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Abstract. Let M be a Riemannian manifold and TM its tangent bundle with (1) horizontal
lift connection, (2) complete lift connection, (3) diagonal lift connection or (4) lift connection
II+III. We determine the in�nitesimal projective transformations on TM . Furthermore, if M
is complete and TM admits a non-aÆne in�nitesimal projective transformation, then M and
TM are locally at.

1. Introduction

Let M be a di�erentiable manifold, and r an aÆne connection on M . A transformation

f ofM is called a projective transformation if it preserves the geodesics, where each geodesic

should be confounded with a subset of M by neglecting its aÆne parameter. Furthermore,

f is called an aÆne transformation if it preserves the connection. We then remark that an

aÆne transformation may be characterized as a projective transformation which preserves

the aÆne parameter together with the geodesics. Let V be a vector �eld on M , and let

us consider a 1ocal one-parameter group fftg of local transformations of M generated

by V . Then V is called an in�nitesimal projective transformation if each ft is a local

projective transformation. Similarly V is called an in�nitesimal aÆne transformation if

each ft is a local aÆne transformation. Clearly an in�nitesimal aÆne transformation is

an in�nitesimal projective transformation. The converse is not true in general. Indeed

consider the real projective space Pn(R) with the standard Riemannianmetric, which is the

standard projectively at Riemannian manifold and a space of positive constant curvature.

It is known that Pn(R) admits a non-aÆne in�nitesimal projective transformation. As a

converse problem, the following conjecture is known.

Conjecture. Let M be a complete Riemannian manifold admitting a non-aÆne in�n-

itesimal projective transformation. Then M is a space of non-negative constant curvature.

Let (M; g) be a Riemannian manifold and TM its tangent bundle. Then we can consider

some connections on TM , for example, the horizontal lift connection, the complete lift

connection, the diagonal lift connection, etc. Let eV be a vector �eld on TM , and f eftg
a 1ocal one-parameter group of local transformations of TM generated by eV . Then eV is

called an in�nitesimal �bre-preserving transformation if each eft is a local �bre-preserving

transformation of TM (i.e., eft sends each �bre of TM into a �bre).

Recently one of the authors proved the following
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Theorem A ([Y3]). Let (M; g) be a complete Riemannian manifold and TM its

tangent bundle with the diagonal lift connection. If TM admits a non-aÆne in�nitesimal

�bre-preserving projective transformation, then M is locally at.

Theorem B ([Y2]). Let (M; g) be a complete Riemannian manifold and TM its

tangent bundle with the lift connection II+III. If TM admits a non-aÆne in�nitesimal

�bre-preserving projective transformation, then M is locally at.

We hope to get rid of the assumption \�bre-preserving" in our results. In this paper, we

determine the in�nitesimal projective transformations on TM (Theorem 1 s 4), and prove

the following

Theorem 5. Let (M; g) be a complete Riemannian manifold and TM its tangent

bundle. Assume that TM admits a non-aÆne in�nitesimal projective transformation with

respect to one of the following lift connections:

(1) the horizontal lift connection.

(2) the complete lift connection.

(3) the diagonal lift connection.

(4) the lift connection II+III.

Then M and TM are locally at.

Remark. Recently we proved the case (1) in [H-Y]. One of the authors stated the case

(2) in [Y1].

In the present paper everything will be always discussed in the C1-category, and Rie-

mannian manifolds will be assumed to be connected and dimension n > 1.

2. Preliminaries

Let M be a di�erentible manifold with an aÆne connection r, and � h
ji the coeÆcients

of r, i.e., � a
ji @a := r@j@i, where @h = @

@xh
and (xh) is the local coordinates of M . We

de�ne a local frame fEi; E�ig of TM as follows:

Ei := @i � yb� a
ib @�a and E�i := @�i;

where (xh; yh) is the induced coordinates of TM and @�i :=
@

@yi
, and call this frame fEi; E�ig

the adapted frame of TM . Then fdxh; Æyhg is the dual frame of fEi; E�ig, where Æy
h :=

dyh + yb� h
ab

dxa.

Then, by straightforward calculation, we have the following

Lemma 1. The Lie brackets of the adapted frame of TM satisfy the following identi-

ties:

(1) [Ej; Ei] = ybK a
ijb

E�a,

(2) [Ej; E�i] = � a
ji E�a,

(3) [E�j; E�i] = 0,

where K = (K h
kji ) denotes the curvature tensor of (M; r) de�ned by K h

kji :=

@k�
h

ji � @j�
h

ki + � a
ji � h

ka � � a
ki �

h
ja .

Lemma 2. Let eV be a vector �eld on TM . Then

(1) [eV ; Ei] = �(Ei
eV a)Ea + (eV cybK a

icb � eV b� a
bi �Ei

eV �a)E�a,

(2) [eV ; E�i] = �(@�i
eV a)Ea + (eV b� a

bi
� @�i

eV �a)E�a,

where (eV h; eV �h) = eV aEa + eV �aE�a := eV .
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We denote by Trs(M) the set of all tensor �elds of class C1 and of type (r; s) on M .

Similarly, we denote by Trs(TM) the corresponding set on TM .

Let V be a vector �eld on M . It is well-known that V is an in�nitesimal isometry if and

only if LV g = 0, where LV is the Lie derivation with respect to V . V is an in�nitesimal

conformal transformation if and only if there exists a function f onM satisfying LV g = fg.

Especially, if f is constant, then V is called an in�nitesimal homothetic transformation.

A vector �eld V onM is an in�nitesimal projective transformation if and only if there exists

a 1-form 
 such that

(LVr)(X; Y ) = 
(X)Y +
(Y )X

for any X; Y 2 T1
0(M). In this case 
 is called the associated 1-form of V .

3. Connections on TM (cf. [Y-I])

Horizontal lift connection

Let M be a di�erentiable manifold with aÆne connection r. Let X = Xa@a be a vector

�eld onM . Then the vertical lift XV and the horizontal lift XH of X are de�ned as follows:

(3.1) XH := XaEa and XV := XaE�a:

There exists a unique aÆne connection er on TM which satis�es

erXHY H = (rXY )
H ;erXHY V = (rXY )
V ;(3.2) erXV Y H = 0; erXV Y V = 0

for any X; Y 2 T1
0(M). This aÆne connection is called the horizontal lift connection of r

to TM . Then we have

erEjEi = � a
ji Ea;erEjE�i = � a
ji E�a;(3.3) erE

�j
Ei = 0; erE

�j
E�i = 0:

If M is a Riemannian manifold with metric g, then this lift connection is the metric con-

nection of the complete lift metric eg = 2gbadx
bÆya or the lift metric I+II: eg = gbadx

bdxa +

2gbadx
bÆya .

Complete lift connection

Let X = Xa@a be a vector �eld on M . Then the complete lift XC of X is de�ned as

follows:

(3.4) XC := XaEa + ybrbX
aE�a:

There exists a unique aÆne connection er on TM which satis�es

(3.5) erXCY C = (rXY )
C
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for any X; Y 2 T
1
0(M). This aÆne connection er is called the complete lift connection of

r to TM . Then we have

erEjEi = � a
ji Ea + ybK a

bji E�a;erEjE�i = � a
ji E�a;(3.6) erE

�j
Ei = 0; erE

�j
E�i = 0:

If M is a Riemannian manifold with metric g, then this connection is the the Levi-Civita

connection of the complete lift metric eg = 2gbadx
bÆya or the lift metric I+II: eg = gbadx

bdxa+

2gbadx
bÆya .

Diagonal lift connection

Let er be the diagonal lift connection on TM de�ned as follows:

erEjEi = � a
ji Ea �

1

2
ybK a

jib E�a;

erEjE�i =
1

2
ybK a

bij Ea + � a
ji E�a;(3.7)

erE
�j
Ei =

1

2
ybK a

bji Ea; erE
�j
E�i = 0:

If M is a Riemannian manifold with metric g, then this connection is the the Levi-Civita

connection of the diagonal lift metric eg = gbadx
bdxa+gbaÆy

bÆya which was originally de�ned

by S. Sasaki [S].

Lift connection II+III

Let er be a lift connection on TM de�ned as follows:

erEjEi = f� a
ji �

1

2
yb(K a

bji +K a
bij )gEa + ybK a

bji E�a;

erEjE�i = �
1

2
ybK a

bij Ea + (� a
ji +

1

2
ybK a

bij )E�a;(3.8)

erE
�j
Ei = �

1

2
ybK a

bji Ea +
1

2
ybK a

bji E�a;erE
�j
E�i = 0:

This aÆne connection er is called the lift connection II+III. If M is a Riemannian manifold

with metric g, then this connection is the Levi-Civita connection of lift metric II+III : eg =
2gbadx

bÆya + gbaÆy
bÆya.

4. In�nitesimal projective transformations on TM

Let M be a di�erentiable manifold and TM its tangent bundle with aÆne connectioner. A vector �eld eV on TM is an in�nitesimal projective transformation if and only if there

exists a 1-form e
 such that

(L
eV
er)( eX; eY ) = e
( eX)eY + e
(eY ) eX

for any eX; eY 2 T1
0(TM). Then we have the following theorems.
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Theorem 1 [H-Y]. Let (M; g) be a Riemannian manifold and TM its tangent bundle

with the horizontal lift connection. eV is an in�nitesimal projective transformation with the

associated 1-form e
 on TM if and only if there exist ';  2 T0
0(M); B = (Bh); D =

(Dh) 2 T1
0(M); A = (A h

i ); C = (C h
i ) 2 T1

1(M) satisfying

(1) (eV h; eV �h) = (Bh + yaA h
a ; D

h + yaC h
a + yayh�a),

(2) ( e
i; e
�i) = (@i ; @i') = (	i; �i),

(3) rj�i = 0; rj	i = 0,

(4) rjA
h
i = �iÆ

h
j ,

(5) rjC
h
i = 	jÆ

h
i �K h

aji B
a,

(6) LB�
h

ji = rjriB
h +K h

aji B
a = 	jÆ

h
i + 	iÆ

h
j ,

(7) rjriD
h = 0,

(8) K h
kja A

a
i = 0,

where (eV h; eV �h) := eV aEa + eV �aE�a = eV , ( e
i; e
�i) := e
adx
a + e
�aÆy

a = e
.

Theorem 2 (cf. [Y1]). Let (M; g) be a Riemannian manifold and TM its tangent

bundle with the complete lift connection. Then eV is an in�nitesimal projective transforma-

tion with the associated 1-form e
 on TM if and only if there exist ';  2 T0
0(M); B =

(Bh); D = (Dh) 2 T1
0(M); A = (A h

i ); C = (C h
i ) 2 T1

1(M) satisfying

(1) (eV h; eV �h) = (Bh + yaA h
a ; D

h + yaC h
a + yayh�a),

(2) ( e
i; e
�i) = (@i ; @i') = (	i; �i),

(3) rj�i = 0; rj	i = 0,

(4) rjA
h
i = �iÆ

h
j ,

(5) rjC
h
i = 	jÆ

h
i �K h

aji B
a,

(6) LB�
h

ji = rjriB
h +K h

aji B
a = 	jÆ

h
i + 	iÆ

h
j ,

(7) LD�
h

ji = rjriD
h +K h

aji D
a = 0,

(8) K h
kja

A a
i = 0,

(9) BaraK
h

kji
= �K h

aji rkB
a �K h

kja
riB

a +K a
kji

C h
a �K h

kai
C a
j ,

where (eV h; eV �h) := eV aEa + eV �aE�a = eV and ( e
i; e
�i) :=
e
adx

a + e
�aÆy
a = e
.

Theorem 3. Let (M; g) be a Riemannian manifold and TM its tangent bundle with

the diagonal lift connection. Then eV is an in�nitesimal projective transformation with the

associated 1-form e
 on TM if and only if there exist ';  2 T0
0(M); B = (Bh); D =

(Dh) 2 T1
0(M); A = (A h

i ); C = (C h
i ) 2 T1

1(M) satisfying

(1) (eV h; eV �h) = (Bh + yaA h
a ; D

h + yaC h
a + yayh�a),

(2) ( e
i; e
�i) = (@i ; @i') = (	i; �i),

(3) rj�i = 0; rj	i = 0,

(4) rjA
h
i = �iÆ

h
j �

1

2
K h
aij Da,
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(5) rjC
h
i = 	jÆ

h
i �K h

aji B
a,

(6) LB�
h

ji = rjriB
h +K h

aji B
a = 	jÆ

h
i + 	iÆ

h
j ,

(7) rjriD
h = 1

2
K h
jia Da,

(8) K h
kja A

a
i = 0,

(9) K a
kji raD

h = 0,

(10) BaraK
h

kji = K a
kji raB

h �K h
kja riB

a �K h
kai C

a
j �K h

aji C
a
k ,

(11) DarkK
h

aji = K a
kij A

h
a �K h

ajk riD
a � 2K h

aji rkD
a,

where (eV h; eV �h) := eV aEa + eV �aE�a = eV and ( e
i; e
�i) := e
adx
a + e
�aÆy

a = e
.

Theorem 4. Let (M; g) be a Riemannian manifold and TM its tangent bundle with

the lift connection II+III. Then eV is an in�nitesimal projective transformation with the

associated 1-form e
 on TM if and only if there exist ';  2 T0
0(M); B = (Bh); D =

(Dh) 2 T1
0(M); A = (A h

i ); C = (C h
i ) 2 T1

1(M) satisfying

(1) (eV h; eV �h) = (Bh + yaA h
a ; D

h + yaC h
a + yayh�a),

(2) ( e
i; e
�i) = (@i ; @i') = (	i; �i),

(3) rj�i = 0; rj	i = 0,

(4) rjA
h
i = �iÆ

h
j +

1

2
K h
aij Da,

(5) rjC
h
i = 	jÆ

h
i �K h

aji B
a � 1

2
K h
aij Da,

(6) LB�
h

ji = rjriB
h +K h

aji B
a = 	jÆ

h
i + 	iÆ

h
j +

1
2
(K h

aji +K h
aij )Da,

(7) LD�
h

ji = rjriD
h +K h

aji D
a = 0,

(8) K h
aji A

a
k

= 0,

(9) K a
kji (A h

a �raB
h + C h

a �raD
h) = 0,

(10) BaraK
h

kji
= K a

kji
(raB

h �A h
a ) �K h

kja
riB

a �K h
kai

C a
j �K h

aji C
a
k
,

(11) DarkK
h

aji = �2K h
aji (rkB

a � C a
k +rkD

a) +K a
kij raD

h �K h
ajk riD

a,

where (eV h; eV �h) := eV aEa + eV �aE�a = eV and ( e
i; e
�i) :=
e
adx

a + e
�aÆy
a = e
.

Theorem 3 and 4 are proved with similar technics, so we prove only Theorem 4.

Proof of Theorem 4. Here we prove only the necessary condition because it is easy to

prove the suÆcient condition.

Let eV be an in�nitesimal projective transformation with the associated 1-form e
 on TM .

Step 1: By virtue of Lemma 2 and (3.8), we have

(L
eV
er)(E�j ; E�i) = [eV ; erE

�j
E�i]�

er
[eV ; E

�j ]
E�i �

erE
�j
[eV ; E�i]

= f@�j@�i
eV a �

1

2
yc(K a

cib @�j
eV b +K a

cjb @�i
eV b)gEa + f� � � gE�a:
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From (L
eV
er)(E�j ; E�i) =

e
�jE�i +
e
�iE�j , we obtain

(4.1) @�j@�i
eV h �

1

2
ya(K h

aib @�j
eV b +K h

ajb @�i
eV b) = 0:

(4.1) is rewritten as follows:

(4.2) 2@�j@�i
eV h = @�j(y

bK h
bia

eV a) + @�i(y
bK h

bja
eV a);

from which we have

2@�k@�j@�i
eV h = @�k@�j (y

bK h
bia

eV a) + @�k@�i(y
bK h

bja
eV a)

= @�j@�i(y
bK h

bka
eV a) + @�j@�k(y

bK h
bia

eV a)(4.3)

= @�i@�k(y
bK h

bja
eV a) + @�i@�j(y

bK h
bka

eV a):

Therefore we obtain @�k@�j (@�i
eV h � ybK h

bia
eV a) = 0, hence we can put

(4.4) @�j (@�i eV h � ybK h
bia

eV a) =: P h
ji

and

(4.5) @�i
eV h � ybK h

bia
eV a =: A h

i + yaP h
ai ;

where A h
i and P h

ji are certain functions which depend only on the variables xh. The

coordinate transformation rule implies that A = (A h
i ) 2 T1

1(M) and P = (P h
ji ) 2 T1

2(M).

From (4.1), we have

P h
ji + P h

ij = 2@�j@�i eV h � ya(K h
aib @�j

eV b +K h
ajb @�i

eV b) = 0;

from which

�@�j (y
bK h

bia
eV a) + @�i(y

bK h
bja

eV a) = P h
ji � P h

ij = 2P h
ji :

Thus we have

2yaP h
ai = �ya@�a(y

bK h
bic

eV c) + ya@�i(y
bK h

bac
eV c)

= �2yaK h
aib

eV b � ybyaK h
aic @�b

eV c:(4.6)

From (4.5) and (4.6), we have

(4.7) @�i
eV h +

1

2
ybyaK h

aic @�b
eV c = A h

i ;

from which

(4.8) ya@�a eV h = yaA h
a :

Therefore, substituting (4.8) into (4.7), we have

(4.9) @�i
eV h = A h

i �
1

2
ybyaK h

aic A
c
b ;
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from which

(4.10) @�j@�i
eV h = �

1

2
ya(K h

aib A
b
j +K h

jib A b
a ):

On the other hand, substituting (4.9) into (4.1), we have

@�j@�i
eV h =

1

2
ya(K h

aib A
b
j +K h

ajb A
b
i )(4.11)

�
1

4
ycybya(K h

cid K d
bje A

e
a +K h

cjd K
d

bie A
e
a ):

Comparing (4.10) with (4.11), we get

2K h
kia A

a
j +K h

jia A a
k +K h

kja A
a
i = 0;

from which, changing the roles of j and i, and adding together, we obtain

K h
kja A

a
i +K h

kia A
a
j = 0:

Furthermore we obtain

(4.12) K h
kja A

a
i = 0:

In fact, by virtue of the �rst Bianchi identity,

0 = (Kaijk +Kakij +Kajki)A
ha

= �K h
aij A

a
k �K h

aki A
a
j �K h

ajk A
a
i 

= K h
ija A a

k +K h
jai A

a
k +K h

akj A
a
i �K h

ajk A
a
i

= �K h
kja A

a
i +K h

akj A
a
i

!

= �K h
ija A a

k �K h
kia A

a
j �K h

jka A
a
i

= 3K h
kja A

a
i ;

where Aih := giaA h
a and Kkjih := K a

kji gah.

From (4.9) and (4.12), we have

@�i
eV h = A h

i :

Hence we can put

(4.13) eV h = Bh + yaA h
a ;

where Bh are certain functions which depend only on xh. We can see that B = (Bh) 2

T1
0(M). Here, substituting (4.13) into (4.4) and using (4.12),

(4.14) P h
ji = �K h

jia Ba:

Substituting (4.12) and (4.13) into (L
eV
er)(E�j ; E�i) = e
�jE�i + e
�iE�j ,

(4.15) @�j@�i
eV �h = e
�jÆ

h
i +

e
�iÆ
h
j :
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Step 2: From (L
eV
er)(E�j ; Ei) = e
�jEi+ e
iE�j , using (4.12), (4.13) and (4.14), we obtain

e
�jÆ
h
i = riA

h
j �

1

2
eV �aK h

aji �
1

2
yaK h

abi @�j
eV �b

�
1

2
ya(K b

aji A
h
b +BbrbK

h
aji(4.16)

�K b
aji rbB

h +K h
ajb riB

b)

�
1

2
ybya(A c

b rcK
h

aji �K c
aji rcA

h
b +K h

ajc riA
c
b ):

Contracting i and h in (4.15), we have n e
�j = raA
a
j . Therefore we have

(4.17) e
�i = �i;

where �i :=
1

n
raA

a
i .

From (4.15) and (4.17), we have

@�i
eV �h = C h

i + yh�i + ya�aÆ
h
i

and

(4.18) eV �h = Dh + yaC h
a + yayh�a;

where Dh and C h
i are certain functions which depend only on xh. We can see that D =

(Dh) 2 T1
0(M) and C = (C h

i ) 2 T1
1(M).

From (4.16), (4.17) and (4.18), we get

(4.19) rjA
h
i = �iÆ

h
j +

1

2
K h
aij D

a;

BaraK
h

kji = K a
kji (raB

h �A h
a )(4.20)

�K h
kja riB

a �K h
kai C

a
j �K h

aji C
a
k

and

A a
l raK

h
kji +A a

k raK
h

lji = K a
kji raA

h
l +K a

lji raA
h
k

�K h
kja riA

a
l �K h

lja riA
a
k

� 2�lK
h

kji � 2�kK
h

lji :

The last one of these equations is an identity equation. From (4.19), we have

(4.21) �i =
1

n
raA

a
i = riA

a
a +

1

2
RaiD

a(= raA
a
i �

1

2
RaiD

a):

Step 3: From (L
eV
er)(E�j ; Ei) = e
�jEi + e
iE�j , using (4.12), (4.13), (4.14) and (4.18),

we obtain e
iÆ
h
j = riC

h
j +K h

aij B
a +

1

2
K h
aji D

a

+
1

2
ya(BbrbK

h
aji +K h

ajb riB
b

+K h
bji C

b
a +K h

abi C
b
j �K b

aji C
h
b

+K b
aji rbD

h + 2Æhari�j + 2Æhjri�a)(4.22)

+
1

2
ybya(A c

b rcK
h

aji +K h
bjc riA

c
a �K d

aji K
h

dcb B
c

+K c
aji rcC

h
b +K h

bji �a � ÆhbK
c

aji �c)

+
1

2
ycybyaÆhcK

d
bji rd�a:
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Contracting j and h in (4.22), we get

e
i = 	i +
1

2n
yaf�BbrbRai �RbariB

b �RbiC
b
a

+K c
abi rcD

b + 2(n+ 1)ri�ag(4.23)

�
1

2n
ybya(A c

b rcRai +RcbriA
c
a +K d

aci K
c

deb B
e

�K d
aci rdC

c
b +Rbi�a)

where 	i :=
1

n
(riC

a
a �

1

2
RaiD

a) and R = (Rji) is the Ricci tensor of M de�ned by

Rji := K a
aji . Then, from (4.23), we obtain

(4.24) rjC
h
i = 	jÆ

h
i �K h

aji B
a �

1

2
K h
aij D

a;

and

2nÆhkri�j � 2Æhjri�k

= n(�BaraK
h

kji �K h
kja riB

a(4.25)

�K h
aji C

a
k �K h

kai C
a
j +K a

kji C
h
a �K a

kji raD
h)

� Æhj (B
araRki +RakriB

a +RaiC
a
k +K b

aki rbD
a):

The last part of right hand side in (4.23) vanishes by means of (4.12), (4.19), (4.24) and

the second Bianchi identity. In fact

�
1

2n
ybya(A c

b rcRai +RcbriA
c
a +K d

aci K
c

deb B
e �K d

aci rdC
c
b +Rbi�a)

= �
1

2n
ybyafA c

b (riRca +rdK
d

cia ) +RcariA
c
b +

1

2
K d
aei K

e
cbd D

c +Rbi�ag

=
1

4n
ybya(K d

eai +K d
eia )K e

cbd D
c

= 0:

Contracting k and h in (4.25), we have

(4.26) �2(n� 1)ri�j = BaraRji +RajriB
a +RaiC

a
j +K b

aji rbD
a;

from which (4.23) and (4.25) are rewitten as follows:

(4.27) e
i = 	i + 2yari�a

and

2(Æhjri�k � Æhkri�j)

= BaraK
h

kji +K h
kja riB

a +K h
aji C

a
k(4.28)

+K h
kai C

a
j �K a

kji C
h
a +K a

kji raD
h:
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Step 4: From (L
eV
er)(Ej ; Ei) = e
jEi + e
iEj, using (4.12), (4.13) and (4.18), we

obtain e
jÆ
h
i +

e
iÆ
h
j

= LB�
h

ji �
1

2
(K h

aji +K h
aij )Da

+
1

2
yaf2rjriA

h
a � 2K b

aji A
h
b

�Bb(rbK
h

aji +rbK
h

aij ) + (K b
aji +K b

aij )rbB
h

� (K h
aib +K h

abi )rjB
b � (K h

ajb +K h
abj )riB

b

� (K h
bji +K h

bij )C b
a �K h

abi rjD
b �K h

abj riD
bg(4.29)

�
1

2
ybyaf(K h

bji +K h
bij )�a +A c

b (rcK
h

aji +rcK
h

aij )

� (K c
bji +K c

bij )rcA
h
a + (K h

bic +K h
bci )rjA

c
a

+ (K h
bjc +K h

bcj )riA
c
a +K h

bci K
c

dja B
d

+K h
bcj K

c
dia B

d +K h
bci rjC

c
a +K h

bcj riC
c
a g

and

0 = LD�
h

ji

+ yafrjriC
h
a +K h

bji C
b
a �K b

aji C
h
b

+rj(K
h

bia Bb) +BbrbK
h

aji +K h
abi rjB

b

+K h
ajb riB

b +
1

2
K h
abi rjD

b

+
1

2
K h
abj riD

b +
1

2
(K b

aji +K b
aij )rbD

hg

+
1

2
ybyaf2Æhb (rjri�a �K c

aji �c) + 2A c
b rcK

h
aji(4.30)

+ 2K h
bci rjA

c
a + 2K h

bjc riA
c
a

� (K d
bji +K d

bij )K h
dca B

c

�K d
cjb K

h
dai B

c �K d
cib K

h
daj B

c

+ (K c
bji +K c

bij )rcC
h
a

�K h
cbi rjC

c
a �K h

cbj riC
c
a g

+
1

2
ycybya(K d

cji +K d
cij )Æhbrd�a:

From (4.27) and (4.29), we obtain

(4.31) LB�
h

ji = 	jÆ
h
i + 	iÆ

h
j +

1

2
(K h

aji +K h
aij )Da

and

2rkrjA
h
i = 2K a

ikj A
h
a +Ba(raKikj +raK

h
ijk )

+ (K h
ija +K h

iaj )rkB
a ++(K h

ika +K h
iak )rjB

a

� (K a
ikj +K a

ijk )raB
h + (K h

akj +K h
ajk )C

a
i(4.32)

+K h
iaj rkD

a +K h
iak rjD

a

+ 4Æhkrj�i + 4Æhjrk�i:



500 I. HASEGAWA AND K. YAMAUCHI

Substituting (4.19) into (4.32), we have

4Æhkrj�i + 2Æhjrk�i

= 2K a
kij A

h
a �Ba(raK

h
ikj +raK

h
ijk )

� (K h
ija +K h

iaj )rkB
a � (K h

ika +K h
iak )rjB

a(4.33)

+ (K a
ikj +K a

ijk )raB
h � (K h

akj +K h
ajk )C a

i

+DarkK
h

aij +K h
aik rjD

a + 2K h
aij rkD

a:

Contracting j and h in (4.33), and comparing this with (4.26),

(4.34) rj�i = 0:

Substituting (4.20) and (4.34) in (4.33),

rk(K
h

aji D
a)

= �K a
kij A

h
a �K h

aji (rkB
a � C a

k +rkD
a)(4.35)

�K h
ajk (riB

a � C a
i +riD

a):

From (4.27) and (4.34),

(4.36) e
i = 	i:

From (4.20), (4.28) and (4.34),

(4.37) K a
kji (A

h
a �raB

h + C h
a �raD

h) = 0:

Contracting j and h in (4.29), and using (4.12) and (4.18),

(n + 1) e
i = riraB
a +

1

2
RaiD

a

+
1

2
ya(2nri�a +BbrbRai +RbariB

b +RbiC
b
a +K c

bai rcD
b)

+
1

2
ybya(2Rbi�a +A c

b rcRai �K e
bci K

c
dea B

d

�K d
bci rdC

c
a +

1

2
RcbK

c
dai D

d):

Comaring this with (4.23),

(4.38) 	i =
1

n
(riC

a
a �

1

2
RaiD

a) =
1

n+ 1
(riraB

a +
1

2
RaiD

a):

We put ' := A a
a �

n

2n+ 1
raB

a+
n+ 1

2n+ 1
C a
a and  :=

1

2n+ 1
(raB

a+C a
a ). Then we get

(4.39) �i = @i' and 	i = @i ;

by virtue of (4.21) and (4.38).
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From (4.30),

(4.40) LD�
h

ji = rjriD
h +K h

aji D
a = 0

and

2rkrjC
h
i = 2K h

kaj C
a
i � 2K a

kij C
h
a

� 2rk(K
h

aji B
a) + 2BaraK

h
kij

+ 2K h
aij rkB

a + 2K h
kia rjB

a(4.41)

+K h
aij rkD

a +K h
aik rjD

a

� (K a
ikj +K a

ijk )raD
h:

Substituting (4.20), (4.24) and (4.37) into (4.41),

2Æhi rk	j = 2K h
aij rkB

a � 2K h
aij C

a
k

+rk(K
h

aij D
a) +K h

aij rkD
a(4.42)

+K h
aik rjD

a �K a
kji raD

h:

Contracting j and h in (4.42),

(4.43) 2rk	i = (K b
aki +K b

aik )rbD
a:

Using (4.19), (4.34) and the Ricci identity,

rb(K
b

aij D
a)

= ra(2�iÆ
a
j +K a

bij Db) � 2nrj�i(4.44)

= 2(rarjA
a
i �rjraA

a
i )

= 0:

Contracting k and h in (4.42), and using (4.12), (4.37), (4.43) and (4.44),

2ri	j = 2K b
aij (rbB

a � C a
b +rbD

a)

+rb(K
b

aij D
a)� (K b

aji +K b
aij )rbD

a

= �2ri	j ;

from which

(4.45) rj	i = 0:

Substituting (4.45) into (4.42), we get

DarkK
h

aji = �2K h
aji (rkB

a � C a
k +rkD

a)

�K h
ajk riD

a +K a
kij raD

h:(4.46)

Q.E.D.

Therefore we now have the following
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Corollary (cf. [Y2, Y3]). Let (M; g) be a Riemannian manifold and TM its tangent

bundle with (1) horizontal lift connection, (2) complete lift connection, (3) diagonal lift

connection or (4) lift connection II+III. If TM admits an in�nitesimal �bre-preserving

projective transformation eV with the associated 1-form e
, then there exist  2 T0
0(M); B =

(Bh); D = (Dh) 2 T1
0(M)and C = (C h

i ) 2 T1
1(M) satisfying

(1) (eV h; eV �h) = (Bh; Dh + yaC h
a ),

(2) e
 = (@a )dx
a = 	adx

a,

(3) rj	i = 0,

(4) rjC
h
i = 	jÆ

h
i �K h

aji B
a,

(5) LB�
h

ji = rjriB
h +K h

aji B
a = 	jÆ

h
i + 	iÆ

h
j ,

(6) LD�
h

ji = 0,

where (eV h; eV �h) := eV aEa + eV �aE�a = eV .

Using these theorems, we at last come to the following

Theorem 5. Let (M; g) be a complete Riemannian manifold and TM its tangent

bundle. Assume that TM admits a non-aÆne in�nitesimal projective transformation with

respect to one of the following lift connections:

(1) the horizontal lift connection.

(2) the complete lift connection.

(3) the diagonal lift connection.

(4) the lift connection II+III.

Then M and TM are locally at.

Proof. Here we prove only case (4) because other cases are proved with same technics

as case (4). We put Xh := A h
a �

a. Then, using (4.19) and (4.34), we have

LXgji = rjXi +riXj

= (rjAai)�
a + (riAaj)�

a(4.47)

= (�agji �
1

2
KbajiD

b)�a + (�agji �
1

2
KbaijD

b)�a

= 2(�a�
a)gji:

Similarly we put Y h := (raB
h � C h

a )	a. Then, using (4.24), (4.31) and (4.45),

LY gji = (rjraBi �rjCai)	
a + (riraBj �riCaj)	

a

= f(�KbjaiB
b + 	jgai + 	agji)� (	jgai �KbjaiB

b)g	a(4.48)

+ (	agji)	
a

= 2(	a	
a)gji

Therefore X and Y are in�nitesimal homothetic transformations.

To prove Theorem 5, we need the following well-known



PROJECTIVE TRANSFORMATIONS ON TM 503

Lemma 3 [K1]. If a complete Riemannian manifold M admits a non-isometric in�n-

itesimal homothetic transformation, then M is locally at.

ThereforeM is locally at by virtue of Lemma 3. In this case the lift connection coincides

with the horizontal lift conection, and TM is also locally at. In fact

eK(Ek; Ej)Ei = erEk
erEjEi � erEj

erEkEi � er[Ek; Ej ]Ei = K a
kji Ea = 0;eK(Ek; Ej)E�i = erEk

erEjE�i �
erEj

erEkE�i �
er[Ek; Ej ]E�i = K a

kji E�a = 0;eK(Ek; E�j)Ei = eK(Ek; E�j)E�i =
eK(E�k; E�j)Ei = eK(E�k; E�j)E�i = 0:

Q.E.D.
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