

pe = p(@) U{p(Z,b) = ¢(7,¢) 10(z,7) € L1
and b, ¢ € 9% A realizes the same type over BU C'}.

Now if there is C' C A of cardinality < |T'| such that pc is finitely satisfiable (in €), then
choosing By = C and ¢ € S™(A) any extension of pc we are done. So assume toward
contradiction

() if C' C A has cardinality < |T|, then p¢ is not finitely satisfiable.

Now we choose by induction on ¢ < |T|" a set C; and then a sequence (¢ n.,b¢.n, Cen i 1 <
n¢) such that

()1 ©cn = 0¢n(Z,Ycn) € Ly and Bc,m C¢,n are sequences from A of length £g(g¢ »n)

as follows. In stage ¢ we let C¢ = U{b. " Czn i€ < ( and n < nc}.

So C¢ € A and |C¢| < Ro+[¢|" < |T'|T; of course, Cy = (). Now by () we know that pc, is
not finitely satisfiable, hence we can find ne < w and ¢¢ (%, Y¢n)s beony Cc.n as in (x)1 such
that

(#¥)Z b¢,n, Cc,p realizes the same type over B U C¢ for n < n¢
(*)2 PU{pcn(Z,becn) = 0en(T,ecn) i n < ne}is not finitely satisfiable, that is
p(z) \/ (@C,n@»[;c,n) = ¢ (T, C¢on))-

n<ng

Having carried the definition note that the number of possible sequences (p¢ n(Z,%¢.n) :
n < n¢) is < |T'| hence for some unbounded U C |T|* we have ( € U = n¢ = n,

/\ P (T Yen) = on (@, Un).-
n<nx
Now note

()4 if p C g € S™(C;) then for some n < n¢ there are qo,q1 € S™(Ce41) extending ¢

such that ¢, (Z,b¢.n) € qo, ~0cn(Z,ben) € @1

[Why? Let ¢ C ¢’ € S™(Cc41), now by (*)2, as p C q C ¢ clearly for some n < n¢ we have
[cn(Z,ben) = =@ n(Z,Ecn)] € ¢, and as be o, ec.n © Ceqr for some truth value t we have
0en(T,ben)t € ¢ hence —p¢ ,(Z,¢.0) € ¢'. B

So qU {—@¢ n(Z, ¢ )t} is finitely satisfiable, but by (*)2 the sequences b ,,, G¢., realizes

¢, ¢, ¢ ¢y C¢,

the same type over C; hence also q U {~¢¢ ,(Z,bc,n)t} is finitely satisfiable hence can be
extended to some ¢” € S™(Cc41). So {q¢’,¢"} can serve as ¢o,q1 (in some order); so (x)4
holds.]
Hence

(¥)s for any finite set u C |T|*, the following set has at least 2/“/ members

{n m is a function from {({,n) : ( € u,n < n¢}
to the truth values such that

py=pU {(pg,n(j,5¢7n)”(c’”) (C€u,n<net
is finitely satisfiable}.

[Why? By induction on |u| (or on sup(u)) using (*)4.]
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Now let A = {¢n(Z;Tn) : n < n4}, so for every finite u C U by ()5 we have
ST (U{be.n : ¢ € u,n < n*}) has at least 2/*! members
whereas

U{b¢p i € € uyn <n*}

has at most u x m* members where we let m* = Z Lg(Gn)-

n<n*

By [Sh:c, II, §4], T has the independence property.
2) Let ’ be & if & is regular and 7 if & is singular. We shall choose by induction on ¢ < &/
the tuple AS = (A, (85, B%) : i < i¢)) such that:

(a) AS is an F*P-construction
(b) io=0
(c) if e < ¢ then i, < i¢ and (Bf, Bf) = (bg, Bf) for every i < i., so we call them (b;, B;)
)
)

(d) if ¢ is a limit ordinal then i = U{i. : € < ¢} and so A is determined by clause (c)
() lic| < X =:|A]<r+ ) 20t
0<k

If AS is chosen, let AS = AUU{b; : i < i¢} and let Pe = {p: for some m < w,p is an m-type
over some set B C A¢ of cardinality < x hence of cardinality < x}. We know that [P¢| < A
and let ic41 = i¢c + A let (p; @ € [ic,ic41)) list Pe (possibly with repetition). We choose
(Ai, Bi,q;",b;) by induction on i € [i¢,i¢c41) as follows.

Let A4; = ASUU{b; : j € lic,i)}; and let By, ¢ be such that ¢/ € S™i(4;) be an
extension of p; which does not split over B;, where Dom(p;) C B; C A; & |B;| < k where
p; is an m;-type. Why can we find such B;, ¢ ? by part (1) applied to A;,p;, Dom(p;).
Lastly, let b; € ™€ be any sequence realizing g;' .

So we have carried the induction on i € [i¢,i¢c+1) hence AST! is defined. As the case of
limit ¢ and ¢ = 0 were done we have finished the induction on ¢, so A¢ is defined also for
¢ =k’ and A" is as required.

3) Let A = (A,(b;,B; : i < i*)) and let B* = AZ};(A) = AU U{b; : i < i*}, and let
b € ®>(B*). For each i < i* let u; € [i]<* be such that B; C AUU{b; : j € u;}.

We can find uj C i* of cardinality < x be such that b € *>(AUU{b; : i € u3}), and defined
u), € i* of cardinality < s for n < w by (ug as above and) u}, | = u; UU{u; : i € u)}. Let
u* =U{u} :n <w}and B=AN[U{B; :i € u*}UDb], so B € [A]<". Now we can prove by
induction on i € u* U {i*} that tp,(U{b; : j € u* N i}, A) does not split over B. From the
case © = 1" we can deduce the desired conclusion.

4) Like the proof of part (2) let P, = {(p, B) : p € S (AS), p does not split over some set
B C AS of cardinality < s} and* let ((p}, B}) : i € [i¢,i¢+1)) listing P;.. But choosing b;, B;
for i € [i¢,ic + A) we now have two cases.

Case 1: i =i¢ + 2j.
As in the proof of part (2) using p;.y; where p;. 1; is as in the proof of part (2).

4recall ([Sh:3] or [Shic]) that for k > |T|,{p € S™(A) : p does not split over some subset of A of
cardinality < s} is < |A|<F 4+ Z 22"
<k
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Case 2: ¢ =i¢c +2j5 + 1.
If there is ¢ € S<%(A;, U{b- : ¢ € [ZO )} extending p;_, ; not splitting over the set B;
which has cardinality < k, choose ql as some such ¢. If not, act as in case 1. y04

Similarly, but if we like not to assume x > |T'|, we need to assume more on T

4.25 Definition. 1) p € F&P(B) if for some A, m we have p € §™(A),B C A, and for
every ¢ = ¢(z,9) for some A C L1y and B’ C B both of cardinality < « the type p does
not (i, A)-split over B, see part (4) below.
1A) Let F*P(B) = F;"(B).
2) A = (A, {(b;,B;) : i < i*)) is an F®P-construction or ((b;, B;) : i < i*)) is an FoP-
construction over A if tp(b;, AU {b; : j <i}) € F¥P(B;) so B; C A' = AU {b; : j < i} for
every ¢ < ¢*.
3) Omitting B; means for some B;; let £g(A) = i*.

4) Recall that p € S™(B) does (A1, Ag)-split over A if for some ¢(Z,7) € Ay with £g(Z) =m
and b, ¢ € Y90 B we have tpa, (b, A) = tpa,(¢, A) but ¢(z,b), ~p(Z,¢) € p.

4.26 Claim. 1) Assume k > |T| + Ny.

If B C A, pis an m-type over B of cardinality < k and |B| < k, then there are B’ € [A]<"
extending B and g € S™(A) from F&P(B') extending p.
2) For any A and k = cf(k) > |T| + Ry and is a model M and Fy*-construction A =
(A, ((bi, A;) = 1 < i*)) such that:

(a) [M] = Af

(b) M is k-compact

(c) cf(i*) >k
3) If A is a F-construction, k = cf(k), then for any b C “>(A2(A)) and o(,7) € Ly (1)
for some B C A and A C L7y of cardinality < r the type tp(b, A) does not (o, A)-split
over A.

4) The parallel of 4.24(4) holds.

The proof of 4.26 is similar to the proof of 4.24.
Proof. 1) Fix m and a m-type p over B such that B C A, |B| < k. Without loss of generality
k=|T|.

Let T = (xy : £ < m) and let {¢i(Z, ;) : 4 < |T|} be a list of all such formulas. For any
set C C Aand A C L) we define

dh.c = {¢i(z,b) = ¢i(7,¢) h,c € W) A
and tpa (67 C) = tpa (Ev C)}

We now define by induction on ¢ < |T'|, a pair (C¢, A¢) such that:

Xi(a) Cc C A is increasing continuous
(b) A¢ C L7y is increasing continuous
(¢) Ac,C¢ are of cardinality < R + |B| + [¢]
d) Co=B,A¢=10

)

e) pUU{da_,, c.,, € < (} is finitely satisfiable.

(
(
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If we succeed, clearly we are done, and there is no problem for { = 0 and ¢ limit. So assume
¢ =&+ 1. We now try to choose A¢ D A, U{p.} of the right cardinality close enough, e.g.
of the form A, = IL;, for some vocabulary 7 C 77. We now try to choose by induction on
1 < wi, 0571', g, Bsﬂ"z, Esﬂ"z for ¢ < n; such that:

Na(a) Ccis increasing continuous

(B) Ceo =

(v) ni

(9) BE i0sCeir 0 € 9(¥i) A realizes the same type over Cei

() BE ity Ceip C cei and Cr ;41\Ce; is finite

(¢) pU U{pAE ce Peeitr i € <e}lU{wei(Z, be; 2) = Peio(T,Ceip) 1 £ < m;}is inconsis-

tent.

For ¢ = 0,4 limit no problem. For i successor, if the choice Ceq1 = C;; (and A4y chosen
above) is as required in X; we are done choosing (C¢, A¢) thus finishing the proof. Otherwise

puU U{qigﬂ’o£+1 & <etU q‘ZEH’Cm is inconsistent hence has a finite inconsisten:c subset
pe; and let Ce iy = Ccy U Dorn(pf”), let ne; = [pL,; N QEAEH,CE,J and {¢e(Z,bs,i0) =

(T, Ce i) 10 < me} list pL; N N
So for some n(*) the set U = {i < w1 ne; < n(*)} is infinite. Now we prove

® for every i(x) < w; and u C wi\i(x), the following set has at least 2/“/ members
{n : n is a function from {(j,n) : j € w and n < n¢} to the truth values such that

pU u{qgw,%ﬂ [ Celitr) 1 € < e} U {@E(i,557j7n)"(j7") : Jj € u} is finitely satisfiable

}.

We do this by induction on |u|; this gives that T has the independence property, contradic-
tion.

We would have liked to look at k = Ny, but we would get by the proof above less; say
for a pregiven ky < w, say for e = 0, we get every subset of p U pa,,c, of cardinality < ko
is satisfiable.

2) Similar to the proof of 4.24(2).
3) Like 4.24(3), only we have to take care of the A, too.
4) Like 4.24(4). D26

4.27 Claim. If a',a? are perpendicular indiscernible sequences each of cofinality > |T)|,
then we can find J; € Dom(al), Jo € Dom(a?) unbounded such that a' | Jy,a? | Jo are
mutually indiscernible.

Proof. If Dom(a'!), Dom(a?) has different confinalities we can use 4.11 to a' | I;,a® | I,
where I* C Dom(a’) is unbounded and cofinal in Dom(a*) and has cardinality cf(Dom(a‘)).

Otherwise, let x be the common cofinality, choose {t{, : @ < k} C Dom(a’) increasing
unbounded. As in 3.5 we can chooose «(i,f) < k by induction on 2a + ¢, increasing such
that a = a(i, ) implies that a@l, realizes Av({aF, : <o & ke{l,2}or f=ank=

a B

1< ¢=2},a%. So (atl afg a < k) is an indiscernible sequence. By the perpendicularity
easily J* = {t! : a < K} for £ = 1,2 are as required. 0407
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§5 INDISCERNIBLE SEQUENCE PERPENDICULAR TO CUTS

Our aim is to show that for a set of {BC : ¢ < ¢*} of pairwise perpendicular endless
indiscernible sets, we can find a model M 2 U{b. : ¢ < ¢*} with (dual-cf(bs, M) : ¢ < ¢*)
essentially as we like, and other b’ in M has such dual cofinality iff this essentially follows.
In fact we can demand M O Mj for any given M. Toward this we define and investigate
when an endless indiscernible sequence ¢ is perpendicular to a (Dedekind) cut (I3, I2) in an
indiscernible sequence a.

We use

X the Downward L.S. (on M < N) can replace |T| < |PN| < |Q¥| by |PM]| = |QY|
but in general cannot invert the inequality, however for cofinality it can.

For our purpose “respecting” defined in 5.2 is a central notion.

5.1 Discussion: 1) We can reformalize the aim as:

X given D = (D¢ : ¢ < ¢*), D¢ an ultrafilter and U{Dom(D¢) : ¢ < ¢*} € M and
given a sequence (A¢ : ¢ < ¢*) of regular cardinals (> x = cf(k) > |T'|) and, for
simplicity, Dom(D¢) in € an indiscernible sequence over U{Dom(D;) : € # (}, then
there is a k-saturated model M D A such that ( < ¢* = A\¢ = dual-cf(D¢, M)
defined naturally.

2) This property is meaningful also for (complete first order theories) T" with the indepen-
dence property (and sequence D). However, at least for some of them, e.g., for number
theory

(a) assume (1 # (2 < ¢* and F is a one to one function from Dom(D¢,) onto Dom(D¢,)
maping D¢, to D¢, and is included in a function definable in € with parameters from
A.
Then A C M < € = dual-cf(D,, M) = dual-cf(De,, M).
In other words if D¢, , D¢, are isomorphic as ultrafilters then D¢, , D¢, are not perpendicular
in € for T = Th(N) because for every such F' there is a definable function extending it.
For dependent theory this gives just that definably isomorphic = not perpendicular

(b) we can weaken the demands on D¢, D, .

5.2 Definition. 1) We say I = (I, I5) is a Dedekind cut (or just a cut) of the linear order
I, if I is the disjoint union of I1,Io and s € Iy & t € I = s <; t and we write I = I; + I5,
and the cofinality of I is (cf(I1),cf(I3)) where I3 is I inverted. If I; + I is a convex subset
of J and I; # 0 # I, we may abuse our notation saying “(I, I5) is a Dedekind cut of J”.
We say (11, I2) is a Dedekind cut of a if it is a Dedekind cut of Dom(a). If not say otherwise,
I; # () # I, and the cut is non-trivial if both its cofinalities are infinite.

2) (J1,J2) < (I1,I2) if J7 is an end segment of I; and Js is an initial segment of Is.

3) We say that the set A respects the Dedekind cut (I, 3) of a if (I, I3) is a Dedekind
cut of a and for every b € “> A for some (Jy,.J2) < (I1,I3) the sequence a | (J; + Jo) is
indiscernible over b.

4) For indiscernible sequences a, b such that b is endless and a Dedekind cut (I, I5) of a
we say that b is perpendicular to the cut over Ay when:

(a) the set Ag O b U a respects the cut (I, 15) of a

(b) for any set A D A respecting the Dedekind cut (I3, I5) of a and ¢ realizing Av(A4,b)
also the set A U ¢ respects the Dedekind cut (I1, I2) of a.
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We also say “b is perpendicular to ([a | I1,a | I2]) over Ag”. If we omit Ay we mean
Ay =buUa.

4A) For indiscernible sequences a, b such that b is endless and a Dedekind cut (I, I5) of a
we say that b is truely perpendicular to the cut (I, Iy) of a when for any set A, if AUa
respects the cut (I1,I) of a and ¢ realizes Av(A U a,b) then AU a U ¢ respects the cut
(Il, IQ) of a.

5) For endless indiscernible sequence a and A O a we say an endless indiscernible sequence
b= (b, :t € 1) over A is based on a or b is based on (A, a) if each b; realizes Av(A U {bs :
s <r t}, a).

6) We say that the set A weakly respects the Dedekind cut (Iy,lz) of a if (I1,12) is a
Dedekind cut of a and for every formula ¢(Z,b) with b C A for some (J1, Jo) < (I, I) and
truth value t we have s € J; + Jo = € |= ¢las, b]*.

5.3 Claim. 1) If (I1,I2) is a nontrivial cut of the indiscernible sequence a and A = U{ay :
t €Iy UIy} then A respects the cut (I, I2) of a.

2) For every A and indiscernible a C A and endless I there is (b : t € I) based on (A, a).
3) Assume that (I1, I3) is a nontrivial cut of the indiscernible sequence a and ¢ is an endless
indiscernible sequence. Then (a) = (b) < (c) and if the cofinalities of the cut are > Yo then
(a) & (b) & (c) where

(a) ¢ is perpendicular to the cut (I, I2) of a

(b) if b is an indiscernible sequence based on (¢ U a,¢) then the set b U¢c U a respects
the cut (I, I2) of a

(c) there is b an indiscernible sequence based on (¢ U a,¢) such that the set bUcUa
respects the cut (I, I2) of a.

4) If A; (i < 0) is increasing, Ag 2 A and each A; [truely, weakly] respects the cut (I1,I3)

of a then also U A; does.

<0
5) If bAg C Ay and the cofinalities (of I1, I, Dom(b)) are > |T| then b is perpendicular to
the cut (I1,1I3) of a over Ay then this holds over A;.

Proof. 1) Let b € “> A; hence for some n < w and tg,...,t,_1 € I} U we have b C U{ay, :
¢ <n}anddefine  ={telL: W<n & tyelh =t <t},h={tecl:l<
n & ty € I =t < tg}. Clearly (Ji,J2) < (I1,I2) and a [ (J1 + J2) is indiscernible over
W{a, : t € (I U Lz)\(J1 U Jo)} hence over U{ay, : £ < n} hence over b.

2) Also trivial.

3) (a) = (c):

Let (b, : n < w) be an indiscernible sequence over Ua U ¢ based on € and for a < w
let Ay =U{a; :t € LUL}UeUJ{b, : n < a}. We can prove by induction on « that
A, respects the cut (I1,I5) of a; for a = 0 by part (1), for &« = n + 1 by clause (a), see
Definition 5.2(4) for « limit by part (4) and is straightforward. Hence by the first phrase

of part (2), (b, : n < w) exemplifies (a), as required.
(b) = (c): Trivial.
(c) = (b): Easy.

(b) = (a): So we are assuming that the cofinalities are > |T|.
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Let a set A D cUa respecting the cut (I3, I3) be given and let lf)nirealize Av(UeUAU{b,, :
m < n},c) for n <w. By clause (b) we know that the set B = U{b, : n < w} U(Ja respect
the cut (I, I) of a. Let d be a finite sequence from A, then we shall prove

(¥)g for some (J1,Jo) < (I1, I2) the sequence a | (Jy U Jo) is indiscernible over U{b,, :

n<wlUd.

Clearly this sufices. Note that (b, : n < w) is indiscernible over A D Ua U d.
As the set Ub U Ua respects the cut (I1,I2) of a, for each n there is (J7', J3) < (11, I2)

such that a | (JJ U Jg) is indiscernible over by~ ... b"™. As the cofinalities of (I1, ) are
> g, also (J1, J2) < (I1,12) where J; =: ﬂ Ji', and clearly a [ (J; U Js) is indiscernible
n<w

over b. By the last two sentences a | (J; U Ja), (b, : n < w) are mutually indiscernible.
Also possibly replacing (Ji,J2) by some (Ji,J5) < (Ji,J2), the sequence a | (J1 U Jz2)

is indiscernible over d and similarly (as the cofinalities are large), a | Jy is indiscernible
over UB” Udua | Jz_, for £ = 1,2. Together if ()4 fails, we get a contradiction to the

n
assumption on the b,’s.

4),5) Check. Us.3

5.4 Claim. Assume

(a) (I, I2) is a non-trivial Dedekind cut of the indiscernible sequence a
(b) J1 is an unbounded subset of I

(c) Ja is a subset of Iy unbounded from below®

1) If A D a then: A respects the Dedekind cut (I1,I) of a iff A respects the Dedekind cut
(Jl, JQ) Offi r (Jl U JQ) B B

2) If b is an endless indiscernible sequence and b Ua C Ay, then b is perpendicular to
the Dedekind cut (I1,I3) of a over Ag iff b is perpendicular to the Dedekind cut (Jy,J2) of
a | (J1 UJz2) over Ay.

3) If J is an unbounded subset of Dom(b), in (2) we can replace the last b by b | J.

Proof. 1), 2), 3) As T has the dependence property. Os5.4

2 2

5.5 Claim. 1) Assume a = a'"a? is an indiscernible sequence and A O a' a® respects
the non-trivial cut (a',a?) both cofinalities of which are > |T| and € C A is an endless
indiscernible sequence perpendicular to a' and to the inverse of a2. Then ¢ is perpendicular
to (a',a?) over A.

2) Let (11, I2) be a Dedekind cut of the indiscernible sequence a with cofinalities > |T'| and
a C A. The set A respects the cut (I1, 1) of a iff the set A weakly respected the cut (I, I3)
of a.

3) Let (I, I2) be a Dedekind cut of the infinite indiscernible sequence a with infinite cofinal-
ities, b an endless indiscernible sequence such that a,b are mutually indiscernible. Then b
is perpendicular to the cut (I, I2) of a.

Proof. 1) It is enough to show that if ¢ realizes Av(A, ¢) then AUE respects the cut (11, I2) of
a. By the second part (proved below) it is enough to show that AUE weakly respects (al, a?).

Swe can omit this here (and many other places) if in Definition 5.2(3),(4), we say “for every finite A”.

But this does not help much because of “s > |T'|” in 4.23. We could replace |T|" by a kind of [, ,(T).
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Let d € AUG¢, and consider ¢(Z,d). Without loss of generality for some d’ C A,d = ¢"d'.
By the choice of ¢ and as ¢, a' are perpendicular for some truth value t we have:

(a) for every large enough ¢t € Dom(a;) we have = ¢[a;, ¢, d']*
(b) for every large enough ¢t € Dom(a;) for every large enough s € Dom(c) we have
= plag, e, d*
(¢) for every large enough s € Dom(c) for every large enough ¢ € Dom(a') we have
= plag, ¢, d".
As d',¢, C A and A respects (a',a?) by clause (c) clearly

(d) for every large enough s € Dom(c) for every small enough ¢ € Dom(a*) we have
= plaf, ¢, d']*.
As € and the inverse of a? are by clause (d) perpendicular we have

(e) for every small enough t € Dom(a?) for every large enough s € Dom(c) we have
= plag, e, d']".
By the choice of ¢ and clause (e)

(f) for every small enough ¢ € Dom(a?) we have = p[a?, ¢, d']*.

Together we are done.
2) Trivially respect implies weakly respect. So assume b C A. By 4.14(1) we can find
(J1,J2) < (I1, 1) such that a | Ji,a | Jo are mutually indiscernible over b. Toward
contradiction assume that a | (J;U.J2) is not indiscernible over b, so there is p(Z1, . . . , Ty, b)
witnessing it. We prove by induction on m < n the natural statement: for some truth value
tift; <...<t,arein J; UJy and tyy1,...,tn € Jo then € |= @[y, , ..., as, , bt
For m = 0 this holds as a | Jo is an indiscernible sequence over b so we can choose the
appropriate t.
For m + 1, if ¢, € Jy uses the induction hypothesis, so assume ¢, € Ji, let t} be t, if
¢ # m and any member t’' of Jo satisfying ¢, <t/ < tjma1 if £ =m & m+1<n and
t' any member of Jy if £ = m =n. Let ¢ = (Gy, : £ # m) and Y(Z,(Ge : L = 1,...,n
and £ # m),z2) = oW1, Ym—1 T, Ymt1s - - - Jns 2)- S0 = lag ¢ b]* by the induction
hypothesis and = —[ay , ¢ b]* by the assumption toward contradiction. So by mutual
indiscernibility ¢ (a , ¢, b)t holds for every large enough s € J; and fails for every small
enough s € Jo. But ¢,b C A and this shows that “weakly respect” fails.
3) Easy, e.g., by part (1) and 4.7(1), clause (b) of Definition 5.2(4) holds and similarly to
the proof of 5.3, clause (a) of Definition 5.2(4) holds.

Us.s

5.6 Definition. We say an endless igdiscernible sequence a C A has true dual cofinality x
inside A, tr-d-cf(a, A) = x if there is b C A such that a"b is an indiscernible sequence with
the cut (a,b) being respected by A and Dom(b) has downward cofinality .

5.7 Observation. tr-d-cf(a, A) is well defined, i.e. has at most one value, and if so then is
equal to dual-cf(a, A), see Def 4.5(3).

Proof. Easy, as k is unique.
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5.8 Claim. 1) If § is a limit ordinal, (A; : i < §) is increasing, a C Ag is an endless
indiscernible sequence, a; C A;y1 realizes Av(A;,a),a’ = (a; : i < ) and a” is the inverse

of @’ then

(a) a"a" is an indiscernible sequence

(b) the set U A; respects the cut (Dom(a), Dom(a’)) of a*a”.
i<d

2) If a is a non-stable indiscernible sequence, a C A, the set A respects the non-trivial cut
(I, I2) of a and the cofinalities of the cut are > |T| then dual-cf(a | I;, M) = cf(l3) =
tr-d-cf(b | I, M)

3) [Not used] If a is an indiscernible sequence with Dedekind cut (I, I3) of cofinality
(k1,K2),No < K1, ko and € an endless indiscernible sequence perpendicular to the cut (I, I2)
of a, then: for every formula ¢(Z,7,%) and sequence b such that aUbU ¢ respects the cut
(I1,I2) of a for some truth value t we have:

() for some (J1,J2) < (11,12)7 and for every t € Jy U Ja, for every large enough s €
Dom(e) we have € |= p[ay, b, ¢t

4) If in part (3), |T| < k1, K2, then for some (Ji,J2) < (I1,12) and end segment J of
Dom(c) we have: a | (J1 + J2),¢ | J are mutually indiscernible.

Proof. 1), 2) Straightforward.

3) Let § = |T|T and let d, realize Av(aUbUcU {ds : B < v},a), for v < § so by the
definition of “respect the Dedekind cut” and as k1,k2 > RN there is (J1,J2) < (I1,12)
such that a | (J; U J2) is indiscernible over U{d,, : n < w}Ub hence a | (J; + J2) and
d = (d, : v < §) are {¢}-mutually indiscernible over b. So we have truth value t such
that t € J, & v < = € = glas,b,d,]t. Recall that (I1, I2) have cofinality (k1, k2) and
for our purpose without loss of generality k1, k2 > |T'|. Now clearly the three indiscernible
sequences a | Ji, the inverse of a | J and (d, : v < &) are mutually indiscernible, hence
by 4.17, clause (B) without loss of generality they are mutually indiscernible over b (i.e.,
omitting an initial segment of each and renaming). By the choice of the JW’& for every
t € Ji + J for every large enough s € Dom(€) we have |= ¢[ay, b, &t

4) Should be clear (compare with 1.30, 5.5, 5.8).

5.9 Claim. Assume

(a) I =11 + Iz and the Dedekind cut (I, I2) has cofinality (K1, ka)
(b) a= (a,:t €I) is an indiscernible sequence
(c)aC A

(d) the set A respects the cut (I1,1s) of a

(e) |T| < k1, k2 (not used in part (1)).

1) Iftp(d, A) € FP and k < k1, k2, then the set AUd respects the cut (I1, I>) of a.

2) If AT = AU{a; : i <i*} and for each i,tp(a;, AU{a; : j < i}) belongs to anm{m o} OF
is Av(AU{a; : j < i}, b) where b C AU {a; : j < i} is an endless indiscernible sequence
perpendicular to the cut (I, I3) of a over AU{a; : j < i}, then AT respects the cut (I, I5)

of a.

Proof. 1) As p = tp(d, A) belongs to F5P, there is a subset B of A of cardinality < & such
that p does not split over B.
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Let d' € “>(AUd) and we should find (J1, J2) < (I1, Is) such that a [ (J; + J5) is indis-
cernible over d’. As we can increase d’ (this just makes our task harder) without loss of gene-
rality d = d"é with € C A. Now for every & C B Ueé there is (J}, J2) < (I, I5) such that
a | (JL +J2%) is an indiscernible sequence over &. Let J, be N{.J% : & C Bue} for £ = 1,2
if Kk > Vg and let Jp, = JE., " listing BUe if k = Rg. As k < Ky, kg and cf(I1, ) = (K1, K2)
clearly (J1,J2) < (I1,I2) and a | (J; + J2) is indiscernible over B U é.

Now for any formula ¢ and be“> B and s € Ji,t € J, we have

(x)1 tp(a; "¢, B) = tp(ai"¢, B).
[Why? By “a | (J1 + J2) indiscernible over B U e”.]
(¥)2 €= old g, e,0] iff p(z,a5,6,b) €p.
[Why? By the assumption on p as tp(d, A).]
(*)s ¢(Z,al,eb) € piff p(z,a?,e,b) € p.
[Why? By (*)1 as p does not split over B.]
(#)a p(7,a7,€,b) € piff €= p(d, a7, €,b).
[Why? By the definition of p as tp(d, A).]

So by (*)2 + (%)3 + (%)4 as they hold for every ¢ and b € “> B
(¥)s d"al € and d"a? e realize the same type over B
hence
(¥)¢ al,a? realized the same type over &"d.

By 5.5(2) this suffices as k1, k2 > |T'| (or we could have repeated the proof for any increasing
sequence (81,...,8n), (t1,...,ts) from Jy + Jo 80 k1, K1 > |T| will not be used).
2) Let A; = AU{a; : j < i}, and we prove by induction on i that the cut (Iy,I2) of a is
respected by the set A;. For i = 0 we use assumption (d). For ¢ limit, we use 5.3(4). For
i = j+ 1 we use part (1) if tp(b;, A;) € F5P and we use the definition 5.2(4) if not. For
i = 1* we have gotten the desired conclusion.

Us.o

5.10 Claim. Assume

(I1, 1) is a non-trivial cut of the indiscernible sequence a

o

)
) b is an endless indiscernible sequence
) a | I,b are perpendicular

)

(
(€) both cofinalities of (I, I3) and the cofinality of b are > |T|.

Then b is perpendicular to the cut (I, I2) of a.

Proof. Now by assumption (c) here and 4.27, for some unbounded I} C I; and I" C

Dom(b), the sequences a [ I1,b [ I’ are mutually indiscernible. By 5.4(1)+(2) + 5.3(5),
without loss of generality I] = I, T '7: Dom(b), so without loss of generalitya | I1,b are
mutually indiscernible. Easily also b and a are mutually indiscernible (by clauses (c) and

(d)). Hence by 5.5(3) clearly a, b are perpendicular. Os.10
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5.11 Theorem. Assume

(@) A= A2 4227

(0) |T| < k1 = cf(k1) < kg < O = cf(B2), 51 < OF = cf(B}) < X for ¢ < ¢*
() 4] < A

(d) a¢ C A is endless, non-stable indiscernible for ¢ < ¢* and ¢* < A

(e) the aS for ¢ < ¢* are pairwise perpendicular

(f) cf(Dom(a%)) is > .

Then we can find a model M such that

(o) ACM
(8) dual-cf(a‘, M) = 6} + cf(Dom(a)) for every ¢ < ¢*, moreover tr-d-cf(a®, M) = 6}

(7) if a € M is a non-stable endless indiscernible sequence of cardinality (hence cofi-
nality) < ko perpendicular to every a° then dual-cf(a, M) = 6,

(0) M is k1-saturated.

Proof. Let 92 = cf(Dom(a%)). Note that without loss of generality

(%) there is b¢ such that a¢"b¢ is an indiscernible sequence, with the cut (Dom(a‘),
Dom(b¢)) having cofinality (62, 6}) and this Dedekind cut being respected over the
set A.
[Why? By using 5.10 and 5.3(4), of course.]

We can find @; for ¢ < §* =: A x 0 such that letting A; = AU {a,; : j < ¢} we have

(i) for each i < 6* we have tp(a;, A;) € FiP or tp(a;, A;) = Av(A;,a) for some non-
stable endless indiscernible sequence a C A; of cardinality < ko perpendicular to
a¢ for every ¢ < ¢*

(i1) if p € S<“(Axx(e+1)),p € F5P then for A ordinals j < A, p is realized by baxey;

(iii) if ais asin (i), & € Axxe then for X ordinal j < A, byxcy; realizes Av(Axxetj,a).

By bookkeeping, as in 5.9 this is straightforward and clauses («) and (§) obviously hold
and in particular there is M with universe As-. By 5.9, M respects (a¢, b¢) for each ¢ < ¢*
hence by 5.8(2), clause (/) holds.

As for clause (), let a = (a; : t € I) C M be a non-stable endless indiscernible sequence
|I| < kg2,a perpendicular to every a; it is also perpendicular to the inverse of b¢ as their
cofinalities are different. Hence it is also perpendicular to the cut (a$,b¢) by 5.5(1).

As Ky < Oy = cf(62) = cf(6*) it follows that for some o < 6*,a C A, and so u =
{i i € (a,0*) and a; realizes Av(A4;,a)} is unbounded in 6*, let J be (u,>) and so
a"(a¢ : t € J) is an indiscernible sequence. By 5.8(1) the set As~ respect the Dedekind cut
(I,J) of a"(a; : t € J) that is M respects it hence dual-cf(a, M) = cf(J*) = cf(6*) = 62
as required. Os.11
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§6 CONCLUDING REMARKS

We continue to deal with dependent 7.
6.1 Conjecture: If p € S(M) then there are at most 2!7! infinite sequences of indiscernible,
pairwise non nb-s based on some ultrafilter D on M with Av(M, D) = p.

A major lack of this work is the absence of test questions.

A candidate is the problem of classifying first order theories by the existence of indis-
cernibles (raised by Grossberg and the author, see [Sh 702, §2]), e.g.:

6.2 Question: If A C €p,k = |A| + |T] (or e.g. £ = T7(JA| + |T]) and A = 3(2%)* (or
larger, but no large cardinals) and a; € €7 for ¢ < A then for some w € [)\]”+, the sequence
(a; : i € w) is an indiscernible sequence over A(in €r).

Now though this property cannot characterize the dependence property, it is quite natural
in this context. Consider T;,, the model completion of the empty theory in the vocabulary
{Rn}, R, an n-place relation. So if A = 3,,(k)*, we get a positive answer, but for n > 2,7,
is independent. We may consider replacing indiscernible sequences a by a = (a; : t € I)
as an index structure with n(I) = U{n(R) + 1 : R an atomic relation of I} < w,a is
I-indiscernible, i.e., k < w,5,t € *I,5 ~;= a;, as realizes the same type. See also later.

Another direction is generalizing DOP, which in spite of its name is a non first order
independence property.

On classification by Karp complexity see Laskowski and Shelah [LwSh 560], [LwSh 687] (let
the x-Karp complexity 7, (M) of M be the least v such that every Lo . (7ar)-formula is
equivalent in M to such a formula of quantifier depth < 7, and the (A, k)-Karp complexity
of T is U{v, (M) +1: M a model of T of cardinality A}.

For elementary classes which are unstable but dependent the following parallel to DOT may
help.

6.3 Definition. T has the dual-cf-k-dimensional independence property when: & = (kg, <1,
K2), K1 # ko < K1, Ko < kg and for every A and symmetric relation R C A x A we can find
Mpg,bq,Cq € " (Mg) and an indiscernible sequences Iy 3 = (Ga,p,: : @ < ko) € Mg for
(o, B) € R, < [ such that:

(a) the type of b, €51, 5 is the same for all pairs (o, 3) € R

(b) dual-cf(In g, Mg) = k1 for (o, 5) € R

(c) if a < B and ~aRg and the sequence I}, 5 = (a;, 5, : i < ro) C Mp is such that for

every (a1, 1) € R there is an automorphism h of € taking by, to b,, €s, to €5 and
Aoy, B1,i 10 Ga,p,; then dual-cf(I}, 5, M) = ko

(d) Mg is kg -saturated.
Note that a sufficient condition for this is
(o)t if I, 5 = (al, 5, : i < ko) realizes the relevant type over a, bg and (o, 3) ¢ R,a <

O <Aand a1 < 1 < A, (a1, 1) € R then Ig‘ﬁ,Ialﬁ1 are perpendicular.

Recall
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6.4 Definition. M is x-resplended when: if ¢ € **M,M < N,N the 7p-reduct of
N7, |ry+\7n| < K, then (M, c) can be expanded to a model of Th(NT,¢).

6.5 Problem: Characterize the A\-Karp complexities for u-resplended models of a complete
first order theory T of cardinality > |T'| say for A > u > |T'| regular?

For T stable it is 0 (see [Sh:e, Ch.V]), as all such models are saturated. For T" with the
independence property we should consider combining [LwSh 687] (which constructs models
of Ty O T with large A-Karp complexity of the 7p-reduct) and [Sh:e, Ch.V]. But here our
concern is for unstable T" with the dependence property.

If we look at an indiscernible sequence (b; : ¢t € I) inside a model M, we know that
distinct Dedekind cuts with at least one side having large cofinality are quite unconnected.
We shall show in subsequent work [Sh 783] that the large cofinality demand is not incidental.

6.6 Question: Investigate the graph ({b; : b; an endless indiscernible sequence}, perpen-
dicularly).

As in §5 we can show that many variants are equivalent (using +00, —co to absorb). We
can similarly discuss a parallel to deepness (see [Sh:f, X], recall that deepness is related to
orthogonality).

6.7 Discussion: 1) It is known that e.g. (first theory of) the p-adics has the dependence
property (and are unstable). Does this work tell us anything on them? Well, the construc-
tion in §5 gives somewhat more than what unstability gives: complicated models with more
specific freedom. Note that instead dual-cf(I, M) we can use more complicated invariants
(see [Sh:e, Ch.III, §3] or earlier works).

We can, of course, (for the p-adic) characterize directly when indiscernible sequences are
perpendicular.

2) We may like to define super dependence properties (and knip(1)) (parallel of super-
stable, i.e., k(T) = Ry or super-simple kcqt(T) = Ro). There are some possibilities, one
defined in [Sh:c, III], another in [Sh 783]. We may try the definition “w(I) < Ry”, i.e.,
weight for every endless indiscernible sequence where

6.8 Definition. For an endless indiscernible sequence I let w(I) = sup{« : there is a
sequence of length « of pairwise perpendicular endless indiscernible sequences each non
perpendicular to I}.

But w(I) is not weight for superstable theory just of a variant of it hence exactly like
dimension in the sense of algebraic manifolds.

6.9 Question: Assume I, = <af :t € Iy) for £ = 1,2 are endless indiscernible sequences and
they are non perpendicular.

(a) Find a definable equivalence relation E such that (a?/E : t € I3) is nontrivial and
a?/E € acl(I; U{a? : s <y, t}) for any large enough ¢ (i.e., non-perpendicularty
implies non-orthogonality for trivial reasons).

() If (I,I2) is (1, < w)-mutual indiscernible (parallel to Hrushovski’s theorem), can
we define a derived group? More generally, it seems persuasive that groups appear
naturally, particularly ordered groups.

(¢) Does the fact that putting elements together, make strong splitting implies dividing
helps?

[recall:
(1) p strongly splits over A if there is a sequence (a; : ¢ < A) indiscernible over A
such that o(Z,a0) & —p(z,a1)
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(i1) p divides over A if there is an indiscernible sequence (b; : i < A) over A and
¥(z,bg) € p such that {¢(Z,b;) : i < A} is contradictory.
So having (i), letting b; = @g; " Goi11,¥(7,b;) = o(x,a2;) & —p(x,d211) we have
(12).]
(d) Can the canonical bases of §1 help?

(e) What can we say on “a perpendicular to a set (or model) A?”

6.10 Discussion Cherlin wonders on the place of parallel algebraic geometric dimension and
the place of O-minimal theory. In my perception probably if we succeed in 6.9(a), we may
have a minimality notion which may then be characterized as some cases, but maybe it
does not fit.

6.11 Question: If B C C C €,p € S™(B), then p has an extension ¢ in $™(C) which does
not split strongly over B (and if p does not fork over A, then ¢ does not fork over A).

6.12 Question: Given two non perpendicular types in S(A) (or ultrafilters on A) which are
weakly perpendicular can we find naturally defined groups?

6.13 Concluding Remark. We can define when an endless indiscernible sequence is orthog-
onal to a set and the dimensional independence property and prove natural properties, we
hope to pursue this.

6.14 Question: For an infinite indiscernible sequence (b; : t € I),b; € “€ can we find
A C A < |y| +|T| and b} = b as, lg(a:) = (|y] +|T|) for t € J such that (b, :
t € J) is an indiscernible sequence and letting p(z,y) = tp(b b/, A) for s <; t we have
p(z,9) Up(y,2) - p(z,2)?

6.15 Question: 1) If M < N,a € N, (M, N, a) is A-saturated X\ > 2/71. Can we find for every
AC M,|Al < Xaset BC M,|B| <2/Tl such that p | BFp | A?
2) Fix finite set I' = {¢(z,a) : a € ™€}. Look at S(I'), is it true that every p € S(T') is
determined uniquely by ¢ C p, |¢| < nl, and a rank < n??

Or another way to use having few types.

6.16 Problem: Let M be A-saturated, p € S(M) and for ¢ = @(x;9) let I,y (p) =
{(g,¢) : ¢ C M and {b C M :}= (b, ¢), p(z,b) € p} is definable}. Investigate this; we can
prove that it is not too small.
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