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TANGENTIAL BOUNDARY BEHAVIOR
OF THE POISSON INTEGRALS OF FUNCTIONS
IN THE POTENTIAL SPACE WITH THE ORLICZ NORM
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ABsTRACT. Nagel, Rudin and Shapiro (1982) investigated the tangential boundary be-
havior of the Poisson integrals of functions in the potential space LY (R™) = {K*F : F €
LP(R™)} with a kernel K : R™ \ {0} — [0, +00) which is positive, integrable, radial and
decreasing. In this paper, we extend the result to LE(R"?) = {K = F : ' € L*(R™)},
where L®(R™) is the Orlicz space. Moreover we introduce Qg-limit for a continuous
increasing function R : [0, +o00) — [0, +o0) with R(y) — 0 as y — 0. The tangential
approach region is defined by the function R. We give a relation between R(y) for which

all functions in LE (R™) have the Qg-limit and the L®-norm of Py x K, where @ is the
complementary function of ®, and calculate R(y) precisely.

1. INTRODUCTION

It is well known that, for f € LP(R™), its Poisson integral u(z,y) = P, * f(z), € R”,
y > 0, converges nontangentially to f(z) a.e. when y tends to 0. It is also well known that,
for general f € LP(R™), convergence fails when the approach regions have a certain degree
of tangentiality. The tangential boundary behavior of the Poisson integrals of functions
in subspaces of LP(R™) was studied by Nagel, Rudin and Shapiro [4], Nagel and Stein [5],
Dorronsoro [1], ete.

Nagel, Rudin and Shapiro [4] investigated the potential space L% (R") = {K =« F : F €
LP(R™)} with a kernel K : R™ \ {0} — [0,4+00) which is positive, integrable, radial and
decreasing. We note that L% (R™) is a subspace of LP(R™). They [4] gave the relation
between the geometric properties of approach regions on which the tangential limit of P, * f
exists for all f € L%, and the L¥' -norm of P, x K with K ¢ L', where 1/p+1/p =1.

In this paper, we extend the result in [4] to L% (R") = {K « F : F € L*(R")}, where
L®(R™) is the Orlicz space, and give the relation between the geometric properties of ap-

proach regions and the L®-norm of P, K with K ¢ L‘T>7 where ® is the complementary

function of ®. However, the L®-norm of P, x K is not simple. So we introduce {2g-limit
for a continuous increasing function R : [0, +00) — [0, +00) with R(y) — 0 as y — 0 (see
Definition 3.2). The tangential approach region is defined by the function R. We give a
relation between R(y) for which the Poisson integrals of all functions in L (R™) have the

Qpg-limit and the L®-norm of P, + K, and calculate R(y) precisely for kernels K of the form

K@) = Kyfa) = 212D

- K
|.Z“"
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where the function p : (0, +00) — (0, 400) satisfies that p(r)/r™ is decreasing and

+oo
/ @dr < +00.
0

r

If K € L?(R"), then K % F is continuous for every F € L®(R"). In this case, the
tangential limit of the Poisson integral of f € L} exists trivially. So we are interested in
the case K ¢ L®(R").

The Bessel kernel J,, 0 < a < n, is the function on R™ whose Fourier transform is
Jo(€) = (1+ [€[2)=2/2, ¢ € R™. Then Ju(z) ~ K,(x) for small |z| with p(r) = r* for small
r > 0. This case was studied in [4] and [5].

If p(r) = r* for small » > 0 with 0 < a < n/p, then the Hardy-Littlewood-Sobolev
theorem shows that

Ll}’(p (R™) C LP(R™) N LY(R™),

where —n/p + a = —n/q. In this case the Poisson integrals of all functions f € L’;(p have

the Qp-limit with R(y) = y'~*P/". As a is bigger, the Qp-limit gets more tangential. If
a =n/p, then

L% (R") C LP(R™) N BMO(R™).

In this case R(y) = (log(1/y))~®~1/" (see Theorem 3.7 and Example 3.1). We note that
there is a larger class of functions than Lf}a (R™) such that all functions in the class have
the Qg-limit with the above R. (see Dorronsoro [1]). If & > n/p, then

L (R™) C LP(R™) N Lipy(R™),

where 3 = —p/n + «. In this case, the tangential limit of the Poisson integral of f € L’;(p

exists trivially.
One of the authors [7, 8, 9] showed that, if

ot <i) / @dt <Ccy! (i) for r >0,
rn o t rhn

L% (R™) C L*(R™) N LY (R™).

then

If ¢ : (0,400) — (0,+00) is increasing and

o <i> / P < Cotr) for >0,

™ ) Jo Tt
then
Ly, (R") C L*(R") N BMO4(R").

If =1, then BMOy is the usual BMO. In these cases, see Theorem 3.8, Remark 3.4 and
Example 3.2.
Let ® € Va. Then, for all functions F such that ®(k|F(x)]|) is integrable for all £ > 0, the

Poisson integrals of f = K, F have the Qg-limit with at least R(y) = y/ ([, (p(r)/r) dr)l/n,
for every kernel K, (see Theorem 3.9).

Notations and definitions of function spaces are in the next section. We state main results
and examples in Section 3 and proofs of main results in Sections 4-6.

The authors would like to thank the referee for his many comments.
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2. NOTATIONS AND DEFINITIONS

In this section we state some notations and definitions. We also state properties of the
N-function and the Orlicz space.

2.1. R™ is the n-dimensional Euclidean space, with norm |z| = /> 2%, z = (21, ..., x,)
and

R = {(z,y) : 2 € R",y > 0}.

Let B(a,r) be the ball {x € R" : |x —a| < r} with center a and of radius » > 0. We denote
the measure of a measurable set E C R™ by |E|. Let 0,, = |B(0,1)|. Then |B(0,7)| = opr™.

2.2. A function @ : [0, +00) — [0, +00) is called an N-function if ® is continuous, convex,
strictly increasing, lim,_, o ®(r)/r = 0 and lim,_, ;o ®(r)/r = +o0. For an N-function ®,
the complementary function is defined by

O(r) = sup{rs — ®(s) : s > 0}, r>0.
Then @ is also an N-function, P = ®, and,
(2.1) r< O ()0 (r) < 2.

2.3. A function @ : [0, +00) — [0, +00) is said to satisfy the Aa-condition, denoted ® € Ay,
i

®(2r) < C®(r), r=0,
for some C' > 0. This condition is also called the doubling condition. A function @ :

[0,400) — [0, 4+00) is said to satisfy the Va-condition, denoted ® € Vs, if

1
O(r) < %q)(kr), r >0,
for some k > 1. B
Let @ is an N-function. Then ® € A, if and only if & € V.

2.4. For an N-function &, let

LY(R") = {f e LL (R"): / ®(e| f(z)]) dz < +oo for some € > 0} ,

M®*R") = {f € Li (R"): / O(k|f(x)]) de < 400 for all k > 0} ,
R7

||f<pinf{A>o:/nq>(|f(;)> do < 1}.

Then L®(R") is a Banach space with the norm | - ||ze. M®(R") is a closed subspace of
L®(R™). If and only if ® € Ay, then L*(R") = M*(R").

Let Ceomp(R™) be the set of all continuous functions with compact supports. Then
Ceomp(R™) is dense in M®(R").

We have Holder’s inequality for Orlicz spaces:

(29) [ 15@g(@)ldo <20 flolgls.

We also have the following equivalence:

23 fle<sw{ [ 1@l [ B is <1} <2l
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If and only if ® € Ay, then

|f(x)|> _ . -
(2.4) /Rn¢><f”¢ do=1 forall f € L® with | f|ls # 0.

Let {f;}; C L®. 1f fi — 0in L?® as j — +o0, then

(2.5) / O(|fi(x)))dr —0 as j— +oo.
If and only if ® € Ay, the converse is true.

2.5. The letter K and the word kernel denote a nonnegative L'-function on R™ which
is radial and decreasing; i.e., K(x) = K(2') if |z| = |2/| and K(z) < K(2') if |z| > |2/|.
Also, K(0) = 400 (we are not interested in bounded K), and we usually normalize so that
|IEK|l1 = 1. Let
LY =LYR") ={f=K=«F:FcL*R")},
Mg =MEpR") ={f=KxF:FcM*R")}.

2.6. The Poisson kernel for RT‘l is

B cny n

b@ = mrr e @Ry >0,
where ¢, = I' (%) 7=("+1)/2 i5 50 chosen that || Py|l; = 1 for 0 < y < +o00. (P, * K)(z) is
the harmonic extension of K to ]R?fl. For f € LY, the Poisson integral u = P[f] means
that

w(z,y) = Pfl(z,y) = (Py x [)(z) = (Py * K x F)(x),
for some F € L?(R").
2.7. For a function ¢ : (0,400) — (0, +00), let
BMOy(R") = {f € Lioc(R") : || fllBn7o, < 400},

1 1/
where = su — T) — dx,
Moo, = S5 o 1B J 1) = 8

1
and fB:—/fx dx.
B ST
If ¢(r) = 1, then BMO4(R™) = BMO(R"™). If ¢(r) = 7%, 0 < @ < 1, then it is known that
BMOy(R™) = Lip, (R™). All functions in BMOy are continuous, if and only if
1
t
(2.6) / () dt < +oo
o ¢
(see [2] and [6]).

2.8. For functions 6,k : (0,+00) — (0,+00), we denote §(r) ~ r(r) if there exists a
constant C' > 0 such that
C7o(r) < w(r) < CO(r), r>0.

A function 6 : (0, +00) — (0,+00) is said to be almost increasing (almost decreasing) if
there exists a constant C' > 0 such that 6(r) < CO(s) (0(r) > CO(s)) for r < s.
The letter C' shall always denote a constant, not necessarily the same one.
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3. MAIN RESULTS AND EXAMPLES

For an N-function ® and for a ball B, let

_ . o1 |f ()]
||f|<I>,B—1nf{)\>O.®/B(I)( . >dm§1}.

For a kernel K and for an N-function ®, let

k(r,y) = [BO,n)[[|1Py * Kllg gy 7>0,y>0,

where @ is the complementary N-function of ®. Let 0 < 8 < 400. We define the approach
Teqgion

Q}};,ﬂ(xo):{(x7y) eRi—i_l k(lx_IOLy) <ﬂ}a IOEan
and the associated maximal function

(M[Q 61 ) (wo) = sup{lu(z, y)| : (z,y) € Qi 5(wo)},

where u = P[f]. -

We assume that ® € Vy and K ¢ L*(R"). Let
(3.1) T8(y) = sup{r > 0: k(r,y) < 5}
Then

0 < 13(y) < 400,

73 is continuous and increasing,
(3.2) Ta(y) — Oas y — 0,

k(rs(y),y) = B,

k(r,y) < 8 < r < 13(y).
Hence we can write

0% (x0) = {(z,y) € RE < k(| — xol,y) < B}
={(z,y) € RT‘l de—xo|l <718(y)}, w0 € R

Moreover, the approach region Q%ﬁ(xo) is tangential to the boundary of R’}fl, ie.

{Tg(y)/y >c¢o >0 forally>0,

(3:3) 8(y)/y — +o0 as y — 0.

The properties (3.2) and (3.3) will be proved in the next section.

If K€ L* and F € L®, then f = K x I is continuous, so that v = P[f] is continuous on
the closure of erfl. In this case the tangential limit of u exists trivially. Therefore we are

interested in the case K ¢ Le.
Our main results are following.

Theorem 3.1. Let ® be an N-function and ® € Vo. Then there exists a constant C' > 0
such that, for all f = K x F € LY and for all t > 0,

[{z € R™ : (M[QF 51£) () > t}] < / P <

where C' is independent of K, B, F and t.

o + IKIFGE) o,
t )

Definition 3.1. A function u on R is said to have Qf-limit L at a point o € R™ if it
is true for every 0 < 8 < 400 that u(z,y) — L as (z,y) — (x0,0) within Q%ﬁ(wo).
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Remark 3.1. Since k(r,y) is increasing with respect to r (see (4.6)), 73(y) is increasing with
respect to 3. Hence QF 5 C QF 5 if 3 < 5.

Theorem 3.2. Let ® be an N-function and ® € Vy. If f € ME and u = P[f], then, for
almost all xg € R™, the Q% -limit of u exists at xo and equals f(x).

Corollary 3.3. Let ® be an N-function and ® € Ay N V. If f € LY and u = P[f], then,
for almost all zg € R™, the Q% -limit of u exists at x¢ and equals f(xo).

The next proposition shows that Theorem 3.2 is optimal with regard to the size of the
approach regions. To formulate this precisely, compare

Ok p(x0) = {(z,y) € RY™ + |2 — zo| < 75(y)}

with another region

(3.4) Qwo) = {(2,y) € RY : |2 — ao] < w(y)},

where w is some positive continuous function. Let

(3.5) (M[Qf) (o) = sup{lu(z,y)| : (z,y) € Uzo)}, w0 € R,
where u = P[f].

Proposition 3.4. Let Q and M[Q] be as in (3.4) and (3.5), respectively. If there exists
¢« > 0 such that, for all f = K «+ F € LE(R") and for all t > 0,

(3.6) IweRﬂwmmux@>t}g/}¢(@E@N>m;

then there exists 8 > 0 such that, for all y > 0, w(y) < 75(y).

Theorems 3.1, 3.2, Corollary 3.3 and Proposition 3.4 are generalization of the results of
Nagel, Rudin and Shapiro [4]. However the definition of 73 is not simple and 75 is difficult
to calculate. To investigate the geometric properties of approach regions, we introduce
QR—hmlt

Definition 3.2. For R : (0,+00) — (0,+00) and for 0 < b < 400, let
Qrp(zo) = {(7,y) € RTT : |2 — 20| < bR(y)}, x0 € R™

A function u on R’f‘l is said to have Qg-limit L at a point xg € R™ if it is true for every
0 < b < +oo that u(x,y) — L as (x,y) — (20, 0) within Qg s(zo).

In the case ®(r) = 7 with 1 < p < oo and K ¢ LP', we have
k(ryy) = [BO1)I1Py * K5 o) = IBOPIP % Kl Lo (50,0
< [B(0,7)[VP| Py + K|

This implies

B P/n
- < .
(%vp&*Km) < 75(0)

Hence, for R(y) = ||P, * K|, */", if f € L?. and u = P[f], then, for almost all zo € R",
the Qg-limit of u exists at z¢ and equals f(x¢). This is a result of Nagel, Rudin and Shapiro

[4]. They [4] also showed that, if (3.6) holds, then w(y) < C||P, * K|y */™. We extend
this result to the following.
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Theorem 3.5. Let ® be an N-function, ® € Vo and K ¢ L‘g(R"). Let 73, 0 < B < 400,
be as in (3.1). Then there exists a continuous increasing function R : (0,+00) — (0, +00)
with R(y) — 0 as y — 0 such that

Vb > 038 >0y >0:bR(y) < 75(y).

In this case the Q%-limit is also the Qg-limit.
Moreover, if & € Ay NV, then the function R also have the property

V3> 03b>0VYy > 0:75(y) < bR(y).
In this case the Q% -limit and the Qp-limit are the same.
Remark 3.2. We can choose R ~ 73, for any fixed Gy > 0 (see Proof of Theorem 3.5).

In the following, we calculate the function 7 = 7 ~ R. For a function p : (0, +00) —
(0, +00), let

K, () = p(|z|)

IR
We assume that p(r)/r™ is decreasing and that
+oo
/ pr) dr < +o0.
0 r

Then K, is a kernel. From the decreasingness of p(r)/r™ it follows that p(2r) < 2"p(r) for

r > 0. Let
A(r) = / PO gy
0 t

Then p(r) < Cp(r) for all » > 0. If p(r)/r* is almost increasing for small » > 0 with « > 0,
then p ~ p for small r > 0. If p(r)/r? is almost decreasing for small r > 0 with 3 > 0, then
p(r)/rP is also almost decreasing for small 7 > 0 (see Lemma 6.2 (iii), (iv)).

Proposition 3.6. Let 7 = 7 be as in (3.1) for a kernel K, and an N-function ® with
K, ¢ L*(R").
(i) If ® € Vg, then

for small y > 0.
(11) If decAyn Va, then

(38) C7l<r(y) " /1 P (T(yzp(ﬂ + yT(g)jﬂ”) "t < C

for small y > 0.

(iii) If ® € Va, ®(r)/rP is almost decreasing with 1 < p < oo, and, p(r)/r® is almost
decreasing for small r > 0 with 0 < § < n/p, then

(3.9) cl< (%)&3 (wf(*y)) <C  for smally > 0.

Theorem 3.7. Let ®(r) = r? with 1 < p < oo. Let p(r)/r* be almost increasing and
p(r) /8 be almost decreasing for small v > 0, with 0 < a < n/p and a < 3 < n.
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(i) In the case that o >0, let 1/p+1/p' =1 and
—p/(np")

(3.10) R(y) = (/1 (ZE—Z)))I)/ t1 dt) for small y > 0.

(ii) In the case that 0 < 8 < n/p, let

y/p(P'" (>0
y/py)P'" (a=0)

If f € L];(p and u = P[f], then, for almost all xo € R™, the Qr-limit of u exists at xy and
equals f(xg). Moreover, this is optimal in the sense of Proposition 3.4.

for small y > 0.

(3.11) R(y) = {

Remark 3.3. Tf the integral in (3.10) is finite as y — 0, then K, € L?' (R™).

Let SV be the set of all continuous functions ¢ : (0, +00) — (0, +00) satisfying, for some
constant C' > 0,

~
—~
~

(r

Then, for every € > 0, £(r)r€ is almost increasing and £(r)/r¢ is almost decreasing.

Ccl<

<C for <log,s<2, r#1, s#1.

~
N
N | =

Theorem 3.8. Let N-function ®(r) be of the form rPl(r) with 1 < p < 0o and £ € SV,
and p(r) be of the form r*m(r) with 0 < a <n/p and m € SV.

(i) In the case that a« =n/p, let 1/p+1/p’ =1 and

1 —p'/p —p/(np")
(1
(3.12) R(y) = </ m(t)?P £ (;) tt dt) for small y > 0.
v

(ii) In the case that 0 < o < n/p, let

_ orn /)

(3.13) R(y) ()7 for small y > 0.
(iii) In the case that a =0, let

_ L/ my)t
(3.14) R(y) =y OO for small y > 0.

If f € L?}p and uw = P[f], then, for almost all xg € R™, the Qg-limit of u exists at xg and
equals f(xzo). Moreover, this is optimal in the sense of Proposition 3.4.

o) = m(r)e (1) o

r

Remark 3.4. Let

If ¢(r) is almost increasing for small r» > 0, then
Ly, (R") C L*(R") N BMO,(R").

If [} ¢(t)” /tdt < +o0 asy — 0, then K, € L¥(R"). If [ ¢(t)” /tdt — +00 as y — 0,
then (2.6) fails.

The following result is not necessarily optimal.
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Theorem 3.9. Let ® € V, and

- Yy
) = Sy

If f e M;I;p and uw = P[f], then, for almost all xy € R™, the Qg-limit of u exists at xo and
equals f(xo).

At the end of this section, we state examples. Examples 3.1 and 3.2 follow immediately
from Theorems 3.7 and 3.8, respectively. Example 3.3 is for the case of ® € Vo \ Ay, A
proof of Example 3.3 is in Section 6. Example 3.3 is not necessarily optimal.

Example 3.1. Let 1 <p<o0,0<a<n/p, —0o< < +00, —00 <y < 400, &(r) = rP,
and, p(r) = r*(log(1/r))~P(loglog(1/r))~" for small r > 0. Let

(v=Dp/n
y(loglog— when a=0,0=1,v>1,

1 (B=1)p/n 1 yp/n
Y (1og —> <10g log — when a=0,0>1,
Y

1\7P?/m yp/n
1=ap/n log - log log —) when 0< a<n/p,
Y

Y
1- 1/17 B)p/n 1\ P/
(1 ) gloglog—> when a=n/p,<1—-1/p,
Y

(1=1/p—v)p/n
log log — > when a=n/p,=1-1/p,y<1-—1/p,

1\ ~(P—1/
(logloglogz) when a=n/p,6=1-1/p,y=1-1/p.

If fe LZ}{,J and u = P[f], then, for almost all o € R", the Qg-limit of u exists at 2y and
equals f(xo). Moreover, this is optimal in the sense of Proposition 3.4. (If & > n/p, or if
a=n/pand 3 >1—1/p,orifa=n/p, 3=1-1/pandy>1—1/p, then K, € L*(R").)

Example 3.2. Let 1 < p < 00, —00 < § < 400 and

(r) = P (log )P for large r > 0,
~ )P (log(1/7))~%  for small 7 > 0.

For constants « and 8 with 0 < a < n/p and —co < 8 < 400, let p(r) = r*(log(1/r))~#
for small r > 0. Let

(B—1)p/n Op/n
y (log —> log log — when a=0, §>1,
Yy Yy
(B+0)p/n
yl-or/n logg when 0 < a < n/p,
R(y) = 1 —(1-1/p—B—0)p/n
(1022) when a=n/p. 1-1/p> 340,
=Y,
<loglog—) when a=n/p, 1—-1/p=p3+6.
Yy

If f e L}}}P and u = P[f], then, for almost all o € R™, the Qg-limit of u exists at zy and
equals f(2o). Moreover, this is optimal in the sense of Proposition 3.4. (If & > n/p, or if
a=n/pand 1—1/p < B+ 6, then K, € L*(R").)
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Example 3.3. Let
(r) = expr for large r > 0,
| 1/exp(1/r) for small r > 0,

and p(r) = (log(1/r))~2 for small » > 0. Let

1/n
1
R(y) =y'~¢ <log ;) for small y > 0,

where € > 0 is small enough. If f € M;I;p and u = P[f], then, for almost all g € R™, the
Qpg-limit of u exists at ¢ and equals f(zo).

4. PROOFS OF THE PROPERTIES (3.2) AND (3.3)

To show the properties (3.2) and (3.3), we investigate the properties of k(r,y). First we
state two lemmas.

Lemma 4.1. Let ® be an N-function and ||g|l1 < 1. Then, for zop € R™ and r > 0,

/ (| f * g(z)]) dz < [|g]lx sup / ®(|f(2)]) da.
B(zo,r) B(z,r)

zER™
Proof. Let
a=llgh, 6= sup /B( ar@))

zER™

If & = 0, then this inequation is clear. We assume o # 0. Let u(A) = [, [g(z)|dx/a for
A C R™. Then p is a probability measure. We note by xg the characteristic function of
FE C R™. Then we have

/B(W) (| f * g(z)]) da < /n i (/ |f (@ —2))||g(z")| dx/) XB(eory (@) d

= [ (o [ 1= )aute)) xaeom o) do
<a [ o[ 1= a)ldula)) xn (o) ds
<o ([ #056=) dule) ) xon () do
<o [ Bdua)=ap. O

Lemma 4.1 shows that, if |f] is radial and decreasing and ||g||; < 1, then

(4.1) 1 *gllo, B0, < lgllallflle, 50,

Lemma 4.2. Let K be a kernel and ® be an N-function. Then, for all r > 0,
(4.2) 1Py * Klason < WPsllason < g=pgm forv>0
(4.3) [Py, * Kllo,50,r) < [Py * Klla,50,r)  for y1 < yo.

If K ¢ L®(R"™), then, for every r > 0,

(4.4) Py * K& B(0,r) — +00 asy — 0.

If ® € Ay, then, forr >0,y >0 andt > 1,

(4.5) 1Py * Kllo,50,tr) < [Py * Kllo,po,r) <t"1Py* Kllo,p0,tr)-




TANGENTIAL BOUNDARY BEHAVIOR OF THE POISSON INTEGRALS 197

Proof. P, and K are radial and decreasing. Hence P, * K is also radial and decreasing. By
|1Pyllv = | K1 =1, Pyyy, = Py * Py, and Py(z) < ¢, /y", using (4.1), we have (4.2) and
(4.3). If K € LY(R™) \ L®(R"), then

K
/ <1>< (x)> de = 400 forall 7> 0,\ > 0.
B(0,r) A

Since P, * K — K a.e. as y — 0, we have (4.4). By the inequality

1
(I)(Py*K(m)> de < 1 @(Py*K(x)> d.
|B(0,tr)| JB(o,tr) A |B(0,7)] JB(o,r) A

we have the first inequality in (4.5). If ® € Ay, then, for A = || P, * K||s, B(0,r),

1 (I)<Py>x<li(x)> de > 1 (I)(Py*K(x)) s
|B(0,t7)] Jp(0,er) A/t |B(0,7)| JB(0.r) A

1 P, x K(z)
L[ <7) de =1
|B(07T)| B(0,r) A

Hence ||Py * K||o,p(0,tr) > A/t", this is the second inequality in (4.5). O

We assume that ® € Vo and K ¢ L®. Then & € Ay. We apply Lemma 4.2 to ®. Then
(4.3) and (4.4) imply

(4.6) k(r,y1) > k(r,y2) for y1 <y2 and k(r,y) — +ocas y — 0.

Let £(\,y) fB (Py* K(x)/A\)dz. Then £(\,y) is continuous with respect to A and y,
strictry decreasing Wlth respect to A, £(\,y) — +oo as A — 0, and, ¢(\,y) — 0 as A — +o0.
Hence || P, * K||3 B(0,r 18 continuous with respect to y, and so is k(r, y). By (4.5) and (4.2)

we have that k(r,y) is continuous with respect to r and
(4.7 k(r1,y) < k(re,y) for mp <7y and k(r,y) — 0asr — 0.
Let m = P, x K(z) for |z| = 1. For all A > 0, there exists A’ > 0 such that

~/m
X<1>( ) <<I><Xt) for all £ > 0.
Then, for B = B(0,r),

m () ez L, ()

o(|B
> % |(|B||) >1 forlarge r > 0.
Hence
(4.8) k(r,y) = || |B|(Py *K)H(I)B—>—|—oo as r — +oo.

These properties (4.6), (4.7), (4.8) and the continuity of k(r,y) yield (3.2).
Next we show (3.3). We note that

( ) _ k(75(y), ) _ B
oy 1Py« Kllg poryiyy o8 1P+ K3 5070
and we show
(4.9) y"|| Py * KH&B(Om(y)) <ec <+oo forally >0,
(4.10) Y'I1Py * Kllg po,ryyy — 0 as y—0.
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By (4.2) we have (4.9). For all € > 0, let
K=G.+H., G.elL>, ”GEHl <1, ||H6||1 <e&.
For C. = ||G<|lso/® (1), using Lemma 4.1, we have

/ ® (M> dx < sup / d (M> dx < |B(0,7)|.
B(0,r) Ce 2eR" J B(zr) C.

|1 P, * GE||5’B(O’T,) <C. forallr>0.
By (4.1) and (4.2) we have

Then

ecp
P, H.||~ < ——— forallr>0.
|| Y E||<I>,B(O,r) <I>—1(1)y"
Hence, for y" < e/C. and r = 73(y),
ECp Cn
Yy * Kl§ porywn < =5, +Cy" <€ = +1).
1Py th,B(O, 5() d-1(1) € d-1(1)

Therefore we have (3.3).

5. PROOFS OF THEOREM 3.1-3.5

Let

B>z
where the supremum is taken over all balls B containing x. The next two lemmas are [10,
Lemma 5.2] and [4, Lemma 2.2].

Lemma 5.1. There exists C > 0 such that, for all F € L*(R™) and for all t > 0,

|F' ()]

{z e R": Mg F(x) > t}| < C/]Rn P <t> dx.

Mf(af:):supﬁ /B F@Nds and Mo f(@) = sup oz

Lemma 5.2. If F € L', and g > 0 is radial and decreasing, then

/n |F'(2)|g(z) dx < (MF)(O)/ g(x)dx.

n

We have the following:

Theorem 5.3. Let ® and ® be a complementary pair of N-functions. Then there exists a
constant C' > 0 such that

(K « F)(@)| < € ((MaF)(@o)la = 20" I K115, (o, ooy + (MF)@o)lIK 1)

whenever F € L®, K is a nonnegative, radial and decreasing function on R™, zo € R,
rz € R".

Proof. Take xg = 0, without loss of generality. Fix x. Then

(K x F)(x)| < - K(x —2)|F(2)|dz =11 + I,

where I; and I, are integrals over B = B(0,2|z|) and B respectively. Hélder’s inequality
shows that

I, = /BK(;U —2)|F(2)|dz < 2|B|||K(z — ')||E>,B||F||<I>,B
< 2|B||K (z = )||5, 5 (Ma F)(0).
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Since B(0, |z|) C B(z,2|z|) and K is radial and decreasing,

|B(0712|9C\)| /]3(0,2|z|) @ (K(z)\ $)> @
1 ~ (K(z
= B2l /B@,mq’( \ )> e
1 ~ (K(z
= 1B, 7)) /B@,mq’( \ )) e

1K (2 — ‘)”573(0,2@” < HK||<I>,B(07|$|)~

Hence

and
L < 2 0 oKl o,y (Mo F)(0):

If z € BY, then |z — 2| > |2|/2, hence K (z — z) < K(2/2), so that

b :/ K(z — 2)|F(2)| dz g/ K(2/2)|F(2)|d=
B¢ B¢
< MFEO)[IK(-/2)[x = 2"MF(0)[| K],
by Lemma 5.2. These two estimates prove the theorem. O

Since Py and K are nonnegative, radial and decreasing, so is P, x K. Hence Theorem
5.3 holds with P, * K in place of K.

By Holder’s inequality, M F < CMgF. By Fubini’s theorem, ||P, * K||1 = ||P||1[| K| =
|IEK||1. Hence Theorem 5.3 implies the following:

Theorem 5.4. Let ® and ® be a complementary pair of N-functions. If F € L®, and u is
defined in RT‘l by

u(z,y) = (P K x F)(x),
then
u(z, y)| < C(MaF)(xo) (1K1 + k(|2 — ol,y)) ,
where k(r,y) = |B(0,7)||| P, * KH%,B(O;) and zo € R™.
Proof of Theorem 3.1. If w = P[f] and f = K % F, Theorem 5.4 shows that
(5.1) u(z, y)| < C(MeF)(x0) (B8 + [|K]1)
in Q}}},ﬁ(xo). Thus
MQ% 51 f(z0) < C(B+ ||K|1)MaF (o) for all zy € R™.
Combining Lemma 5.1, we have Theorem 3.1. U

Proof of Theorem 3.2. Let

E=FE(B,¢) = {:co eR™: lim sup lu(z,y) — fzo)| > e} .
(2,9)€QE 5.(z,y)—(20,0)

We shall prove that |E|=0 for all § and for all e. For each j € N, there exists G; € Coomp(R™)
such that

I1F' = Gjlle <1/
Let g; = K %« G, and v;(x,y) = P, * g;(x). Then

If = gille <IK[LIF = Gjlle =0 as j— +o0.
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We can use (2.5) for 3C(8 + 1)(F — G;)/e and 3(f — g;)/e, where C is the constant in
Theorem 3.1. Let

E ;= {xo ceR": lim sup lu(z,y) —vj(z,y)| > 6/3} ,
(z,9)€Q% 4.(x,y)—(20,0)

Ey ;= {IEO eER": lim sup lvj(z,y) — g;(z0)| > 6/3} ,
(m7y)€Q§,ga(x’y)‘>(z0¢O)
B3 j = {zo € R" : |gj(w0) — f(z0)| > €/3}.
Then £ C By ; UE; UE;s; for j =1,2,---. By Theorem 3.1 we have

CB+|F(x) - Gj(=)| ;
|E1’j|</Rn(I)< 3 )dx—>0 as j — +oo.

Since v; is continuous on the closure of Riﬂ,

lim sup |vj(z,y) — g;(x0)| = 0.
(@) €Q% ., (2,5)— (20,0)

Hence we have |Es j| = 0. And we have

|, =/Es)j da < ﬁ/n@ <7gj(x)€;3f(x)|) dr —0 as j—+oo. O

Proof of Proposition 3.4. Let B = B(0,75(y)). Since |P,*K| 3 5 equals the norm of P, K
in the Orlicz space L‘E(B, dxz/|Bl), using (2.3), we have

1Py * Kl[g 5 = 1Py * KHL‘T’(B,dzAB\)
<swf| [ (7 K@ F@) ao/81]: [ ar@)as/B< 1],
Then there exists F' € L?(R") such that F(x) >0, F(z) =0 for x ¢ B,
/B‘P(\F(I)\)dﬂf/lBl <1 and |[|Py* Kl 5 < 2/B(Py * K)(z)F(x) dz/|B|.
Let u = P[f], f = K« F. Then

u(O,y)=Py*K>«<F(0):/(Py*K)(O—x)F(x)d;v:/B(Py*K)(x)F(x)d;v.

Hence
u(0,y) = |B|[Py * Kllg 5/2 = k(75(y), y) /2 = B/2.
If x € B(0,w(y)), then (0,y) € Q(x), so that u(0,y) < M[Q]f(x). Hence
B(0,w(y)) < {M[Q]f (x) = u(0,y)} C {M[Q]f(x) > 5/4}.
We have, for § > 4c,,

652 ot < [Elf) > 5/ < [0 (400 as

< /@(F(m)) dv < |B| < o7s(y)",

by (3.6). Then we have, for 8 > 4c,, w(y) < 73(y). O
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In (5.2), if ® € Ay, then, for all 8 > 0,

653 o) < [l > 5/ < [0 (45 as

< o [ ®(F(@))do < CoglB| < Co poamlu)"
where C., g depends on ®, ¢, and S.

Proof of Theorem 8.5. Fix By > 0 and let R = 73,. Since 73(y) is increasing with respect
to 3, and ||P, * K| 3 B(0,r) 18 decreasing with respect to r, we have

[Py K||$,B(O7Tﬁ(y)) < [Py = KH(%,B(OJ%@)) for  [o <.

Hence

> 5
~ Bo

( 75(y) )" _ B/I|IPy * K| 3,B8(0,75(y))

780 (u) ) Bo/IPy* Kl§ p0,m, v
(0,734 (4))

For 8 > b" 3y, we have

1/n
b1, (y) < b (%) 78(y) < 75(y).

Let ® € Ao NVs. By Theorem 3.1
C 1)|F
[{z e R™: i)ﬁ[Q?}B]f(x) > t}] < / o (M) dx.

In Proof of Proposition 3.4 and (5.3), using 73, C(8 + 1) and §y instead of w, ¢, and g,
respectively, we have

78(y) < Cp.6, T80 (¥),
where C g, > 0 depends on ®, 3, Bo. O

6. PROOFS OF PROPOSITION 3.6 AND THEOREMS 3.7-3.9

To prove Proposition 3.6, we state a proposition and two lemmas.

Proposition 6.1. Assume that ® € Vs, that K and H are kernels, not in L‘i’, and that
there are constants a, b, € > 0 such that

K
(6.1) O<a§%§b<+oo if 0<|z|<e.
Then there are constants a’, b, such that
12y * K5 po,
(6.2) O<a <o BBOD o4
1Py H”&S,B(o,r)

forO<r<4oo and 0 <y < 1.

Proof. Let K =K'+ K", H= H' + H”, where K’ and H' are the restrictions of K and H
to {|z| < €}. Then K" € L* N L'. Hence

1 ~ (P, x K" (z)
P, « K"|z = inf )\>O:7/ @(y)dxgl
” Y ||<I>,B(0,r) { |B(0,T)| B0 by

1 ~ (K" K"
< inf )\>O:—Sup/ <I>( (I))dxgl §||~ ||°O<—|—oo
|B(O,T)| 2ER™ B(z,r) )\ @,1(1>
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The same is true for || Py * H”H&,’B(Om). Since || P, * K||<T>,B(o,r) and || Py * HH@B(O’T) tend to
+oo when y — 0 (see (4.4) in Lemma 4.2), it follows that the upper and lower limits of the
ratio in (6.2) are unchanged if K and H are replaced by K’ and H'. Since aH' < K' < bH'
and ® € Ay, (6.2) holds. O

Lemma 6.2. (i) If p(r) is almost increasing for small v > 0, then

™
/ p(t)dt ~rp(r) for small r > 0.
0

(ii) If p(r) is almost increasing and p(r)/r? is almost decreasing for small v > 0 with

0 < B <mn, then
1
t T
/T ;(+)1 dt ~ % for small r > 0.

(iii) If p(r)/re is almost increasing for small v > 0 with 0 < o < n, then

plr) = /07“ @ dt ~ p(r) for small r > 0.

(iv) If p(r)/r? is almost decreasing for small r > 0 with 3 > 0, then p(r)/r? is also almost
decreasing for small r > 0.

Proof. (i) We note that p(r)/r™ is decreasing.

1 _ ) [ '
n—Hrp(r) = —/o t" dt S/o p(t)dt < Crp(r).

,rn
(ii) If 0 < r < 1/2, then

1 p(r) ! 0] p(r) / P C  p(r)
< L odt< PV g < o) < AT
2n rmvo T p(r)/T g+l di < C/T gntl #=C rf ), tn—A+1 di < n—p rm

(iii) Using the decreasingness of p(r)/r™, we have

Loy =20 /Ortnldtg/;@dtgc@/; L dt<§p(r).

n rn ro tmotl T —

(iv) For r < s, let t = (r/s)u. Then

[ [ () [ 2 o

Lemma 6.3. Suppose p is almost increasing and p(r)/r? is almost decreasing for small
r>0with0< B <n. If® eV, then

(6.3) 1Py * Kl g0, ~ inf {)\ >0:r7" /yrff’ (% + ;’fﬂ) t"ldt < 1},
for0<y<r/2.
Proof. Let
Hw) = [ A0 pa
Using

2
0<t<|z]),
wp i (P O<esia)
£ (el <o),
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we have
1 i ()
H,(z) ~ |:U|T+1/O p(t) dt+/|z| tant for |z| <1/2.
By Lemma 6.2, we have
K,(x) ~ Hy(x) for |z|<1/2.
By P, * P, = P, we have
1
t
(Hy« P)w) = [ A0
For |z| +y < 1/2, let
lz|+y t 1 t
Il = / th_ky(l’) dt, IQ = / &Pt+y(l’) dt.
0
Then

12:/1 p(t) cn(t +9) dt.w/l p(t) 4 P2l +y)

oty b (24 (E+y)2) 2 a4y T (I +y)™
If |z| <y, then

|z|+y t t 1 5
o [T LR el + ) ~ 2,
0 t (lzl+t+y)m y" y"

If || > y, then

lzl+y (¢ ¢ 1 l2l+y (¢t
[1N/ & Ty dt ~ / &(t—i-y)dt
0 t(jzf+t+y)m+t [+ o t

203

_ 1 _ p(lz]) | yp(|=|)
= |x‘n+1((lx|+y)p(|x|+y)+yp(laf|+y)) PR + P
Hence
A(y)
" (lz[ <), .
P, o« H ~ _ <1/2.
e V) B R
ol " et W=D
Therefore

[ (R 4o (20
A Aym
B(0,y) Y
2y _ /5 2y =
~/ @(@>t”1dt~/ @(yp(t))tnldt,
, e ROV

/ d (—Py i Hp(x)) da ~ / ® (&H) + _y;;(i)l) "Lt
B(0,7)\B(0,y) A Y At At
This shows (6.3).

and

Proof of Proposition 3.6. Let 7 = 7. From
k(r(y),y) = [B(O, 7(y))[[| Py * K|

$,B(0,7(y) — b

it follows that
1 1

P, x K,||z = .
1P Bolla.ox0 = 130, 7)1 ~ )"
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By Lemma 6.3, we have

7(y) 5
. (o= z(P) | yp(t)\ s
HPy*KpHZI;7B(0,T(y)) ~1nf{)\>0.7(y) /y Q)(W—’_ PV t dt <15.

By (2.4) we have (3.7).
If ® € V5, then

+oo 1
/ P (—) s"lds < 40
1 s"
Hence

) /Tl G (T(y)"p(t) N yT(y)”p(t)> 1 gy

tn tn+1

1 n 1/7(y) ~
< Cr(y)*"/ ) (@) t"ldt < C/ ) <1n> s"lds < C.
() t 1 s

Therefore we have (3.8).
If y < ¢, then

000 | v T 60

From the almost increasingness of ®(r)/r? and the almost decreasingness of p(r)/r?, it
follows that

® (TQ“’)””“) + yT(y)np“)) < Cé (M) <0 (r(y)"p(t>>p' § (rrrw)

(T<y)";§<y> )”'

tn thrl tn
Y

. ' (1w
co(rwrY (G DU
- y? (T(y)"ﬁ(y))p =
yTI,
Hence
T(y) ~ T n n =
-n y)"p(t) | yr(y)"p(t)\
7(y) /y é((tn(>+ ot
r & (T p(y) N o
< CT(y)_" (T(y)"[)(y)>p (I’( y" ), y_p/(n/p_g) _ C( Yy ) P (T(y) p(y)) .
- v’ (T(y)”ﬁ(y))p () o
o

On the other hand
7(y) - n n=
T(y)_n/ % (T(y) p(t) +y7(y) p(t)>tn_1dt
Yy

tn tn+1

>7(y)™" /2y ) <7y7<ﬁrf(t)> "l dt
()" /;yg) (T(y)y"np(y)> Sl dt = C (ﬁ)% (T(y)y"np(y)> O

Proof of Theorem 3.7. We show that R is equivalent to 7 in Proposition 3.6. Then we have
the conclusion by Theorem 3.5.
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In the case (i), using p ~ p, we have
TW)"pt) | yT)"p(t)  7(y)"p(t)

m prs i for y <t
By ®(r) ~ r?', we have
-ng T(y)"p(t) yT(y)nﬁ(t) n np'/p & v
T(y) " ( ) W) B

Using (3.8) in Proposition 3.6, we have that 7 is equivalent to R in (3.10).
In the case (ii), it follows from (3.9) in Proposition 3.6. O

Proof of Theorem 3.8. We have that ®(r) ~ rplﬁ(r)_f//p. Actually, ®(r) = rP{(r) implies
O 1(r) ~ rYPe(r)=YP. From (2.1) it follows that ®=1(r) ~ rL/P¢(+)1/?. This implies

B(r) ~ P 0(r)P /P,
In the case (i), using p ~ p, we have

TW)"e®) | yr@)"pt)  7(y)"p(t)

mo T m for y<t,
an; (T(yzp(t) N yT(tzi)r{o(t)> 3 (T(y)t: p(t))
N (T(y)t’;p(t))p E(T(y)t:p(t))_p//p I
N By = rtyy [ (LAY (FOH0) T ey

Then, by (3.7) in Proposition 3.6, we have C~! < E(y) < C. Choose § > 0 and v > 1 so
that

P’ 1-4p
1< m <v< T,
and let
1 n P’ n —p'/p
Bl(y) :T(y)—n/ <T(y) p(t)> E (T(y) p(t)) tn—l dt,
v tn tn
T(y)
1 n p’ —p'/p
Bg(y) :T(y)in‘/ <T(y) p(t)> Y <1) tnfl dt.
v tm t
T(y)
If we show that
(6.4) y<7(y)” <7(y) <1 forsmall y >0,
n 1
(6.5) (MDY e (3) mrusese)
(66) Bl (y)a B2(y) —0 as Yy — 07

then we have

E(y) ~7(y)™" /yl (W)p/ ¢ (%) o =l dt

oot C 1\ PP
=71(y)"" /p/ m(t)P ¢ (;) t~tdt for small y > 0,
y
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r(y) ~ Rly) = ( / Lty (;) T dt>

In the following we show (6.4)—(6.6). From the almost increasingness of 77 £(r)~?'/P and

(W)"plt) _ C
tn = n’

and then
—p/(np")

it follows that

o) o (Fege) T - () (R (reet) T

t'IL tn t'IL tn
n —dp’ op’ -r'/p
o (T (1N (1
tn tm t
, , . 71\ PP
= CO7(y) =0 t=mP [Py () =OP'y <t) fort <1, 7(y) < 1.
Hence, using the almost increasingness of t‘;"p//pm(t)p/_ép/ﬁ (%)_p /p7 we have

By) = 7o) [ " e (M) g

) ) (y) , , , 1 717//17
cnpon i [ s r(2) v
Y

7(y)
< CT(y)np'/pfénp’ / $20mp" /pp—1 g4 < CT(y)np’/pfénp’y%énp'/p'
y

From C~1 < E(y) it follows that
y < O7(y) 1=/ < 7(y)  for small y > 0.
Then we have (6.4). For y <t < 7(y)” < 1, we have

O Tw"e®) t"/Vp(t) _ m(t) 1 c

tm = tn tn t6 ¢n—n/p—d-n/v = tn/p'—=é-n/v’

We note that n/p’ — 3 —n/v > 0. Hence we have (6.5). By (6.7) we have

Ba(y) = )" [ ey (F) e

T(y)”

1

, , 1 , , , *Pl/p
< Cr(y)rr/rmom / O _w<¥) e

T(y)¥

1
< CT(y)np’/p—énp’ / $=20mp" /pp=1 1y
T(y)”

< CT(y)np’/pfénp’T(y)72V5np’/p

= Cr(y)?'/PA=p=200) _, o a5y — 0.
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Using the almost increasingness of 577 /Pm,(£)?'¢ (1) P /p

By(y) = (y)""'/? /1 m(t)? ¢ (%)ﬂwp t~tdt

T(y)”

, we have

’ 1 ’ ’ ’ 1 _pl/p
=T7(y)"P /p/ = OmP RO [y (1P <Z> t—Lat
T(y)”

1
< CT(y)"P’/P/ t=om' /pg=1 gy
T(y)¥

< Cr(y)" /e (y) o
_ CT(y>(np//p)(1—V5) —0 asy—0.

In the cases (i) and (iii), let W(r) = ®(r)/r ~ r? ~2(r)"P/P. Then W=1(r) ~
/@' =D ¢(r). Using (3.9) in Proposition 3.6, we have

W (T(y)”p(y)> o1

y" ply)’
and then
"D 1 1 1
(y)"p(y) NW—l(_ )N S g(_ )
y" py))  py) =D\ p(y)
Hence
UL/ p(y) "
T(y) ~y ————.
W~
We note that p(y) ~ y*m(y) in the case (ii) and that p(y) ~ m(y) in the case (iii). Therefore
we have that 7 is equivalent to R in (3.13) or in (3.14). O

Proof of Theorem 3.9. Let

(6.8) wly,t) = T(y)t’;p(t) N yT(tyn):lﬁ(t)

Then w(y,t) < w(y,y) for t > y. By the increasingness of EIV)(T')/T, we have

) ) w
o [ w7 D g,

w(y,y)
®(w(y, y)) /T(y) ( yp(t) ) o 2wy, )
= — TY))-
w(y,y) Jy t2 w(y,y) Ty W)
By Proposition 3.6 (i), we have
S(w(y,y)) -1
6.9 ———p(T >C .
(6.9) Wiy PTW) 2
From p(7(y)) — 0 as y — 0, it follows that w(y,y) — +oo as y — 0. Therefore we have
R(y) = y/p(y)"/™ < 7(y) for small y > 0. O

Proof of Example 3.3. Let

(r) = logr for large r > 0,
| 1/log(1/r) for small r > 0.
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en ®(r) ~ rl(r). Let w(y,t) be as in (6.8). For small y > 0, w(y,y) is large. Then

L(w(y,y)) = logw(y,y). By (6.9), we have

Th

By

(1
2]
(3]

(4]

c71<ﬁv@»aw@w»<ﬁv@»mg(ﬂ%%@ﬂ)

is shows that . 1
C'p(r(y)) "t < —nlog —— + nlog — + log p(y).
((»)) oy mles |+ log ()
p(y) ~ (log(1/y))~! for small y > 0, we have
1 log(1/y)) "™ 1
Jlos) ™t 1
7(y) yl=e R(y) n+C
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