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Abstract. We take the Sakaguchi class of analytic univalent functions which are starlike
with respect to symmetric points in the open unit disc ∆ and extend it to the complex-valued
harmonic univalent functions in ∆. A necessary and sufficient convolution characterization for
such harmonic functions is determined. Also, a sufficient coefficient bound for these functions
is introduced which in turn proves that they are harmonic starlike of order α/2, 0 ≤ α < 1, in
the open unit disc.

1. Introduction

Harmonic functions are famous for their use in the study of minimal surfaces and also
play important roles in a variety of problems in applied mathematics. Harmonic functions
have been studied by differential geometers such as Choquet [1], Kneser [5], Lewy [6], and
Radó [7]. Recent interest in harmonic complex functions has been triggered by geometric
function theorists Clunie and Sheil-Small [2]. In [2] they developed the basic theory of
complex harmonic univalent functions f defined on the open unit disk ∆ = {z : |z| < 1}
with the normalization f(0) = 0 and fz(0) = 1. Such functions may be written as f = h+ ḡ
where h and g are analytic in ∆. In this case, f is sense-preserving if |g′| < |h′| in ∆, or
equivalently, if the dilatation function w = g′/h′ satisfies |w(z)| < 1 for z ∈ ∆. To this end,
without loss of generality, for f = h + ḡ we may write

h(z) = z +
∞∑

n=2

anzn, g(z) =
∞∑

n=1

bnzn. (1)

On the other hand, Sakaguchi [8] introduced the class S of analytic univalent functions
in ∆ which are starlike with respect to symmetrical points. An analytic function f(z) is
said to be starlike with respect to symmetrical points if there exists an ε > 0 sufficiently
small such that, for every ρ in (1 − ε, 1) and every ζ with |ζ| = ρ, the angular velocity of
f(z) about the point f(−ζ) is positive at z = ζ as z traverses the circle |z| = ρ in a positive
direction. Thus, we have the inequality

� 2ζf ′(ζ)
f(ζ)− f(−ζ)

> 0 (2)

for all ζ in some ring 1− ε < |ζ| < 1, where ε > 0 is sufficiently small. Note that (e.g. see
[3] Vol. I, p. 165) the inequality (2) in r < |z| < 1 does not in itself imply univalence.
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Extending the definition (2) to include the harmonic functions, for 0 ≤ α < 1 we let
SH(α) denote the class of complex-valued, sense-preserving, harmonic univalent functions
f of the form (1) which satisfy the condition

�
(

2 ∂
∂θf(reiθ)

f(reiθ)− f(−reiθ)

)
≥ α (3)

where z = reiθ, 0 ≤ r < 1 and 0 ≤ θ < 2π.

In this paper we determine a convolution characterization for functions in SH(α). We
then introduce a sufficient coefficient condition for harmonic functions to be in SH(α). It
is also shown that such functions in SH(α) are also starlike of order α.

2. Main Results

To prove our results in this section, we shall need the following lemma which is due to
the second author [4].

2.1. Lemma. Let f = h + ḡ be of the form (1) and suppose that the coefficients of h
and g satisfy the condition

∞∑
n=1

(
n − α

1 − α
|an|+ n + α

1− α
|bn|
)

≤ 2, a1 = 1, 0 ≤ α < 1. (4)

Then f is sense-preserving, harmonic univalent, and starlike of order α in ∆.

The condition (4) for α = 0 was obtained by Silverman and Silvia [10].

A function f is said to be starlike of order α in ∆ (e.g. see [9] p. 244) if

∂

∂θ
(arg f(reiθ)) ≥ α, |z| = r < 1. (5)

We also define the convolution or Hadamard product of two power series f(z) =∑∞
n=1 anzn and F (z) =

∑∞
n=1 Anzn by

(f ∗ F )(z) = f(z) ∗ F (z) =
∞∑

n=1

anAnzn.

2.2. Theorem. Let α be a constant such that 0 ≤ α < 1. Then a harmonic function
f = h + ḡ is in SH(α) if and only if

h(z) ∗ (1− α)z + (α + ξ)z2

(1− z)2(1 + z)
− g(z) ∗ (α + ξ)z̄ + (1− α)z̄2

(1− z̄)2(1 + z̄)
�= 0

where |ξ| = 1, ξ �= −1 and 0 < |z| < 1.

Proof. For 0 ≤ α < 1, a harmonic function f = h + ḡ is in SH(α) if and only if the
condition (3) holds. Differentiating f(reiθ) with respect to θ and substituting in (3) we
obtain

�
[
2zh′(z)− 2zg′(z)− α[f(z)− f(−z)]

(1− α)[f(z)− f(−z)]

]
≥ 0.
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Or equivalently,

2zh′(z)− 2zg′(z)− α[h(z) + g(z)− h(−z)− g(−z)]
(1− α)[h(z) + g(z)− h(−z)− g(−z)]

�= ξ − 1
ξ + 1

, (6)

where |ξ| = 1, ξ �= −1 and 0 < |z| < 1.

Simplifying (6) we obtain the equivalent condition

2(1+ξ)zh′(z)+(1−2α−ξ)[h(z)−h(−z)]−2(1+ξ)zg′(z)+(1−2α−ξ)[g(z)− g(−z)] �= 0. (7)

Upon noting that zh′(z) = h(z) ∗ (z/(1− z)2), zg′(z) = g(z) ∗ (z/(1− z)2), h(z)− h(−z) =
2h(z) ∗ (z/(1 − z2)) and g(z) − g(−z) = 2g(z) ∗ (z/(1 − z2)), the condition (7) yields the
necessary and sufficient condition required by Theorem 2.2.

Next we give a sufficient coefficient condition for harmonic functions in SH(α).

2.3. Theorem. For h and g as in (1), let the harmonic function f = h + ḡ satisfy

∞∑
n=1

{
2(n − 1)
1− α

(|a2n−2|+ |b2n−2|) + 2n − 1− α

1− α
|a2n−1|+ 2n − 1 + α

1− α
|b2n−1|

}
≤ 2 (8)

where a1 = 1 and 0 ≤ α < 1. Then f is sense-preserving harmonic univalent in ∆ and
f ∈ SH(α).

Proof. Since∑∞
n=1 n(|an|+ |bn|)

=
∑∞

n=1 2(n−1)|a2n−2|+
∑∞

n=1(2n−1)|a2n−1|+
∑∞

n=1 2(n−1)|b2n−2|+
∑∞

n=1(2n−1)|b2n−1|

≤∑∞
n=1

{
2(n−1)
1−α (|a2n−2|+ |b2n−2|) + 2n−1−α

1−α |a2n−1|+ 2n−1+α
1−α |b2n−1|

}
≤2,

by Lemma 2.1, we conclude that f is sense-preserving , harmonic, univalent and starlike in
∆. To prove f ∈ SH(α), according to the condition (3), we need to show that

�
(

2 ∂
∂θf(reiθ)

f(reiθ)− f(−reiθ)

)
= �

(
−2i ∂

∂θ f(reiθ)
f(reiθ)− f(−reiθ)

)
= �A(z)

B(z)
≥ α,

where z = reiθ ∈ ∆, 0 ≤ α < 1,

A(z) = −2i
∂

∂θ
f(reiθ)

= 2reiθ + 2
∞∑

n=2

nanrneniθ − 2
∞∑

n=1

nb̄nrne−niθ

= 2reiθ + 2
∞∑

n=2

[
2(n − 1)a2n−2r

2n−2e(2n−2)iθ + (2n − 1)a2n−1r
2n−1e(2n−1)iθ

]

− 2
∞∑

n=1

[
2(n − 1)b̄2n−2r

2n−2e−(2n−2)iθ + (2n − 1)b̄2n−1r
2n−1e−(2n−1)iθ

]
, (9)



242 O. P. AHUJA AND J. M. JAHANGIRI

and

B(z) = f(reiθ)− f(−reiθ)

= 2

[
reiθ +

∞∑
n=2

a2n−1r
2n−1e(2n−1)iθ +

∞∑
n=1

b̄2n−1r
2n−1e−(2n−1)iθ

]
. (10)

Using the fact that �(ω) ≥ α if and only if |1− α+ ω|≥|1 + α− ω|, it suffices to show that

|A(z) + (1− α)B(z)| − |A(z)− (1 + α)B(z)| ≥ 0. (11)

On the other hand, for A(z) and B(z) as given by (9) and (10) we have

|A(z) + (1− α)B(z)|

= 2r|2− α +
∞∑

n=2

{
2(n − 1)a2n−2r

2n−3e(2n−3)iθ + (2n − α)a2n−1r
2n−2e(2n−2)iθ

}

−
∞∑

n=1

{
2(n − 1)b̄2n−2r

2n−3e−(2n−1)iθ + (2n − 2 + α)b̄2n−1r
2n−2e−2niθ

}
|

≥ 2r[(2− α)−
∞∑

n=2

2(n − 1)|a2n−2| −
∞∑

n=2

(2n − α)|a2n−1|

−
∞∑

n=1

2(n − 1)|b2n−2| −
∞∑

n=1

(2n − 2 + α)|b2n−1|], (12)

and

|A(z)− (1 + α)B(z)|

= 2r| − α +
∞∑

n=2

{
2(n − 1)a2n−2r

2n−3e(2n−3)iθ + (2n − 2− α)a2n−1r
2n−2e(2n−2)iθ

}

−
∞∑

n=1

{
2(n − 1)b̄2n−2r

2n−3e−(2n−1)iθ + (2n + α)b̄2n−1r
2n−2e−2niθ

}
|

≤ 2r[α +
∞∑

n=2

2(n − 1)|a2n−2|+
∞∑

n=2

(2n − 2− α)|a2n−1|

+
∞∑

n=1

2(n − 1)|b2n−2|+
∞∑

n=1

(2n + α)|b2n−1|]. (13)

Now, by substituting for (12) and (13) in (11), we obtain

|A(z) + (1− α)B(z)| − |A(z)− (1 + α)B(z)|

≥ 4r[2(1− α) −
∞∑

n=1

2(n − 1)|a2n−2| −
∞∑

n=1

(2n − 1− α)|a2n−1|

−
∞∑

n=1

2(n − 1)|b2n−2| −
∞∑

n=1

(2n − 1 + α)|b2n−1|]



SAKAGUCHI-TYPE HARMONIC UNIVALENT FUNCTIONS 243

≥ 4r(1− α)[2−
∞∑

n=1

2(n − 1)
1− α

|a2n−2| −
∞∑

n=1

2n − 1− α

1− α
|a2n−1|

−
∞∑

n=1

2(n − 1)
1− α

|b2n−2| −
∞∑

n=1

2n − 1 + α

1− α
|b2n−1|] ≥ 0.

2.4. Corollary. Let f be as in Theorem 2.3. Then f is starlike of order α/2 for
0 ≤ α < 1.

Proof. By the sufficient condition (4), we conclude that f is starlike of order α/2; 0 ≤
α < 1 if ∞∑

n=1

(
n − α

2

1− α
2

|an|+
n + α

2

1− α
2

|bn|
)

≤ 2. (14)

We will show that the coefficient condition (8) required for f ∈ SH(α), 0 ≤ α < 1, implies
the sufficient coefficient condition (14), which in turn implies that f is starlike of order
α/2; 0 ≤ α < 1. By a simple algebraic manipulation, we see that this is the case, since∑∞

n=1

(
n−α

2
1−α

2
|an|+ n+ α

2
1−α

2
|bn|
)

=
∞∑

n=2

2n − 2− α
2

1− α
2

|a2n−2|+
∞∑

n=1

2n − 1− α
2

1− α
2

|a2n−1|

+
∞∑

n=2

2n − 2 + α
2

1− α
2

|b2n−2|+
∞∑

n=1

2n − 1 + α
2

1− α
2

|b2n−1|

≤
∞∑

n=1

2(n − 1)
1− α

|a2n−2|+
∞∑

n=1

2n − 1− α

1− α
|a2n−1|

+
∞∑

n=1

2(n − 1)
1− α

|b2n−2|+
∞∑

n=1

2n − 1 + α

1− α
|b2n−1| ≤ 2.

We remark that for f as in Theorem 2.3, the function (f(z) − f(−z))/2 is also starlike
of order α/2 in ∆.
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