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INFINITESIMAL PROJECTIVE TRANSFORMATIONS
ON TANGENT BUNDLES WITH LIFT CONNECTIONS

By Izumt HASEGAWA aAND KAzUuNART YAMAUCHI
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ABSTRACT. Let M be a Riemannian manifold and T'M its tangent bundle with (1) horizontal
lift connection, (2) complete lift connection, (3) diagonal lift connection or (4) lift connection
II+III. We determine the infinitesimal projective transformations on T'M. Furthermore, if M
is complete and T'M admits a non-affine infinitesimal projective transformation, then M and
TM are locally flat.

1. Introduction

Let M be a differentiable manifold, and V an affine connection on M. A transformation
f of M is called a projective transformation if it preserves the geodesics, where each geodesic
should be confounded with a subset of M by neglecting its affine parameter. Furthermore,
f is called an affine transformation if it preserves the connection. We then remark that an
affine transformation may be characterized as a projective transformation which preserves
the affine parameter together with the geodesics. Let V be a vector field on M, and let
us consider a local one-parameter group {f;} of local transformations of M generated
by V. Then V is called an infinitesimal projective transformation if each f; is a local
projective transformation. Similarly V is called an infinitesimal affine transformation if
each f; is a local affine transformation. Clearly an infinitesimal affine transformation is
an infinitesimal projective transformation. The converse is not true in general. Indeed
consider the real projective space P"(R) with the standard Riemannian metric, which is the
standard projectively flat Riemannian manifold and a space of positive constant curvature.
It is known that P"(R) admits a non-affine infinitesimal projective transformation. As a
converse problem, the following conjecture is known.

Conjecture.  Let M be a complete Riemannian manifold admitting a non-affine infin-
wtesimal projective transformation. Then M 18 a space of non-negative constant curvature.

Let (M, g) be a Riemannian manifold and T'M its tangent bundle. Then we can consider
some connections on T'M, for example, the horizontal lift connection, the complete lift
connection, the diagonal lift connection, etc. Let V be a vector field on TM, and {ft}
a local one-parameter group of local transformations of TM generated by V. Then V is
called an infinitesimal fibre-preserving transformation if each ﬁ is a local fibre-preserving
transformation of TM (i.e., Z?t sends each fibre of TM into a fibre).

Recently one of the authors proved the following
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Theorem A ([Y3]). Let (M, g) be a complete Riemannian manifold and TM its
tangent bundle with the diagonal lift connection. If TM admits a non-affine infinitesimal
fibre-preserving projective transformation, then M is locally flat.

Theorem B ([Y2]).  Let (M, g) be a complete Riemannian manifold and TM its
tangent bundle with the lift connection II+111. If TM admits a non-affine infinitesimal
fibre-preserving projective transformation, then M is locally flat.

We hope to get rid of the assumption “fibre-preserving” in our results. In this paper, we
determine the infinitesimal projective transformations on 7'M (Theorem 1 ~ 4), and prove
the following

Theorem 5.  Let (M, g) be a complete Riemannian manifold and TM its tangent
bundle. Assume that TM admits a non-affine infinitesimal projective transformation with
respect to one of the following lift connections:

(1) the horizontal lift connection.

(2) the complete lift connection.

(3) the diagonal lift connection.

(4) the lift connection TT+III.

Then M and TM are locally flat.

Remark.  Recently we proved the case (1) in [H-Y]. One of the authors stated the case
(2) in [Y1].

In the present paper everything will be always discussed in the C'*-category, and Rie-
mannian manifolds will be assumed to be connected and dimension n > 1.

2. Preliminaries

Let M be a differentible manifold with an affine connection V, and I'; h the coefficients
of V., ie., Fﬁaaa = Vg, 0;, where ), = % and (2") is the local coordinates of M. We
define a local frame {F;, E;} of TM as follows:

Ei:=0,—y'T;"0; and E;:=0;,

where xh is the induced coordinates of TM and &; := , and call this frame {E;, E;
y

the adapted frame of TM. Then {dz", §y"} is the dual frame of {E;, E;}, where dy
dy" + ybfabhdx“.

Then, by straightforward calculation, we have the following

Lemma 1. The Lie brackets of the adapted frame of TM satisfy the following identi-
ties:

, E;]=0,
where K = (I&k M) denotes the curvature tensor of (M, V) defined by ]xk” =
akr]‘ihia[‘ —I—F aFka ‘rkza'r]ah'

Lemma 2.  Let V be a vector field on TM. Then
(1) [V, E]=—(BEV)E, + (Vy'K;," = V'I},* — EVY)E,
(2) [V E]= (Z}V”)E + (V”F g &V”)

where (Vh Vh) V“E + V“Ea = V
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We denote by ¥%5(M) the set of all tensor fields of class C*° and of type (r, s) on M.
Similarly, we denote by TL(TM) the corresponding set on TM.

Let V be a vector field on M. It is well-known that V is an infinitesimal isometry if and
only if Lyg = 0, where Ly is the Lie derivation with respect to V. V is an infinitesimal
conformal transformation if and only if there exists a function f on M satisfying Ly g = fg.
Especially, if f is constant, then V is called an infinitesimal homothetic transformation.

A vector field V on M is an infinitesimal projective transformation if and only if there exists
a l-form {2 such that

(LyV)(X, Y) = 2X)Y + 2(Y)X

for any X, Y € T{(M). In this case §2 is called the associated 1-form of V.

3. Connections on TM (cf. [Y-I])
Horizontal lift connection

Let M be a differentiable manifold with affine connection V. Let X = X“9, be a vector
field on M. Then the vertical lift XV and the horizontal lift X of X are defined as follows:

(3.1) X" .= X*E, and XV :=X"E,.

There exists a unique affine connection V on T'M which satisfies

VyaYH = (VxY)H,
(3.2) VyrYV = (VxY)V,
VaYP =0, VaYV=0

for any X, Y € L (M). This affine connection is called the horizontal lift connection of V

to TM. Then we have
VEJE7 - r]'iaEa,
(33) VE'JE; - TjiaEa7
%EiEi =0, %EEE; = 0.
If M is a Riemannian manifold with metric ¢, then this lift connection is the metric con-

nection of the complete lift metric § = 2¢pedz®dy® or the lift metric I+II: § = gpedada® +
204 dzy® .

Complete lift connection

Let X = X0, be a vector field on M. Then the complete lift X¢ of X is defined as

follows:
(3.4) XY= X"E, +y"V, X"E,.
There exists a unique affine connection V on TM which satisfies

(3.5) VeV = (VxY)©
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for any X, Y € TL(M). This affine connection V is called the complete lift connection of
V to TM. Then we have
Vg Ei=T;"E, +y"K,;;"E,,
(36) %/Ej E; - F]l aEa7
Vg Ei=0, VpgE =0.
If M is a Riemannian manifold with metric g, then this connection is the the Levi-Civita

connection of the complete lift metric § = 2¢sdz?§y® or the lift metric I+I1: § = gpodz®dz®+
2gpadzSy® .

Diagonal lift connection

Let V be the dragonal lift connection on TM defined as follows:

N a 1 é a
Vg, Bi=T,"E, - §ybI& E,,

; jiv
o 1 b~ a a
(37) VEJE; = Ey I&bij Ea ‘|’ F]z Ea-,\
. 1 -
Vi Ei = §bebjiaEa: Vi E; = 0.

If M is a Riemannian manifold with metric ¢, then this connection is the the Levi-Civita
connection of the diagonal lift metric § = gpadaz’dz®+ gy, Sy*dy® which was originally defined
by S. Sasaki [S].

Lift connection IT-4+III

Let V be a lift connection on TM defined as follows:
~ 1
Ve, Ei={I;"— §yb(ijia + Ky ") JEa + yb-ijiaE&a
— 1 - a@ @ 1 e @ ;

(3.8) Vi, E; = *§ybﬂsz E,+ (" + §ybAbi]’ )Ea,

— 1 - a 1 - a
%FJJTE; =0.

This affine connection 6 is called the lift connection II+I11. If M is a Riemannian manifold
with metric g, then this connection is the Levi-Civita connection of lift metric IT4111: g =
205 dz Sy + grady’ Sy

4., Infinitesimal projective transformations on TM

_ Let M be a differentiable manifold and TM its tangent bundle with affine connection
V. A vector field V on TM is an infinitesimal projective transformation if and only if there
exists a 1-form {2 such that

(LoV)(X, V) = 2X)Y + (V)X

for any )’iv'., Y € To(TM). Then we have the following theorems.
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Theorem 1 [H-Y].  Let (M, g) be a Riemannian manifold and TM its tangent bundle

with the horizontal lift connection. V' is an infinitesimal projective transformation with the
associated 1-form 2 on TM if and only if there exist ¢, ¥ € (M), B = (B"), D =
(D") e T}(M), A= (A1), C = (C") € THM) satisfying

(1) (VE, Vh) = (B" +y"Al, DM 4y Cl + y ytd,),

( ) (ﬁiv ﬁ;) = (azlfvv az@) = (wiv éi)ﬂ

(3) V;9,=0, V¥, =0,

(4) vin/z = dsi(s;l;

(5) vjcih:%(gffﬁya]‘ihEa,

( ) LBFjih :VjViBh—kKaﬁhBa :Wjéf—i—%cgf,

(7) V;V.D" =0,

(8) KAt =0,

where (‘N/'h, 177‘) = VeE, + ViE, = VN’, (!NZi, !NQ;) = ,dz® + ﬁaé'y“ = 0.

Theorem 2 (cf. [Y1]).  Let (M, g) be a Riemannian manifold and TM its tangent
bundle with the complete lift connection. Then Vs an infinstesimal projective transforma-
tion with the associated 1-form 2 on TM if and only if there exist ¢, ¢ € IY}(M), B =
(B"), D= (D") e I{(M), A= (A"), C=(C;") e XHM) satisfying

) (VE VR = (BY 4y Al DY 4yt Ol + yty"S,),
) (2, 25) = (0, Bip) = (W, @),
) V@ =0, V;¥; =0,
4) VA" =4,
) V0t =08t — K, B
) Lpljt=V,V,B 4+ K, ;"B = 0;5" 4 w5t
) Lply* =V, VD" + K, "D" =0,
) KA =0,

h— K, .o,

Yaji a 7

0) BUV.K,," = K, "ViB" — K, VB + K ,,"C
where (f/h, VB) = f"aEa + V"aEa =V and (f)i, (31) = !NZadx“ + !NZ;Z(Sy“ =0.

Theorem 3.  Let (M, g) be a Riemannian manifold and TM its tangent bundle with
the diagonal lift connection. Then V is an infinitesimal projective transformation with the
associated 1-form §2 on TM if and only if there exist p, ¢ € T9(M), B = (B"), D =
(D") e TH(M), A= (A;"), C=(C;") € THM) satisfying

(1) (f}h7 ‘771) — (Bh + yaAah, Dh + yacah + yayhéa)’
(2) (2, 1) = (O}, Bip) = (Wi, i),

(3) v]q-sl = O: VJWI = 0;
( ) Vinh = @l(S;l — %I&’aitha,

2

4
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5) V0" =w;6} — K,;;"B",

6 LBFji h — VjViBh + IfajihBa = %51’1 + Qié';?;

)
)
) V,ViDh = LK, "D",
) KA =0,
)

(
(
(
(8
(9) K.;;"V.D" =0
(
(

10) BV K" = K;,;*VoB" — K, ) VB* — K, ,"C;* — K, ;;"C,",

11) DUVikK, ;" = K, Al — K, 'ViD* - 2K, "V D°,

where (‘N/'h, VNh) = VeE, + ViE, =V and ((NZi, (NZI) = ,dz® + §a5y“ =10,

Theorem 4.  Let (M, g) be a Riemannian manifold and TM its tangent bundle with

the lift connection LI+1IL. Then V is an infinttesimal projective transformation with the
associated 1-form §2 on TM if and only if there exist p, ¢ € T9(M), B = (B"), D =
(D) e TH(M), A= (A;"), C=(C;") € THM) satisfying

(VI VR = (B" +y" A}, D" +y"Cl + y'y",),
(i, $55) = (0, Bip) = (T, B;),

V6, =0, V0 =0,

VAN =@t + LK, MDY,

Lply" = V;ViB" + K, ;" B" = 0;6] + W8] + 5(K, ;" + K,;;")D*

ary
Lpl; " =V,V;D" + K, ;" D* = 0,

)
)
)
)
5) V0" =¥} — K,;"B* — {K,;;" D",
)
)
) K. "A0 =0,
)

K" (A h v,B"+CMr—V,D") =0,

@

10) BV, K" = K ;" (VaB" — A} — K, VB — K, C,* — K, ,,"C,",

11) D*VikK, ;" = —2K,;;"(ViB* — C,* + VD) + K, *V,D" — K"V, D°,

where (f/’h, ih) =VeE, + V3E, =V and (ﬁi, ﬁl) = 0 dz? + ﬁaéy“ =1.
Theorem 3 and 4 are proved with similar technics, so we prove only Theorem 4.

Proof of Theorem 4. Here we prove only the necessary condition because it is easy to
prove the sufficient condition.
Let V be an infinitesimal projective transformation with the associated 1-form {2 on T M.

Step 1: By virtue of Lemma 2 and (3.8), we have

(LV/%)(EJ7 El) = [f/ %E‘,‘Ei] - %[\7 E;]Ei - %Ej[vv Ez]

ra 1 cl 1
{07 Su(

"0V 4+ Ky 0V Ea + |-+ } Fa.

cib
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From (L&V)(E}, E;) = Q}E; + Q;E37 we obtain

-~ | = - ;
(4.1) 00,V S (K "V + K, 0 V) = 0.

ath
(4.1) is rewritten as follows:

(4.2) 20;0,V" = 0;(y" K, " V*) + 05(y" Ky V),
from which we have

28/}33@“% = al}ﬁj(ybﬂrhmhi}a) + ak&i(ybj&’b,jahva)
(4.3) = jai(ybffbkahva) + ajak(ybf"bmhva)
0,0k (5" K" V) + 0,05 (4" Ko V).

Therefore we obtain 8;83(&;{/% — ybI&'biahf/'“) = 0, hence we can put

(4.4) 0,0, V" — ' Ky, V) = Pt
and
(4.5) @f/h - yb‘[{biahi}a = A" +y°P,",

where A" and Pjih are certain functions which depend only on the variables 2". The

coordinate transformation rule implies that A = (4,") € T}(M) and P = (P;;") € T3(M).
From (4.1), we have

Pjih + PZ] h - 2@3@;‘7}1 - ya (I{aibhajvb ‘I‘ .[(ajbhafvb) - 07

from which

*&j(ybﬂ’biahffa) + @(yb]"’bjahf/a) = P‘z‘h - Pijh =2P;".

J gt

Thus we have
ZyGPaih = _yaaﬁ(yb[(bichi}c) + ya&i(yb}rbac}lvc)
(46) = 72yaI((zihhf’/b - ybya}raichabi}c‘
From (4.5) and (4.6), we have
- 1 ~

(47) &i‘/h + §ybya-[(aich65‘/c = Aihv
from which
(4.8) y 9,V =yt A,

Therefore, substituting (4.8) into (4.7), we have

. 1
(4.9) OV = A" = Dy KA
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from which

PAP KAL),

Yaib

(4.10) 0;0,V" = fzy YK

On the other hand, substituting (4.9) into (4.1), we have

~ 1 P
(411) &j&i‘/h = §y (I azbhA +I&a]b Aib)
1
4ybybya(I&’cidh‘["b‘jed‘;lae + Ifcjdh}-(biedAae)'

Comparing (4.10) with (4.11), we get

2K A+ KA+ Kyt A =0,
from which, changing the roles of j and 7, and adding together, we obtain

Kpjd A" + K" A" = 0.

Furthermore we obtain
(4.12) Ky A4 =0.
In fact, by virtue of the first Bianchi identity,

0= (Kaijk + Korij + Kajri) A"

=K, ;" A — K, A = K, A

( = K" A+ K, " Al + K J A — K, A, )
—Kp A+ K A

_ - h a i~ h A a - h a
= KA — Kyt AS = K A

ja J

= 3Ky, ha,e

where A := g'*A " and Kpjip = K" gan-
From (4.9) and (4.12), we have
oV =AM

Hence we can put

(4.13) Vh=B" 4 ytAl,

where B" are certain functions which depend only on 2. We can see that B =

To(M). Here, substituting (4.13) into (4.4) and using (4.12),
(4.14) P"=-K;,"B"
Substituting (4.12) and (4.13) into (L5 V)(E;, E;) = 25 E; + (5 E;,

(4.15) 350V = 0561 + 8t

(B") e
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Step 2:  From (LgV)(E;, E;) = 5B+ 2,E;, using (4.12), (4.13) and (4.14), we obtain
~ 1, 1 o
1

~ K,;;’ViB" + K,;,"V,B")

1 a c - - ¢ - c
—_ §yby (Ab VCI&ajzh — I&aji chbh + I&ajchviAb ).
Contracting 7 and h in (4.15), we have nﬁ; = V4 A;*. Therefore we have

(4.17) 2; = &,

k2

where @; := lVaAi“.
n

From (4.15) and (4.17), we have
6%‘75 =C" 4yt P 4y B, 50
and
(4.18) Vi =D" 4 yrCt oy e,
where D" and C;" are certain functions which depend only on z®. We can see that D =
(D") € TX(M) and C = (C;") € T1(M).
From (4.16), (4.17) and (4.18), we get

1 < a
(4.19) VA" = @60 + §Amhp ,
(4.20) BV, K" = K, (VoB" — A1)
- I{k]ahlea - I(k{”-hc]-a - .A’a]'itha
and

AV K it + APV K = K VG A"+ KGOV A
- I(kjahvl'f/‘.la - I/{ljahvl'f/‘.ka
— 20, K" — 20 K ;"
The last one of these equations is an identity equation. From (4.19), we have

1 1 1
(4.21) P, = —VaAia = ViAaa + §RaiDa(: VaA“i — §RM‘DG).
n

Step 3: From (LyV)(E;, E;) = £5E; + ,E;, using (4.12), (4.13), (4.14) and (4.18),

we obtain

~ 1
h h - hpa - hpna
20} =ViC" + K, B' + $K,;"D

1, . .
+ ijihcab + Kabz‘hcjb - Kajibcbh
(4.22) + K, ;"VyD" 4260V + 261V,8,)

1 @ C e ‘e C e e (84
+ iyby (A vcf\a,ﬂh + I\b,;‘chviAa - Aajidf\dcth
+ K, VO + Ky "0 — 64 K, D)

1
+ §ycybya5ileﬁ IV,
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Contracting j and h in (4.22), we get

Qi =0 + %ya{*Bbvam‘ — Ry,ViB® — Ry, C0
(4.23) + K3 °VeD" +2(n +1)V,8,}
— iybya(Abcchai + R4ViAS 4+ K, K., B°
- K,,."V4C," + Ryi®,)

1 1
where ¥; = —(V,;C,* — §RM-D“) and R = (Rj;) is the Ricci tensor of M defined by
n

Rj; == K,;;". Then, from (4.23), we obtain
1
h h - hpa - hpna
(4.24) V;C." =6 — K, ;"B — §Ixm-j D¢,
and

28y Vi®; — 267V, By,
(4.25) =n(—B"V.K;" — K;;J ViB*
- K, "0 — K, "0 + Ky, C — K0V LD
— 0M(B*VuRii + RaxViB* + RaiCy" + K,/ VD).

The last part of right hand side in (4.23) vanishes by means of (4.12), (4.19), (4.24) and
the second Bianchi identity. In fact

1
- %ybya(Abcchai + RaViAS S+ K, K, °B — K,.'V4C,° + Ryid,)
1 1
= — Py A (ViRea + VaK ;) + ReaViA + §Is'aeidl(cbdeDC + Ryi®, )

2n

1
= Eybya(]&’eaid + I(eiad)j&’cbdeDc

= 0.
Contracting k and h in (4.25), we have

(4.26) —2(n = 1)V;®; = B"V,Rj; + Ry;ViB* + R.;C;" + K,;;"Vy D",
from which (4.23) and (4.25) are rewitten as follows:

(4.27) Qi =W + 24"V, B,

and

24V iBr — 61V iP;)
(4.28) = BavaKkjih + I(k]‘ B + Kajz‘hcka

@

+ K3,/ O — K, C + KV DM
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Step 4:  From (LgV)(Ej, E;) = 2,E; + ,Ej, using (4.12), (4.13) and (4.18), we
obtain

02;6F + 026"

1
= Lply; b §(Kajih + I(aijh)Da

+ %y"'{ijviAah —2K,; A"
— BNV, K, ;" + VoK ,;") + (K, + K,V B
— (K" + K" )\ViB" — (K, " + Ky )ViB*
(4.29) — (K" + Ky — K ,"VD - K, 'V D'}
- %ybya{(ijih + Kbijh)@a + Abc(chajih + chaijh)
— (I° + KbijC)VcAah + (Kpi" + Ky )V A
+ (ijch + Kbcjh)viAac + Kbcz‘thjaCBd
+ Ky Ky BT+ Ky "V C 4 Ky VO
and
0=Lpl; "
+y{V;V.C," + K,;;"C! - K
+ V;(K,;,"B") + B'V, K

bk
aji O
h 7 h b
wji. T Kapi VB

1
+ K,4'ViB" + §Kahhvjp”

1 < 1 - 7
+ §Aabjhv,;pb + 5(1& "+ K,;,")ViD"}

aji
1 a {2 e C c -
(4.30) + §yby {260(V;Vi®, — K,;i°®.) + 24,V K, )"
+2K,,"VAS 42K, "VAS
- (ijid + Kbijd)chath
- chbdeaith - Kcibdeathc
+ (K 4 1y, )VCS
o I"cbihvjcac o I(cbjhvicac}

1 c a ' | - | )
+ §y‘y"y ’(Ixcji" + Aci;’)agvdéa.

From (4.27) and (4.29), we obtain
N 1 -~ s a

(4.31) Lply" = 06! + 0d) + (K, ;" + K,;;")D
and

+ (Ki,jah + Km]‘h)kaa + 4K, + KV B
(4.32) — (K" + K )VaB" + (K + K, )G

+ K, "ViD* + K,V ;D"

+ 461V jB; + 48] Vi ;.
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Substituting (4.19) into (4.32), we have

464V ;B + 200V B,
= QI&’kijaAah — B¢ (VaKl-kjh + VaI&’ijkh)

(4.33) - (Kz'jah + ijh)kaa — (K" + K )V ;B
+ (K" + K )VaB" = (Ko + K, 50
+ DViK,, " + K" VD" + 2K, "V D"

Contracting j and h in (4.33), and comparing this with (4.26),
(4.34) V®; =0.
Substituting (4.20) and (4.34) in (4.33),

vk(]z hDa‘)

aji )
(435) == _I&’ki]‘aAah - IX’a]Zh(VkBa - Cka + VkDa)
- K,'(ViB* = C;* + V,D").

From (4.27) and (4.34),

(4.36) 12;

|
&

From (4.20), (4.28) and (4.34),

(4.37) K A —v.B"+ ¢, —v,D") =0.

a

Contracting j and h in (4.29), and using (4.12) and (4.18),
(n+1)02; = V;V,B" + %RMD“
+ %ya(QnVZ@a + B*VyRai + Ry ViB® + Ry, C0 + K,V . DY)
+ %yby“(ZRbiQSa + AV R, — K,.;°K,, °B*
— K "VaC, %RCbI(daich:)'

Comaring this with (4.23),

1 1 1 1
4. v, =—(V,C*—=R,;D*) = V.B* 4+ =-R,; D).
(4.38) n(VCa 2R ) n+1(VV +2R )
Weput p:= Ao — " VB“—)—n—I—lC“andu’)'* 1 (V.B*+C,%). Then we get
Pat e = T 1 e n41 ° T oap1 " o g
(4.39) é; = 0;p and U, = 0;9,

by virtue of (4.21) and (4.38).
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From (4.30),
(4.40) Lply" =v,;ViD" + K,;;"D* =0
and
2V V0" = 2K, — 2K, 0 CLt
— 2V K(K, ;" B*) + 2BV K, "

(4.41) +2K,,;"ViB" +2K,,,"V,;B"
+ K,;;"ViD" + K,;;"V;D*
“\WV,D".

— (K" + Ky

Substituting (4.20), (4.24) and (4.37) into (4.41),

260V = 2K ;" Vi B — 2K, " C,*
- hna - h a
+ K"V, D — K;.;*V,D".

Contracting j and h in (4.42),
(4.43) IV = (K1l + K" VD

Using (4.19), (4.34) and the Ricci identity,

Vi(K,;"D")

(4.44) = V.(28:0} + K;;; D) — 2nV ;&
=2(V VA" = V;V.A")
—0.

Contracting k and h in (4.42), and using (4.12), (4.37), (4.43) and (4.44),

2Vi0; = 2K, (VyB* — C,* + V,D*)
+ V(K" D") — (K,;" + K,;;" )V D"
= —2Vi¥;,

from which
(4.45) vV, =0.
Substituting (4.45) into (4.42), we get

D*ViK, ;" = —2K,;"(ViB* — C}* + VD")
(4.46) — K, ;#'ViD" + K, *V.D".

Q.E.D.

Therefore we now have the following
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Corollary (cf. [Y2,Y3]). Let (M, g) be a Riemannian manifold and TM its tangent
bundle with (1) horizontal lift connection, (2) complete lift connection, (3) diagonal lift
connection or (4) lift connection II+111. If TM admits an infinitesimal fibre-preserving
projective transformation V with the associated 1-form (NZ, then there exist o € SY(M), B =

(B"), D = (D") € T} (M)and C = (C;*) € T}(M) satisfying
(fzh7 f/'h) _ (Bh7 Dh +yacah)’

2 = (8u1p)da® = Wyda*,

V¥ =0,

V,;C" =w;sl — K, ;" B,

Lpl;"=V,V;B" + K, ;" B* = W;5! + ;5"
Lpl;th =0,

where (V1 VB) = Y%Ea + V’aEa -V,

Using these theorems, we at last come to the following

Theorem 5.  Let (M, g) be a complete Riemannian manifold and TM its tangent
bundle. Assume that TM admits a non-affine infinitesimal projective transformation with
respect to one of the following lift connections:

(1) the horizontal lift connection.

(2) the complete lift connection.

(3) the diagonal lift connection.

(4) the lift connection TT+I1I1.

Then M and TM are locally flat.

Proof. Here we prove only case (4) because other cases are proved with same technics
as case (4). We put X" := A "¢*. Then, using (4.19) and (4.34), we have
Lxgji=V;Xi+ViX;
(4.47) = (V;Au)2" + (ViA;)P°
1. . 1. “
= (Pogji — §I&bajiDb)¢ + (Pugji — §Abaiij>¢
= 2(@(1@“).9]'1‘.

Similarly we put Y* := (V,B" — C ") &*. Then, using (4.24), (4.31) and (4.45),

Lyg]'l‘ = (V]-VGBZ- — VJ-CM-)!Z/“ + (ViVaB]- — ViCa]-)!Z/“
(4.48) = {(=KbjaiB" + ¥jgai + ¥agji) = (¥jgai — KyjaiB")} 9
+ (Pag;i)P"
= Z(EPGWH )gji

Therefore X and Y are infinitesimal homothetic transformations.
To prove Theorem 5, we need the following well-known
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Lemma 3 [K1].  If a complete Riemannian manifold M admits a non-tsometric infin-

ites

wmal homothetic transformation, then M s locally flat.

Therefore M islocally flat by virtue of Lemma 3. In this case the lift connection coincides
with the horizontal lift conection, and TM is also locally flat. In fact

IX’(E;;, E7)El = %EK%EJEZ' — %Ej %EkEi — %[Ek, Ej]Ei = Iﬁ’k'jiaEa = 0,
]?(Ek, EJ')E; = %/'Ek%EjE; — %Ej%EkE; — 6[Ek7 EJ}E" = ]er]-iaEa = 07

K(Ey, E;)E; = K(Ey, E;)E; = K(Ey, BE;)E; = K(Ey, E;)E; =0.

Q.E.D.
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