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Abstract. In this paper , we consider a continuous map f : X → X , where X is
a compact metric space , and discuss the existence of chaotic set of f , specially (as
X=[0,1] ) . We prove that f has a positively topological entropy if and only if it has
an uncountably chaotic set in which each point is weakly almost periodic and is not
almost periodic .

1 . Introduction

Interference or false appearance often appears in the discussion of dynamical systems .
As we all know , importantly dynamical properties of a system focus on its non-wandering
set , a wandering set can be regarded as a kind of interference . This point of view can
be interpreted reasonably from ergodic theory , since a wandering set is a set of absolute
measure zero[4] and the phenomenon which happens on it is unimportant or false , but the
wandering set is not all the interference of the system . To obtain a subsystem which not
only can get rid of all interference but also can make the importantly dynamical properties
of original system invariant , Zhou[4] introduced measure center . To decide the concept of
measure center , he defined weakly almost periodic point too , showed that the closure of
a set of weakly almost periodic points equals to its measure center and the set of weakly
almost periodic points is a set of absolutely ergodic measure 1[4] . These show that it is
more significant to discuss problems on a set of weakly almost periodic points .

Throughout this paper , X will denote a compact metric space with metric d , I is the
closed interval [0,1] .

For a continuous map f : X → X , we denote the set of periodic points , almost periodic
points , weakly almost periodic points , recurrent points , non-wandering points and chain
recurrent points of f by P (f), A(f) , W (f) , R(f) , Ω(f) and CR(f) respectively , denote
the topological entropy of f by ent(f) , whose definitions are as usual ; fn will denote the
n-fold iterate of f .

In this paper , we first derive a sufficient condition for a map having an uncountably
chaotic set in which each point is weakly almost periodic and is not almost periodic from
Theorem A . As an application , we prove Theorem B .

The main result are stated as follows .

THEOREM A. Let f : X → X be continuous . If f has an almost shift invariant set , it has
an uncountably chaotic set in which each point is weakly almost periodic and is not almost
periodic .

THEOREM B. Let f : I → I be continuous , then ent(f) > 0 ⇔ there exists an uncountably
chaotic set of f in which each point is weakly almost periodic and is not almost periodic .
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2 . Basic definitions and preparations

Let S = {0, 1} , Σ = {x = x0x1 · · · | xi ∈ S, i = 0, 1, 2, · · · } and define ρ : Σ×Σ → R as
follows : for any x, y ∈ Σ , if x = x0x1 · · · and y = y0y1 · · · then

ρ(x, y) =

{
0 if x = y
1
2k if x �= y, and k = min{n | xn �= yn}

It is not difficult to check that ρ is a metric on Σ .The space (Σ, ρ) is a compact metric
space and called the one-sided symbolic space with two symbols .

Define σ : Σ → Σ by σ(x0x1 · · · ) = x1x2 · · · for any x = x0x1 · · · ∈ Σ , then σ is a
continuous map on Σ and called the shift on the one-sided symbolic space Σ . Hence (Σ, σ)
is a compact system .

DEFINITION 2.1. D ⊂ X is said to be a chaotic set of f , if for any different points
x , y ∈ D ,

lim inf
n→∞

d (fn(x), fn(y) ) = 0 lim sup
n→∞

d (fn(x), fn(y) ) > 0 .

f is said to be chaotic if it has a chaotic set which is uncountable .

DEFINITION 2.2. x ∈ X is called a weakly almost periodic point of f , if for any ε > 0
there exists an integer Nε > 0 such that for any n > 0 ,

# ({ r | f r(x) ∈ V (x, ε) , 0 ≤ r < nNε }) ≥ n ,

where #(·) denotes the cardinal number of a set and V (x, ε) the spherical neighborhood .
Denote the set of weakly almost periodic points of f by W (f) . It is easy to see that

P (f) ⊂ A(f) ⊂ W (f) ⊂ R(f) ⊂ P (f) ⊂ Ω(f) ⊂ CR(f) .

DEFINITION 2.3. A compact set Λ ⊂ X is said to be almost shift invariant if :
(1) f(Λ) ⊂ Λ ,
(2) There exists a continuous surjection h : Λ → Σ satisfying the following conditions :

a) Set{ y ∈ Σ |h−1(y) contains at least two points } is countable .
b) h ◦ f |Λ=σ ◦ h .

DEFINITION 2.4. Let x ∈ Σ with x = x0x1 · · · . It is called a repeating sequence
with recurring period of length m if xm+t = xt for any t ∈ {0, 1, 2, · · · } , we then write
x = (ẋ0ẋ1 · · · ẋm−1).

DEFINITION 2.5. Y ⊂ X is called a minimal set of f if for any x ∈ Y , ω(x, f) = Y .

LEMMA 2.1. Let (Σ, ρ) be the one-sided symbolic space , and let σ be the shift on Σ.
Then

(1) For any s ∈ Σ and any m > 0 , σm(s) = s if and only if s = (ṡ0ṡ1 · · · ṡm−1) (i.e. s is
a repeating sequence with recurring period of length m ) .

(2)There are exactly 2n elements s in Σ such that σn(s) = s .
For a proof see [8] .

LEMMA 2.2. Let f : X → X , g : Y → Y be continuous , where X and Y are both
compact metric spaces . If there exists a continuous surjection h : X → Y such that
g ◦ h = h ◦ f , then

(1) h(W (f)) = W (g) ,
(2) h(A(f)) = A(g) .
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For a proof see [5] .

LEMMA 2.3. W (fm) = W (f) and A(fm) = A(f) for any m > 0 . For a proof see [2] and
[4] .

LEMMA 2.4. For any x ∈ X and any N > 0 , the following are equivalent :
(1) x ∈ A(f) .
(2) x ∈ ω(x, f) and ω(x, f) is a minimal set of f . For a proof see [10] and [11] .

LEMMA 2.5. One-sided shift is Li-Yorke chaotic and there is a chaotic set T satisfying T
⊂ W (σ) − A(σ).

Proof: Let p1 be an arrangement of the recurring periods of two repeating sequences of
length 1 such that σ(s) = s , e.g. p1 = 01 .

Let p2 be an arrangement of the recurring periods of the 22 repeating sequences of length
2 such that σ2(s) = s, e.g. p2 = 00 01 10 11 .

pn is an arrangement of the recurring periods of the 2n repeating sequences of length n
such that σn(s) = s, e.g. pn = 000 · · ·0 · · · 11 · · ·1 .

Let a = p1p2 · · · pn · · · = 0100011011000 · · ·001 · · · = a0a1 · · · an · · · . It is essy to see
that ω(a, σ) = Σ . In fact , for any x = x0x1x2 · · · ∈ Σ , Let Tn be a periodic point of σ
with period n and with recurring period (ẋ0ẋ1 · · · ẋn−1) . Then Tn → x (n → ∞) . By the
construction of a , for any ε > 0 , there exists Ni(ε) such that

|σNi(a) − x| <

∞∑
n=Ni

1
2n

< ε

So σNi(a) → x (i → ∞) . This shows x ∈ ω(a, σ) , i.e. Σ ⊂ ω(a, σ) . On the other hand ,
ω(a, σ) ⊂ Σ , hence Σ = ω(a, σ) .

The following we will construct a set Ba .
We use (x)n to denote the first n+1 symbols of x for any x ∈ Σ , i.e. (x)n = (x0x1 · · ·xn)

for any n ≥ 0 . Let

Ba = {ba = (a)0(b)0(a)1(b)1 · · · (a)n(b)n · · · | ∀ b = b0b1 · · · ∈ Σ , a = a0a1 · · · } ,

then Ba is an uncountable set .
(1) We will construct an uncountable set T .
For any e = e0e1 · · · en · · · ∈ Ba , let Q0 = (0) , Q1 = (Q0Q0e0) , Q2 = (Q1Q1e1),· · · ,

Qn = (Qn−1Qn−1en−1) · · · . We take x(e) ∈ Σ satisfying

(x(e))2n+1−2 = Qn = (Qn−1Qn−1en−1) for n = 1, 2, · · · .

Let T = { x(e) | ∀ e ∈ Ba } . Obviously T is an uncountable set .
(2) We will prove that σ|T is chaotic .
Firstly , we put ni = 2(i+1)2+1−1− (i+1)2 + i(i+1) (i = 1, 2, · · · ) , then for any x ∈ T ,

x = x(e) and e ∈ Ba ,

σni(x(e)) = σi(i+1)((e)(i+1)2−1 · · · ) = ((a)i · · · ) .

Moreover ,

ρ(σni (x(e)), a) ≤
+∞∑
n=i

1
2n

=
1

2i−1
.
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Hence ,
lim

i→+∞
ρ(σni(x(e)), a) = 0 (i.e. lim

i→+∞
σni(x(e)) = a ) .

Since ω(a, σ) = Σ , by the arbitrariness of x , for any x, y ∈ T , we obtain

lim inf
n→∞

ρ(σn(x), σn(y)) = 0 .

Secondly , we put qi = 2(2i+1)2+1 − 1 − (2i + 1)2 + (i + 1)2 (i = 1, 2, · · · ) , then for any
x ∈ T , x = x(e) and e ∈ Ba ,

σqi(x) = σqi(x(e)) = σ(i+1)2((e)(2i+1)2−1 · · · ) = ((b)i · · · ) .

For any x, y ∈ T , x �= y , where x = x(β) , y = y(γ) , β ∈ Ba , γ ∈ Ba , β =
(a)0(β)0(a)1(β)1 · · · , γ = (a)0(γ)0(a)1(γ)1 · · · . By the construction of T , we know that

β = β0β1β2 · · · �= γ = γ0γ1γ2 · · · ,

so

lim
i→+∞

ρ(σqi(x), σqi (y)) = ρ(β, γ) > 0 ,

moreover ,

lim sup
n→∞

ρ(σn(x), σn(y)) > 0 .

Summing up , T is a chaotic set , i.e. σ|T is chaotic .
(3) We will prove that T ⊂ W (σ) − A(σ) .
For any x(e) ∈ T where e ∈ Ba , e = e0e1 · · · en · · · ∈ Σ , and for any given ε > 0, there

exists m ∈ Z+ such that 0 <
1

2m
< ε , let Nε = 2m+2 , since for any n > 0 with n ∈ Z+ ,

there exists a nonnegative p such that 2p ≤ n < 2p+1 , we have

2pNε ≤ nNε < 2p+1Nε (i.e. 2m+p+2 ≤ nNε < 2m+p+3 ) .

Since there are at least two Qm in Qm+1 = (QmQmem) , generally , we have that there are
at least 2n Qm in Qm+n for n = 1, 2, · · · , and since 2m+p+2 ≤ nNε , we obtain that the
first nNε + 1 symbols of (x(e)) , (x(e))nNε+1 = (x0x1 · · ·xnNε) , contain Qm+p+1 , so

# ({ r |σr(x(e)) ∈ V (x(e), ε) , 0 ≤ r < nNε }) > 2p+1 > n .

Hence , by the definition of W (σ) , we know that x(e) ∈ W (σ) , and by (2) we know that

lim
i→+∞

σni(x(e)) = a and ω(a, σ) = Σ ,

then we have ω(x(e), σ) = Σ . Since Σ is not a minimal set of σ , by Lemma 2.4
x(e) /∈ A(σ), furthermore x(e) ∈ W (σ) − A(σ) . By the arbitrariness of x , we can obtain

T ⊂ W (σ) − A(σ) .

3 . Proofs of the main theorem

Proof of theorem A : By the hypothesis of the theorem , f has an almost shift
invariant set Λ , thus there is a continuous surjection h : Λ → Σ such that for any x ∈ Λ ,

σ ◦ h(x) = h ◦ f |Λ(x) .
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By Lemma 2.5 , there is an uncountably chaotic set T ⊂ W (σ) − A(σ) , for simplicity, let
g = f |Λ . By Lemma 2.2 , for each y ∈ T , we take an x ∈ W (g)−A(g) such that h(x) = y.
All of these points form an uncountable subset of Λ , which we will denote it by D . To
complete the proof of the theorem , it suffices to show that D is a chaotic set of f .

For any x1, x2 ∈ D , there exists y1, y2 ∈ T such that h(xi) = yi for i = 1, 2 .
Firstly , it is easily seen that

lim sup
n→∞

ρ(σn(y1), σn(y2)) > 0 ( i.e. lim sup
n→∞

ρ(hgn(x1), hgn(x2)) > 0 ) ,

implies

lim sup
n→∞

d(gn(x1), gn(x2)) > 0 .

Secondly , since Λ is an almost shift invariant set of g and T is uncountable , it follows
that there exists y0 ∈ Σ such that h−1(y0) contains only one point x0 . By the chaotic
property and construction of T , there exists mi → +∞ such that

lim
i→+∞

σmi(y1) = lim
i→+∞

σmi(y2) = y0 ,

which implies
lim

i→+∞
gmi(x1) = lim

i→+∞
gmi(x2) = x0 .

Thus ,
lim inf
n→∞

d(gn(x1), gn(x2)) = 0 .

Since g = f |Λ , we can see that D is a chaotic set of f .

Proof of theorem B : Since ent(f) > 0 , by [1] , form some N > 0 , fN has an almost
shift invariant set ( cf. the proof prop. 15 of chap.II in [1] ) . It follows from Theorem
A that fN has an uncountably chaotic set , say D , in which each point is weakly almost
periodic and is not almost periodic under fN . Obviously D is also a chaotic set of f . And
by Lemma 2.3 , D ⊂ W (f) − A(f) . Hence the result follows .

By [9] , ent(f) > 0 ⇔ R(f) contains an uncountably chaotic set of f , and W (f) ⊂ R(f),
sufficient condition is proved .
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