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ABSTRACT. Let X be an infinite-dimensional Banach space, and let Bx and Sx be its
closed unit ball and unit sphere, respectively. A continuous mapping R : Bx — Sx is
said to be a retraction provided that x = Rz for all xeSx. It is well known that when
X is finite-dimensional there is no retraction from Bx onto Sx. We prove that in some
Banach spaces of continuous functions for every € > 0 there exists a retraction of the
closed unit ball onto the unit sphere being a (1 + €)-set contraction.

1. INTRODUCTION

The Scottish Book [8] contains the following question (Problem 36) raised around 1935
by S. Ulam : ” There exists a retraction of the closed unit ball of a Hilbert space onto the
unit sphere ? 7 S. Kakutani [6] gave a positive answer to this question.V. Klee [7] proved
that answer to Ulam’s question is ” yes ” in the more general setting of infinite-dimensional
Banach spaces. B. Nowak [9] using a complicated construction that was subsequentely
somewhat simplified by Y. Benyamini and Y. Sternfeld [3] showed that, for any infinite-
dimensional Banach space X, there is a retraction R : Bx — Sx satisfying the Lipschitz
condition

(1) ||[Rz — Ry|| < k||lz —y||, for all z,yeBx.

Given an infinite-dimensional Banach space X, let ko (X) denote the infimum of the k’s
for which such retraction exists.

Then ko (X) > 3 (See [5]). Recall that, if A is a bounded subset of a Banach space X,
the Hausdorff measure of noncompactness of A is defined by

X (A) :=inf {r > 0: A can be covered by a finite number of balls centered in X} .

A continuous mapping T : D(T) € X — X is said to be a k-set contraction if there
exists a constant k > 0 such that

(2)x(T'(A)) <kx(A), for all bounded sets A C D(T).

Let R™ be the n-dimensional Euclidean space with the maximum norm |-|  .Throughout
this paper we shall use the following notations. E := (E, ||-||) will denote a finite-dimensional
real normed space and K a compact convex subset of E with nonempty interior ( Without
loss of generality, we can assume that K contains the origin as an interior point ). C (K, R™)
the space of continuous functions on K with values in R™ equipped with the sup norm ||-|| .
Let X be an infinite-dimensional Banach space. By k; (X) denote the infimum of the set of
all numbers k for which there is a retraction R : Bx — Sx satisfying the above condition
(2) . In this context J. Wosko [10] proved that k; (C[0,1]) = 1 and that for any infinite-
dimensional Banach space X there is no a 1-set retraction R : Bx — Sx being lipschitzian

2000 Mathematics Subject Classification. 46E15, 47TH09.
Key words and phrases. retraction, k-set contraction, Hausdorff measure of noncompactness.



180 GIULIO TROMBETTA

with some constant k. Moreover, he posed the problem to estimate k; (X) for particular
classical Banach spaces and to establish for which spaces is k1 (X) < ko (X) . In this note we
extend from C'[0,1] to C (K, R™) the Wosko’s result, i.e. we prove that k1 ( C (K,R™)) = 1.

2. PRELIMINARIES

Let Y be a real normed space. We write By, to denote the closed ball of Y centered at
the origin with radius r. For a set A C Y, A it is closure, intA its interior, A its boundary
and diamA its diameter. Further we set Sy, := 0 By, .

Consider the mapping ¢ : K\ {0} — 0K defined by ¢(t) = w;,where w; is the unique
element of {A\t: A € [0,+00[} NIK. Let a be a positive real number such that Bg o C K.
In this section we prove that ¢ satisfies the Lipschitz condition :

(2.1) ||lwy —ws|| < Lt —s|, for all s,teK\intBg q.

Assume that R” is the n-dimensional Euclidean space provided with the usual inner
product (u,v) = >, uv; where u = (uq,...,u,) and v = (v1,...,0,). |.|,, denotes the
Euclidean norm on R™ | 0 (u,v) the angle between two non zero vectors v and v of R™ such
that 0 < 0 (u,v) < 7 and u, the orthogonal projection of u onto (v) := {Av: A € R}. Let
K be a compact convex set in R™ containing the origin as an interior point and let o be a
positive real number such that Bgn o C K. In order to prove (2.1) it is sufficient to show
that it is true for ¢ : K\intBgn o, — OK.

Lemma 1. Let K be a compact conver set in R™ containing the origin as an interior point.
Set 8 := min{|ul, : u € 0K} and d := diamK. Then inf{cos (0 (v — u,u, — u)) : u # v,
lul,, < |v|,,|lu—"1|, < % and u,v € 0K }> %

Proof. Let u,v € 0K with v # v,[ul, < |v|, and |[u—0v|, < % We will prove that
sen(&( v,u—v)) = sen (3 —0(v—uu, —u)) > 4 5 . Therefore cos (0 (v — u,u, —u)) >

. Let r be the straight line through u and v. Then r ﬂ int By, 8= = (). Suppose rN S 8=

{s t}. We have two possible cases. The segment [u, v] contalns{s t} Then < |u| <
lu—sl|, +|s|, < |u—v|,+]s|, <8, acontradiction! The segment [u,v] 2 {s,t}. Let 7 be
the plane contalmng 0,u and v ; r1 the straight line through v tangent to BRn, s N7 in p,
which lies in the half-plane determinted by the straight line through 0 and v that contains
s and t ; ro the straight line through 0 and u (see figure below). Then the segment [p,v] N
ro = w € K. Hence u ¢ 0K, again a contradiction! Therefore cos (0 (v — u, u, —u)) =

sen (5 —0 (v u,uv—u))zsen(ﬂ(—v,p—v))—%zz_ﬁd'I

L
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Proposition 2. Let K be a compact convex set in R™ containing the origin as an interior
point and o be a positive real number such that Brn o C K. Set ¢ := max {|u|, : u € 0K}.
Then the map ¢ is uniformly continuous on K\intBgn 4.

Proof. Since K\intBgn  is compact, it is sufficient to show that ¢ is continuous on K \intBgn 4.

Our proof will be by way of contradiction. So suppose that there exists a sequence (¢,) of
elements of K\intBgrn o such that ¢, — ¢t (n — +00) and wy,, - w; (n — +00). By the com-

pactness of K we can find a subsequence (wtnk) of (wy, ) convergent to w € 0K\ {w;}. For
all k € N, since t,, € [(a/ wtnk‘ /a} C [1,¢/a]

such that wy, = An, tn,- Let (A, ) be a subsequence of (A, ) convergent to A € [1,¢/a] .
Then, since wt, —— w (s = +00), Ap, . — A (s = +00) and t,, —t (s — +00) , we
have that w = At. Therefore w = wy, a contradiction! |

wy,,, n) wtnk,wtnk} , there is A, € {1,

Proposition 3. Let K be a compact convex set in R™ containing the origin as an interior
point and o be a positive real number such that Brn o C K. Set § :=min{|u|,, : u € 0K} and
d := diamK. Then there exists L such that |wy — ws|,, < L[t —s|,, foralls,teK\intBgrn q.

Proof. By the Proposition 2 there exists a 6 > 0 such that [t —s|, < § = |w —w,|, <
g for all s,teK\intBgn o. Moreover [t —s|, > 6 = |w, —w,|, < 4|t—s|, , for all
s,teK\intBrn . Now, suppose s,teK\intBgn o, [t —s|, < 0, s # t(= w; # w,) and

|ws|,, < |we|, . By Lemma 1 it follows that cosf := cos (0 (wt — Ws, W, ) — ws)) > 2%.

On the other hand it is easy to see that |ws, , —ws| < 4|t — s, . Therefore |w; — w,|, =

W —wg
(o ], <L jt—s < % |t — s, . Set L::max{%, %} . It follows that |w; — w|

cos 0 — acosf |

L|t—s|,, forall s,teK\intBgn o. I

n
n?

Corollary 4. Let K C E and let a be a positive real number such that Bg o, C K. Then
there exists L such that ||wy — ws|| < Lt —s||, for all s,teK\intBg,q
We need the following proposition.

IN
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Proposition 5. Let K C E and o € |0,1[. Set f := min{|ju| : v € 0K} and d :=
diamK.Then there is a constant L such that Va € [ap,1[,Ve € }0, %’B[N s € aK and
vt € K\aK

Jo-sl <o Jats - u < (224 2+ 25 )
Qo

Proof. Fix a € [ag,1[,e € }0, O‘OB{ s € aK and t € K\aK with ||t —s|| < e. Then

IIs|l > a—gﬁ Infact, if ||s]] < 0‘35, we have that a8 < ||t < |lt—s|| + ||s]] < e+ o“’ﬁ <

apf, a contradiction! Therefore, by the Corollary 4, there exists a constant L such that
[lwe —ws|| < Lt —s| foralls teK\o“)ﬁK

Suppose |Jws|]| < |lwe||. We prove that st —a” SH . Hence Hwt —a” SH <
we — ws|+|lws —a™ts| < (L + a_o) e. Clearly s€ [0, cws] . Moreover, if ||s]] < (a - m) [lwsll,
we have that « ||we|| < [|¢]] < ||t — s|| + ||s]] < a|lws]] < a||we]|, a contradiction! Therefore

ws —a sl < a7l laws —s|| < L ||(a — = ) ws — aw,|| < =.
s s o lwsll ) =2 s @0
Now assume ||w;|| < ||ws|| and denote by w’, the element of [0, w;] such that ||w’|| = ||ws]| .

Define the mapping T : E — BE,ﬂ)zﬁ by T(s) = 0‘2 Toy i s € E\BE _L,T(s) = s if

s€ BE,%L;;. T satisfies (see for instance [4, p. 88]) the Lipschitz condition: ||T( )=T(s)]| <

2|t —s|| foralls,t € E. Therefore, since s,t ¢ B, aqs, We have that agﬁ L | lwy —wl]| =
E,=

Hw \
IT(we) = T(ws)|| = [|T(t) = T(s)| < 2|t —s||. Hence [w, —wi| < o5 [lwell It — s]|
%5. If [[w]| < |la=ts||, then ||w; — a7 ts|| < [lwe — ws| + [|ws — a7ts|| < [lwr — ws|
lwh — ws|| < 2 ||we — ws ||+ |Jwe — wh|| < (2L+%)E.If Ha‘lsH < |lwl]l, then Ha‘ls — th
la=ts — wl|| + [Jwe — wi -
£

Now we prove that ||a™ts —wl|| < £ Therefore la=ts —w|| < (a%) + %)5. We

IN T+ IA

show that s € [(a e, aw} Infact |la~Ls| < wl| = [s]| < [aw)] = s €

[0, awg]. Suppose |[s|| < (a — p)wy = allwy] — e Then afwl| < [t < [|t -] +
H H < osz’H = a||wt||, a contradiction! Hence ||a™'s —w}|| = a7 s —aw}| <
vl
||w’ || = a0’

3. MAIN RESULTS

Set C' := C (K,R™) . We start to define a mapping @ : Bc — B¢ by
) if tek, i Ll
wy) if te K\Kf

By the continuity of f and by the Proposition 2 it is very simple to prove that Qf is
continuous on K. Moreover we have that || f|| = ||Qf]| = max {[(Qf)(t)|,, : t € Ky} for
all f € Bo and Qf = f for all f € Sc.

Proposition 6. The mapping Q is continuous.

— f(ﬁ
Q) { + H

Proof. Let (f,) be a sequence in B¢ such that f, ‘i> f (n— +00).Fixe. Then dn; € N:

Vn > ny ||fa = flloo <5 (1). Since f is umformly continuous on K, we have that 36 > 0:
Vs,t € K ||t —s|| <d=|f(t) — f(8)| < £ (2). Choose n2 € N: Vn > ny

oo = 2

2 2 1)
3),
e Tl = ®
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where ¢ := max lt]] . Now we show that V n > 7 := max {n1,na} and Vt € K we have that
€

(Qfn)(t) — (QF) (1) < €&, so that [|Qfn — Qf| < e Lett e KyNKy, and n > 7. By
(1), (2) and (3) it follows that

) 2
(@50 ~ @0 = | =)~ ST
2 2 2 2
o e A A v i A ey v A e
Let t € KyAKy, (where A denotes the symmetric difference) and n > 7. Then

(@F)0) = @O O = |ful g0 ~ )| ()

fa(

t)‘ <e.
o0

o0

or @50 = @0 = |fulu) ~ S 70| 6)

If (4) holds. We have, by (1), (2) and (3), that

2 2 2
Mgt = 1)< e = Mt
2
a e R

If (5) is true. Analogously we obtain
and n > 7. By (1) it follows

[(QFn)(#) = (QF)(B)]oo = [fn(wi) = flwi)]o <

Fulwy) — f(mt))m <e. Lette K\(K;UKy,)

N ™

Let us recall [2] that there is an explicite formula for the Hausdorff measure of noncom-

pactness in C. For any bounded set A C C we have
1

1 1
(x)  x(4) = gwo(4) = 5 lim w(4,e) = 551351@23 w(f,€),

where w(f,e) = sup { |f(t) ~ f(s)l : 5.t € K, [}t — ]| < &}

Proposition 7. The mapping Q is a 1-set contraction.

Proof. By Proposition 5 and Corollary 4 we can find a constant M such that Ve € [0, % }
( where 8 := min{||u|| : v € 0K}), Vf € B¢ and Vs,t € K we have |t—s| < ¢ =

Q) () — (QF) ()| < Me. Therefore for any € € [0, 28] and any f € B¢
w(Qf,e) =sup {[(QF) () — (Qf)(5)] : st € K, [t —s]| <e} <
<sup{ [f(t) = f(s)ls : 5,1 € K [t — sf| < Me} < w(f, Me).

In view of (x) this implies wo(QA) < wo(A) for any A C Be. Therefore x(QA) < x(A4),
i.e. @ is a 1-set contraction. i
For any u € ]0, 00| define the mapping P, : f € Bc — P, f € C putting
U t .
(Pui(®) = max {0, 3~ g~ 0} = 1)

[

Remark 8. For all f € Be and for allt € Ky we have that (P,f):(t) =0 fori=1,...,n.
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Proposition 9. For any u € |0,4o00[ and any f € Be : (i) P,f is continuous, (ii) P, is
continuous, (i) P, is compact.

Proof. (i) follows by the continuity of f and by the Proposition 2.

(i) : Let (fn) be a sequence in B¢ such that f, g f (n — +00).Fixe.Then 3m € N :

n>7|fn — fll < 2e(1). NowweprovethatVn>nanth€ K | (Pufn)(t) = (Puf)(t)| o <
e. Hence || P, fr, — P fH

Let t € Ky N Ky, and n 2 ﬁ. Then | (Pyfn)(t) — (Puf)(t)|,, =0. Let t € K;AKy, and
n > n. Then

(PO = (PuDOL = § [ = Wl = )| @)
or | (PO = (Puf)(OL = § [270r = 11 = )| ®)
If (2) is true. We have, since |[t]] < M& llwell
2 [ = 15l >‘ T T T
If (3) holds. Analogously we obtain ||th —flle —D| <e

Let t € K\(K;y UKy, ) and n > 7. We have
| (Pufn)(t) = (Puf) (1) = % 1fn = fllo <

(4i) : Let u € ]0,4o00[. Since C' is a Banach space, it sufficient to show that P,(Bc¢)
is totally bounded. We start to observe that ||P,f|l . = 5(1 — ||f[l,,) for any f € Bc.
Therefore, by 0 < [|f||, < 1, it follows that ||P,f| ., € [0,%] for any f € Bc. Now we
prove that

NPuflls = 1Puglloc] < &= [[Puf — Pugllo <€ (4).

Let t € Ky N Ky. Then |(P,f)(t) — (Pug)(t)|,, = 0.
Lett € K\(KUK,). Then [(Puf)(t) = (Pug)()loc = 5 [[flloe = l9lloc| = M1Puflloc = 1Pugllol -
Let t € KfAKfn. Then

[(Puf)(t) = (Pug)()loo = [(Puf) )l (5) or [(Puf)(t) = (Pug)(t)loe = |(Pug)(t)|o (6).
If (5) holds. For all t € K, \Ky we have ||t]| < 1+HgH°° lwe]| - Therefore

(PO = § 2ol = U1l =1] < 5 11l = lole] = 1P Sl = [ Puglc

If (6) holds. Analogously we obtain |(Pug)(t)| < 1Pufllee — 1Pugll ) -

Hence the inequality (4) is true.

Let £ > 0. Fixed an e-net {aq,...,an} in [ , ;] , choose {f1,..., fm} C B¢ such that
|Pufill, = aj for j =1,...m.Then {P,f1,..., P.fm} is an e-net in P,(B¢). Infact for
any f € Bg there exists j € {1,...,m} such that [[|P.f|. — [|Pufill| < e By (4) it
follows that || P, f — P.fj||, <e. Hence P,(Bc¢) is totally bounded. i

Now consider the mapping T, : Bc — C
T.f =Qf + Puf.
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Clearly, the mapping T, is a 1-set contraction, and T}, f = f for any f € S¢. Moreover,
for any f € B¢, we have that

ITfl = 1QF+ Puflloc = max (@) + (Puf)(D] :t € K}
> max {max @O, max QDO+ (PO}

teK\Ky

Y
2
™

Y
2
B
— = — = =

s e QD)) + (Puf)w)lc |

1l max If(wt)+(Puf)(wt)loo}

teK\Ky
= maxq|[fll., terlrg\tifrﬁf fi(wt)‘Fg(l— IfIIOO)’}
> {1l s st + 50 1110}
u
> max{|flla, 501~ 171) = Il }-
The last term attains its minimum %7 for functions f with | f||,, = ;37 Therefore
ITufllo > 737 for all f € Be. Set
1
R.f=——T.f
1T f oo
For all f € B¢ we have
u-+4
R, f, = ———w(T.f, < —w(Tuf,e).
G(Ruf,2) = [ (Tt €) < (Tt 0
Hence for any set A C B¢
4
wo(RuA) < L2200 (A).
Therefore
u+4
X(R.A) < ——x(4).

Since lim,,_, o UTH =1, the following result holds.

Theorem 10. k(C) = 1.

REFERENCES

[1] R.R. Akhmerov, M.I. Kamenskil, A.S. Potapov, A.S. Rodkina and B.N. Sadovskil, Measures of non-
compactness and condensing operators, Birkhduser, Basel, Boston, Berlin, 1992.

[2] J.Banas and K. Goebel, Measures of noncompactness in Banach spaces, Lecture Notes in Pure and
Appl. Math., Marcel Dekker, 60, New York and Basel, 1980.

[3] Y. Benyamini and Y. Sternfeld, Spheres in infinite dimensional normed spaces are Lipschitz con-
tractible, Proc. Amer. Math. Soc., 88 (1983), 439-445.

[4] H. Brezis, Analyse Fonctionnelle Théorie et applications, Masson, Paris 1983.

[5] K. Goebel and W.A. Kirk, Topics in metric fized point theory,Cambridge University Press, Cambridge
1990.

[6] S. Kakutani, Topological properties of the unit sphere of a Hilbert space, Proc. Imp. Acad. Tokyo, 19
(1943), 269-271.

[7] V. Klee, Convex Bodies and periodic homeomorphisms in Hilbert spaces, Trans. Amer. Math. Soc., 74
(1953), 10-43.

[8] D. Mauldin, The Scottish Book, Birkhauser, Boston, 1981.



186 GIULIO TROMBETTA

[9] B. Nowak, On the lipschitzian retraction of the unit ball in infinite-dimensional Banach spaces onto
its boundary, Bull. Acad. Polon. Sci. Ser. Sci. Math., 27 (1979), 861-864.

[10] J. Wosko, An exzample related to the retraction problem, Ann. Univ. Mariae Curie-Sklodowska, 45
(1991), 127-130.

DIPARTIMENTO DI MATEMATICA, UNIVERSITA DELLA CALABRIA,
87036 ARCAVACATA DI RENDE, COSENZA, ITALY



