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Abstract. In this paper, we introduce the concept of K�maps of BCK-algebras and

discuss the characterizations of K�fold positive implicative BCK-algebras.

1. Introduction and Preliminaries By a BCK-algebra we mean an algebra (X; �; 0)

of type (2,0) satisfying the following conditions:

(I) (x � y) � (x � z) 6 z � y

(II) x � (x � y) 6 y

(III) x � x = 0

(IV) 0 � x = 0

(V) x � y = 0 and y � x = 0 imply x = y

where x 6 y is de�ned by x � y = 0

For any elements x and y of a BCK-algebra X;x � yk denotes

(� � � ((x � y) � y) � � � �) � y

in which y occurs K times.

A BCK-algebra X is called K�fold positive implicative if for any x; y and z in X; (x �

y) � zk = (x � zk) � (y � zk). It has been proved that a BCK-algebra X is K�fold positive

implicative if and only if x � yk+1 = x � yk for any x; y in X.

For any BCK-algebra X and element a in X, denote by �ka the K�map of X de�ned

by �ka(x) = x � ak for all x 2 X [5]. Let Mk(X) be the set of �nite products �ka1�
k
a2
� � � �kan

of K�maps of X, where a1; a2 � � � an 2 X. It's clear that Mk(X) is a commutative monoid

under the multiplication of K�maps. For any �k = �ka1�
k
a2
� � � �kan 2 Mk(X), the subset

Im�k = f�k(x)jx 2 Xg; ker�k = fx 2 X j �k(x) = 0g and S(�k) = fx 2 X j �k(x) = xg of

X are called respectively the K�Image, the K�kernel and the K�stabilizer of �k.

2. Main Results

Lemma 2.1 If X is a K�fold positive implicative BCK-algebra, then (x�yk)�yk = x�yk

for any x; y in X.

It's obvious.

Theorem 2.2 Let X be a BCK-algebra. Then the following conditions are equivalent:

(i) X is K�fold positive implicative

(ii) �2k = �k for any �k 2Mk(X)

(iii) ker�ka \ Im�
k
a = f0g for any a 2 X
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Proof. (i) implies (ii). Assume X is K�fold positive implicative, then by Lemma 2.1,

we have (x � yk) � yk = x � yk for any x; y in X. For any �k = �ka1�
k
a2
� � � �kan 2Mk(X), we

have

�2k(x) = �ka1 � � � �
k
an
(�ka1 � � � �

k
an
)(x)

= (�ka1)
2
� � � (�kan)

2(x)

= ((� � � ((x � akn) � a
k
n) � � � �) � a

k
1) � a

k
1

= (� � � (x � akn) � � � �) � a
k
1

= �ka1�
k
a2
� � � �ka�

k
an
(x)

= �k(x)

that is �2k = �k

(ii)implies (iii) Assume �2k = �k for any � 2 Mk(X). Then (�ka)
2 = �ka for any a 2 X.

If x 2 ker�ka \ Im�ka. Then x � ak = 0 and there exists y 2 x such that y � ak = x. Hence

x = y � ak = (y � ak) � ak = x � ak = 0 That is ker�ka \ Im�
k
a = f0g

(iii) implies (i). Assume (iii) holds. For any x; y 2 X, we have ker�ka \ Im�ka = f0g.

Since ((x�yk )�yk)�(x�yk+1) = ((x�yk+1)�yk�1)�(x�yk+1) = 0; (x�yk)�(x�yk+1) 2 ker�ky .

Moreover, (x � yk) � (x � yk+1) = (x � (x � yk+1) � yk 2 Im�ky. Hence (x � y
k) � (x � yk+1) 2

ker�ky \ Im�ky = f0g that is (x � yk+1) � (x � yk) � (x � yk+1) = 0. On the other hard,

(x � yk+1) � (x � yk) = 0 is obvious. Therefore x � yk+1 = x � yk and consequently X is

K�fold positive implicative. The proof is complete.

Lemma 2.3 Let X be a BCK-algebra, then the following conclusion hold for any �k 2

Mk(X).

(i) S(�k) � Im�k

(ii) S(�k) \ ker�k = f0g

Proof (i) If x 2 S(�k). then �k(x) = x. It's clear that x 2 Im�k, that is S(�k) � Im�k

(ii) Suppose x 2 S(�k) \ ker�k, then �k(x) = x and �k(x) = 0, that is x = 0. Hence

S(�k) \ ker(�k) = f0g.

Theorem 2.4 Let X be a BCK-algebra, then the following conditions are equivalent:

(i) X is K�fold positive implicative

(ii) Im�k = S(�k) for any �k 2Mk(X)

(iii) Im�ka = S(�ka) for any a 2 X

Proof (i) implies (ii). Assume X is K�fold positive implicative. By Theorem 2.3 we

have �2k = �k for any �k 2 Mk(X). If x 2 Im�k, then there exists some y 2 X such

that �k(y) = x, hence �k(x) = �k(�k(y)) = �2k(y) = �k(y) = x, that is x 2 S(�k), and so

Im�k � S(�k). Therefore, Im�k = S(�k) by Lemma 2.3(i).

(ii) implies (iii) It's trivial.

(iii) implies (i) If Im�ka\S(�
k
a) = f0g by Lemma 2.3 (ii), and consequently X is K�fold

positive implicative by Theorem 2.2. The proof is complete.

De�nition 2.5 ([4]) A nonempty subset I of a BCK-algebra X is called a K�ideal of

X if (i) 0 2 I (ii) x � yk 2 I and y 2 I imply x 2 I.

Lemma 2.6 If X is a K�fold positive implicative BCK-algebra and �k 2 Mk(X), then

�k(x) � �k(y) = �k(x � y) for any x; y in X.
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Proof Let �k = �ka1�
k
a2
� � � �kan, then

�k(x) � �k(y) = �ka1�
k
a2
� � � �kan(x) � �

k
a1
�ka2 � � � �

k
an
(y)

= ((� � � ((x � akn) � a
k
n�1 � � � �) � a

k
1) � ((� � � ((y � a

k
n) � a

k
n�1) � � � �) � a

k
1)

= (� � � (x � y) � akn) � � � �) � a
k
1

= �ka1�
k
a2
� � � �kan(x � y)

= �k(x � y)

Theorem 2.7 Let X be a BCK-algebra, then the following conditions are equivalent:

(i) X is K�fold positive implicative,

(ii) ker�k is a K�ideal of X, for any �k 2Mk(X)

(iii) ker�ka is a K�ideal of X, for any a 2 X.

Proof (i) implies (ii) Assume X is K�fold positive implicative and �k 2 Mk(X), then

we have 0 2 ker�k . If x � y
k; y 2 ker�k , then �k(x � y

k) = �k(y) = 0.

Hence �k(x) = �k(x) � 0
k = �k(x) � �k(y)

k = �k(x � y
k) = 0 That is x 2 ker�k. Hence

ker�k is a K�ideal of X.

(ii) implies (iii), It's trivial

(iii) implies (i), Assume ker�ka is aK�ideal ofX, for any a inX then ker�ka\Im�
k
a = f0g.

In fact, if x 2 ker�ka \ Im�ka, then we have x � ak = 0 and there exists some y 2 X, such

that y � ak = x, Hence x � ak = (y � ak) � ak = 0 2 ker�ka. Since �
k
a is a K�ideal of X and

a 2 ker�ka, then we have y 2 ker�ka and therefore x = y � ak = 0. By Theorem 2.2, X is

K�fold positive implicative. The proof is complete.
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