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GRAND FURUTA INEQUALITY OF THREE VARIABLES
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ABSTRACT. Uchiyama gave a generalization of the grand Furuta inequality and Furuta
discussed it based on his previous result. Motivated by such discussions, we consider
grand Furuta type operator inequalities of 3 variables, whose hidden key is the chaotic
order, i.e., log A > log B for positive invertible operators A and B. Among others,
Uchiyama’s theorem and Furuta’s theorem are appeared as follows: For A > B > C >
Dand0<t<1<p

5=t C7)
t

B>C>(B'ts. C")% >B*A'Br
p—t

and

B>C>B:A'B% ¢, C" > B:A"B? »> B5AB* t v
>C > f1 CP > B2A "B2 1 t4r C* > BZA "B2 141 (B 13-+ C?)
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hold for 8 > p and r > ¢t.
As a complement to our preceding inequality, we give an inequality for A > B > C
and t >0, 0<p <3< 2p,

O e B 2 B2 (C" tpse BF 2 A7t (C' s BY).
+t

p+t
Pt B+t pri

1. Introduction. Throughout this note, A and B are positive operators on a Hilbert
space. For convenience, we denote A > 0 (resp. A > 0) if A is a positive (resp. invertible)
operator. The a-power mean of A and B introduced by Kubo-Ando [19] is given by

Atqa B=A3(A"2BA 2)*A? for 0<a<1.
The Furuta inequality [7] can be written by the form of a-power mean as follows ([2],[3],[13],[14],[15]).
Furuta inequality: If A > B >0, then
(F) A“ﬂﬁ BP <A and BgB“ﬁﬁ AP
holds for u <0 and 1 < p.
It is a marvelous extension of the Lowner-Heinz inequality:
(LH) If A>B>0, then A“ > B% for 0 <a<1.

As shown in [13](cf.[8]), we can arrange (F) in one line as a satellite theorem of the the
Furuta inequality as follows:
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If A> B >0, then
(SF) A¥ $1-w BP < B< A< B"#f#:i. AP
p—u pP—u
holds for allu <0 and p > 1.

For A, B > 0, we denote by A > B if logA > log B and call it the chaotic order
([3],[17],[18]). The next characterization of the chaotic order we obtained in [3] is usefull
and starting point of our following discussions about the chaotic order, so we call it chaotic
Furuta inequality.

If A> B, then

for any p >0 and u < 0.

A satellite theorem (SF) of the Furuta inequality (F) illustrates the difference between
the usual order A > B and the chaotic order A > B. As a matter of fact, in [17] and [18]
we have shown the following:

If A> B, then
(SCF) A ﬁ;% BF<B<ALB" ﬁﬁ AP
holds for any p > 1 and u < 0.
Further generalizations of (CF) and (SCF) have been given as follows [17]:

Theorem A. For A, B >0, if A> B, then the following (1) and (2) hold.

(1) A“ﬁqugB‘* and ASSB“ﬂuAp for u<0 and 0<d6<p

p—u

(2) A to-w BP < A% and B* < BY ffa—u AP for u<a <0 and 0<p.
pP—u pP—u

These are main tools of our discussions below.

2. Grand Furuta inequality. As a generalization of the Furuta inequality, Furuta [9]
had given an inequality which we called the grand Furuta inequality in [4],[5] and [16]. It
interpolates the Furuta inequality and the Ando-Hiai inequality [1] which is equivalent to
the main result of log majorization. We here cite it in terms of operator mean:

The grand Furuta inequality: If A > B > 0 and A is invertible, then for each 1 <p
and 0 <t <1,

(GF) AT, (A'h, BP) <A and B< B " . (B, AP)

(p—t)s+r (p—1t)sFr

holds fort <r and 1 < s.

(;:tt)tir is shown in [20]. The notation b, is defined by

Als B=A2(A"2BA 2)°Az for s ¢ [0, 1]. Replacing s in (GF) with % for 1 <p<p,

The best possibility of the power
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we can state this theorem by the satellite form as follows [16]:
If A> B >0, then the following () holds for 0 <t <1<p < andu <0.
(%)
A"f1a (A" oy BY) < (A' oz BP)P S BS A (B ome A)F < B" 1o (B' oy A7),

The middle part in (%) had been obtained in [4], [5] and this is the most important
improvement of (GF). Now we prepare a similar one which is needed below:

Theorem 1. Let A>B>0and0<t<1<p. Then

H(B) = (A" 150 BP)F

—t

b~

is a decreasing function with 8 > p and in particular H(G) < BP for 3 > p.

Proof. First of all, suppose that 1 < % < 2. Then

Al s BP=BP fj,-5 A' = B*(B? §5_, A~")B? < B*(B™? $4_, B~")B? = B”

o]

By (LH), we have (A’ fs-: BP)

s

< BP.

Since p > 1, we have By = (A? s BP)% < B < A. Next if we take 87 with
p—t

1< %1:; < 2, then the preceding argument ensures that

Al oy BP = A' g0 (A’ hoce
p—t B—t

—t

BP):At u% BlﬁSBlﬁl,

b~

=

3

that is, A fs,—« BP < (At §s—c BP)7. So

p—t

(A" b0 B < (A" o B)

p—t

oS

< B
follows from (LH), which shows the monotonicity of H(3) and H () < B? for § > p.

3. Furuta’s generalization of Uchiyama’s theorem.

Recently, Uchiyama [21] has shown the following inequality as an extension of (GF).
IfA>B>C >0, then for each0<t<1<p

(U) AP > AT e (BT2CPBTE)S

(p—t)s+r

holds for r >t and s > 1.

Furuta [10] extended this result to the following two directions.
ForA>B>C>0and0<t<1<p, t<r, 1<s, the followings hold.
(1) B"'>B 3CB 5 >A™"4_+ (B 5C"B %)°>A7"§ 1 u (B 2CPB 3)

(p—t)s+r

(2) B =B ICB*2AT {1 BTEC"BEZ AT e (B~3C?B~%)*

p—t)str
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The proofs of these in [10] are depending on the results in [12] and a little complicated.
So we prove them directly in our own methods. Our expressions of Furta’s results (1) and
(2) are given as follows by replacing s with % for 8 > p and we can obtain a little precise
forms.

Theorm 2. IfA>B>C >0and0<t<1<p, then

(1)

B>C> (B s« CP)5 > B2A'B% §1 (B' §s—« C?)> B*A"B* f1-40, (B §5-: CP)
p—t p—t

B =t B—t+r

and

(2) B>C >B*A'B3 4, C? > B>A""B* f1oeer CF > B2A"B? fizeee (B' o=y CP)
P p—t+r —t+r p—t

hold for 8 > p and r > t.

Proof. (1) First of all, the assumption B > C' > 0 ensures (B s+ Cp)% < C by (*). Let
D= (B~5CPB~%)57, then

]
|
-

AT DYt < BT DO = BTE(B! o= CP)?B™* < B 3C'B % <B 3B'B % =]
that is,

() (A8DP~tAB)5 < A

and we have (A3 DP—tA%3)5 <« A.

Therefore by (SCF), A"+ §1_¢_ny {(A5DP—tA5)518 < (A3 DP~tA%)%  namely,

A" ﬁl—t+r DAt < A? ﬁ% DAt

B—tfr
Since B2 DP~tB2 = Bt fj5-, CP, we have
B*A B3 fioeer (B' fame CF) < B3A'B% §1 (B! - CP)

p—t

=
@I~

IN

3

|

C <B.

—t

< BEBT'B 4y (B' s CF) = (B' ot CF)
(2) is also shown as follows: Since A > (A%Dﬂ_tAé)% as in above, Theorem A (1) implies
that
AT E L A2DPTAS < (ATDPTTARYE.
B—t+r

Multiplying A~ 2 from the both sides of the above, we have
A e DPTM < AT, DO < BT, DY = BTE(B pny CP)EBT2 < BT2CPB7E,
BH+r—t

—t

ol

where the final inequality follows from Theorem 1. Again multiplying B? to each sides of
this formula, we have . .
B2A""B2 ]jgztir (B' hs CP) < CP.

p—

|

Hence it follows that

BiA™"B? §1-vir (B hp-t CP)

B—t+r p—t

= B3iA "B fioeer {BZA"B

[SES

Hp=tir (B' ho-t CP)}

B—t+r p—t

< B%A_TB% ﬁl—t+7* CP.

p—t+r
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The rest inequalities follow from (1) as the case 5 = p.

A key point of this theorem is to attain the condition (}). Several conditions are cosider-

able to attain (1) but the condition A > D = (B~ 2 CPB’%)ﬁ is playing an essential role
in our proofs. So we reconstruct our discussions under this condition.

Theorem 3. If A, B, C > 0 satisfy A> D = (B_%C”’B_%)zv%t for some 0 <t <1<p,
the the following (1) and (2) hold for 8 > p and r > t.

p—t B—t+r p—t

(1) B'f CP> B:A"'B? $1 (B home C7) 2 B3A"B? #1-vir (B hse CP)

(2)
B'fio. CP > B3A™'B% 4, C? > B5A""B? §1_1.. CP > B A" "B3 fioeee (B' gt C7)
p—t P p—t+r —ttr p—t

Proof. (1) follows from Theorem A.
A" 1 DPP=DF 7t 5, A" =DB? foa (DP=ty 5 A7)

B—t+r B—t+r B—t+r

= D7 e (AT H ey D) S D7 e AT = AT 1y DO

= AT (BTEOTBTE)IT < (BTECPBTE)

B—t+t

The first inequality is assured by (2) of Theorem A and the second one by (1) of theorem
A. Multiplying B2 both sides of each term, we have the conclusion.
Most parts of (2) are obtained from (1) by putting 5 = p in (1) except the final inequality,
which is also owing to (2) of Theorem A as follows:
—r o B—t — AT o —r R B—t < —r e p—t
A" 10 D A Hi_tir {A ﬁgftir D'} < A Hi_tir D

B—t+r

Multiplying B 2 to each term from both sides, we have the conclusion.

4. A variant of Theorem 2 under the chaotic order.
Recently, we proposed in [5] the following inequality because (U) seems to be a skewed
form of (SGF) from our view point.

Theorem B. If A, B, C >0 satisfy A> B and B > C, then for each 0 <t <1

B > C > (Bt bs Cp)(Pftl)Sth > A_T+t ﬂ 14r—t (Bt hs C;D)

(p—t)s+r

holds for allp > 1, s> 1 and r > t.

In this inequality, if A > B = C, then we have (F) and if A = B > C, then (GF) is
obtained. But the assumption A > B > C is unbalanced, so we study its variant under
A> B> C.

Theorem 4. If A, B, C >0 satisfy A> B> C, then fort >0 and 0 <p< (< 2p

C™" tpn B> B> (C lost BP)6 > At $u (CF fpue BP).
t p+t

B+t p+t
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Proof. Since the first inequality is obtained by Theorem A (1), we show the rest inequalities.

O by B = B gy O = BV (B iy )"

p+t

= BP(C'Hap-pu BP)"'BP < BPB~tPpBr — BF
p+t

We have (C~ 5. BP)5 < BP by (LH) and (C— 44 BP)¥ < B,
e

see [6;Theorem 1](cf.[18;Lemma 4]). So A > (C~t

A (1) we have

o =
+ 4
LA
S
=
ER

is obtained and by Theorem

b~
H
|

A fpue (C7F oo BP) < (C7F o0 BP)5.

Bt Pt Pt
Remark. If we put B = C in Thorem 4, then A~* ﬁgif B? is obtained. That is, Theorem
Tt

4 is a generalization of Theorem A (1).
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