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ON THE NUMBER OF THE NON-EQUIVALENT KM-SPANNING
SUBGRAPHS OF THE COMPLETE GRAPH WITH ORDER MK

Osamu Nakamura
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Abstract. Let m be greater than or equal to 2 and n be a multiple of m. We will
call a spanning subgraph whose components are K, of the complete graph Kn a Km-
spanning subgraph of K,. The Dihedral group D, acts on the complete graph Kn
naturally. This action of Dn, induces the action on the set of the Km-spanning sub-
graphs of the complete graph K . In [3], we calculated the number of the equivalence
classes of the 1-regular spanning subgraphs of the complete graph Ky of even order n
by this action by using Burnside's Lemma. This is in the case m = 2. In this paper,
we generalize this results and calculate the number of the non-equivalent Kmn-spanning
subgraphs of K, for all m and n.

Let m be greater than or equal to 2 and let n be a multiple of m. Let fvg;v1;V2; 606 ;vn;10
be the vertices of the complete graph K,. The action to K, of the Dihedral group
Dp = Flho; Yo1; 608 ; Yon 3 15 Ya0; %25 6¢¢ ;¥ ;20 is de” ned by

%i(Vk) = V(k+i) (modny FOr 0 -i-njl;0-k-njl

%i(Vk) = V(n+ijk) (modny fOr 0 -i-njl;0-k-njl
We call a spanning subgraph whose componenta are K, of the complete graph K, a
Km-spanning subgraph of K,. Let X' be the set of the Km-spanning subgraphs of Kp.

Then the above action induces the action on X" of the Dihedral group Dp,.
For example, the equivalence classes of X$ are given with the next ~gure.
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The equivalence classes of X3 are given with the next ~gure.
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We calculate the number of the equivalence classes by this group action. These compu-
tations can be done by using Burnside's lemma.
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Theorem 1. (Burnside's lemma) Let G be a group of permutations acting on a set S.
Then the number of orbits induced on S is given by

1 X f
o
SR iX(%4)]
%2G

where fix(%) = fx 2 Sj%(x) = xg.
Notation 1. An integer function 1(p;q) is de ned by

1 ifp” 0 (modq)

1(n Q) =
(p: ) 0 otherwise

Notation 2. For each integer i such that 0 - i - n j 1, letd =(n;i) and RY}; be
@)

1
RM = = d! Y n_m)spjn’sj(pjil)
e P Y . d’ Pj dm
d="! iDi NSig: 1471
j=1SiPj (p3 1) sj!
sj . Lipjjmforl - j -1 j=1

Notation 3. S{%;0 - i - n j 1 is given by the following recursive formula:
If n is odd then
nk=Sppforl -k -njl
If n is even then
ok =Spp forl - k - 3 jland Sy, =Sy forl-k- 3 il
If m is odd then

Srrr?;o =1
nglzzmil
M T
no= my1 EStimi if nis odd and n _ 2m
2
M1
no= my1 EStimo if nis even and n _ 2m
A’ 1
moo < ("52)! m L
nl = . KI(m i1 K1 1)!(n.22m)! £ Sy;oma if niseven and n _ 3m
If m is even then
mo = Smi1 =
m; m;
. Momj2 Tl
Soha=2mity 2.
2
M1
M= i, ESNimaifn . 2m
2 A 1
Hn2 T Ao (n2)) ;
Sti= 2 ESTimat 2 £Som1 ifn . 3m

y oo KI(M ik D(RiZm)!
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Our main Theorem is the following:

Theorem 2. The number of the non-equivalent K-spanning subgraphs of the
complete graph K, is given by the following formula:
If nis odd then

If n is even then

1 > m n m m
%f Rn;i + E £ (Sn;o + Sn;l)g
i=0

We must determine the numbers of the ~xed points of each permutation %; and %; to
prove the Theorem by using Burnside's Lemma.

Lemma 1. The number of the Ky,-spanning subgraphs of K, is

rWn“mk i 1.IT
e M 1
This is the number of the ~xed points of %g.
n
Proof. Since the number of ways to select m items from a collection of n items is m the

ngn K il
number of ways to partition n items into subsets of size m is . Then the number
i=1 m - ¢
Qn=m imi

n . . . . =
of ways to select = groups of size m from a collection of n items is —F-¢™—. Then we

have the results. " O

W‘”mk i 1.”
Remark 1. It is easily checked that R, is equal to mel
1
k=1
Notation 4. Let MT" be the union of Gg; G1;¢¢¢ ; Gn=m; 1, Where G;j be the complete graph
whose vertices are fVj; Vjin=m;Vj+2n=m:t¢¢ ;Vjemin=mg for 0 - j - n=m j 1.

Lemma 2. If (n,i)=1 then the number of the ~xed points of %; is one.

Proof. M is a Ky-spanning subgraph of K, and %;(M") = M. Conversely, let H be
a Km-spanning subgraph of K, which is ~xed by %; and contain a commponent C whose
vertices are fVo; Vi, ; Vi, s 006 Vi ;19,0 < kg < kz < €00 <Kmj1 . Since (n,i)=1, there is an
integer ® such that ® ~ 1 (mod n). Then 1/z?kl(vovkl) = Vi, Vok, 2 C . If 2k is not equal
to ko then 2k; must be greater than ky by the assumption of 0 < k; < ky < ¢¢¢ < k1.
Since 1/z?)(k“kZ)(vklvkz) = Vok, ikaVk, 2 C and 0 < 2k; j kz < Ky, this is impossible. Then
we have ky = 2k;. We assume that k; = jki for j - s and prove that ks+1 = (s+1)ki. Since
1/2?5"1 (VoVk;) = VksV(s+1)k, 2 C, (s+1)Ky is greater than or equal to Ks+1. If (s+1)ky > Kgeg
then 1/z?(ksiks"l)(vksvksﬂ) = VokejkesaVke 2 C and ksj1 < 2ks i ks+1 < ks. This is
impossible. Then we have ksi1 = (s + 1)k;. We " nally prove that mk; = n. Since
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1/z?)(m”)(vovkl) = Vi, 1Vmks 2 C and kmj1 = (M j 1)ky < mky, we have mk; _ n and
0 - mk; (mod n) < k;. Then we have that mk; = 0 (mod n) and mk; = nand k; = n=m.
Then the set of the vertices of C is fvo; Via=m; Von=m; ¢¢¢ ; V(m ; 1)n=mg- Since H is determined
by C, H must be M[". Then the number of the ~xed points of %; is one. |

Lemma 3. The xed points of %; is RY;.

Proof. Let d = (n;i) and Vo = fvo; Vg; Vad; 666 ; Vna0; V1 = V1 Vge1; Vad+1; 660 5 Vi ja+10,
Vo = TV2; Vg2, Vad+2; 600 Vi ga+20, 000, Vg1 = Vg 15Vadi15Vadi1i 600 ;Vn;10.

Since (n;i) = d, the equation xi = m (mod n) has a solution if and only if d divides
m. Then we have %;j(Vk) = Vkx for 0 - k - d j 1. Let H be a K-spanning subgraph
of K which is xed by %;. We assume that each component of HjVi, [ Vi, [¢¢¢ [ V,,,
is Km and any component of the restriction to the proper subset of Vi ;Vi,;66¢ Vi, ;.9
of H is not K,. Since %(Vk) = Vi for 0 - k - d j 1, the vertices of each component
Km must be distributed equally to Vi,; Vi,;¢¢¢;Vi,,,. Then m = 0 (mod p) and % -0
(mod %) and each component of HjV; is K%. If we change the name of the vertices of
Vj 1o Vo;Vvi;vo et v then we have I/Zé(HjVj) = HjV;j. Since (n;i) = d, we have that

5 g) = 1. By Lemma 1, we have that HjV; = M%F. Since the number of components
.. pn . .
Kﬁ of HjVj is g—m the number of the possible arrangements of HjVy, [ Vi, [¢¢¢ [ Vi,,,

pil
is % ' . We divide fVo; Vq;Vy; 808 ;Vg;10 into the subsets Wy; Wo; Wa; 6t ; W which
are satis ed the above conditions. If jW,j is equal to pi;1 - k - s then the number of
Y % bt ) X L
such H is am . In this case we have that pk = d and py is a divisor of m for

k=1 k=1
1-Kk-s. Letd= sjp; be a representation of d as the sum of divisors p; of m. The
j=1
number of ways to divide fVo; V1;Va; 0t ;Vg;10 into s; pieces of pi-element set, s, pieces
of p,-element set, s3 pieces of pz-element set, ¢¢¢, s; pieces of p;-element set is

d!
(i)™ s5!
j=1
Accordingly, the number of all the possibilities of H is
O 1
208 d! Y E_m)gm’sj(pjil)g:
P oy d7pt dm
d=" j_i5iP; DRET R
Sj . Lipjjmforl - j -1 j=1
This number is R given by Notaion 2. We have the results. O

Notation 5. Let S{7; be the number of the “xed points of %; for XT".

Remark 2. By the following lemmas we will see that S agrees with the one which is
given in Notation 3.

Lemma 4. If n is odd then the number of the ~xed points of %o is equal to the number of
the ~xed points of %, forall 1 - k - n j 1.
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Proof. We assume that k is even. Let H be a Kp-spanning subgraph of K, ~xed by
%o. Then it is easily veri ed that %%(H) is a Km-spanning subgraph of K, ~xed by ¥.
Conversely, if H is a Ky,-spanning subgraph of K, ~xed by %, then 1/2;1(H) is a K-
spanning subgraph of K, ~xed by %. Next we assume that k is odd. L2et H be a K-
spanning subgraph of K, ~xed by %. Then it is easily veri ed that 1/ZnT+k (H) is a K-
spanning subgraph of K, ~xed by %. Conversely, if H is a Kn-spanning subgraph of K,
“xed by % then %;_ik (H) is a Ky,-spanning subgraph of K, ~xed by %y. Then we have the

2

results. 0
Similarly, we have the next Lemma.

Lemma 5. If n is even then the number of the ~xed points of % is equal to the number of
the “xed points of ¥4 for all 1 - d - n=2 j 1 and the number of the ~xed points of %, is
equal to the number of the ~xed points of %4+, forall 1 - d - n=2 j 1.

Lemma 6. If n is odd and m is odd then

m —

m;0 — and
Mo 1

m 2 m -

no = mi1 ESnima ifn _ 2m

2

Proof. The Km-spanning subgraph of Ky, is Ky, and K, is ~xed by %p. Then we have
Sh:o = 1. We assume that n _ 2m. Let H be a Ky-spanning subgraph of K, xed by
Y. Let C be the component of H which contains vertex vo. H j C naturally becomes
Km-spanning subgraph of Kn;m ~xed by %; when we change the name of the vertices.
Conversely, let H be a Kiy-spanning subgraph of Ky ;m ~ xed by %;. Since n j m is even,
the axis of the line symmetry is not passing any vertices. If we take one vertex of Ky, in
the position of v of the graph which we will construct and divide the remaining vertices of
Km into halves and distribute them between the vertices of H permitting redundancy and
symmetrically regarding the axis then the resulting graph becomes a Km-sparquglsﬂbgraph
LAN
of K, ~xed by %g. The number of ways to distribute the vertices of K, is mzl_l . Then
we have the results. ? O

Lemma 7. If n is even and m is odd then
rTO = 2 £Sr'Pim;0

mjl
2

Proof. Let H be a Ky-spanning subgraph of K, ~xed by %g. Since n is even, the axis of
Yio passes Vo and va. Let C be the component of H which contains vertex va. Since m is
odd, C does not contain the vertex vo. H j C naturally becomes Ky-spanning subgraph
of Knjm Xxed by ¥ when we change the name of the vertices. Conversely, let H be a
Km-spanning subgraph of Kn;m ~Xxed by %o. Since n j m is odd, the axis of %o passes the
vertex vo. If we take one vertex of Ky, in the position of vy of the graph which we will
construct and divide the remaining vertices of K, into halves and distribute them between
the vertices of H permitting redundancy and symmetrically regarding the axis then the
resulting graph becomes a Km-spagping %Jbgraph of K, ~xed by %y. The number of ways
nj2
to distribute the vertices of K, is 2 . Then we have the results. O

mjil
2



468 Osamu NAKAMURA

Lemma 8. If n is even and m is odd then
Sgnm;l = '2&m i-l : ¢ and
-G

njiz-
k=0 kilm j k j 1)!(1522—'“)!

>

£S72m1 if n _ 4m

-

m _
n;l —

Proof. We assume that n = 2m. If we take one vertex of K, in the position of Vo and
one vertex of another K., in the position of Vo of the graph which we will construct
and distribute the remaining vertices of two Ky, to both sides of the perpendicular bisector
of vp ;1 and vy ;1 permitting redundancy and symmetrically regarding the line then the
resulting graph becomes a Ky,-spanning subgraph of K,y ~xed by %;. The number of

ways to distribute the vertices of two Ky, is &

o KM i ki 1)t
n _ 4m. Let H be a Ky-spanning subgraph of Ky, ~xed by %;. Since n is even, the axis of
¥ does not pass any vertices. Since m is odd, there is no component which contains both va
and Vo Let Co be a component which contains vertex Vo and C; be a component which
contains vertex Vot HiGCoi G naturally becomes Kn,-spanning subgraph of Kp ;2m
“xed by ¥%; when we change the name of the vertices. Conversely, let H be a K,-spanning
subgraph of Kn;2m ~Xed by %;. Since n j 2m is even, the axis of ¥%; does not pass any
vertices. If we take one vertex of Kn, in the position of va and one vertex of another Kn,
in the position of vo..; of the graph which we will construct and distribute the remaining
vertices of two K, between the vertices of H permitting redundancy and symmetrically
regarding the axis then the resulting graph becomes a Kq,-spanning subgrapr? of I%n “xed by

D

=2Mil \We assume that

njiz-
¥%1. The number of ways to distribute the vertices of two Ky, is Ki(m 5 K i2 1)|'(n zmmy
o K! (L)
Then we have the results. O

Lemma 9. If n is even and m is even then

Smo=1 and
Sto= maz ESmimi if n _ 2m

Proof. The K,-spanning subgraph of K, is Ky, and K, is ~xed by %,. Then we have

mo = 1. We assume that n _ 2m. Let H be a Ky-spanning subgraph of K, ~xed by
Yio. Since n is even, the axis of %o passes vo and va. Let C be the component of H which
contains vertex vo and va. HjC naturally becomes K-spanning subgraph of Kpn;m
“xed by %; when we change the name of the vertices. Conversely, let H be a Ky,-spanning
subgraph of K,;m xed by %;. Since n j m is even, the axis of %; does not pass any
vertices. If we take two vertices of Ky, in the positions of vo and va of the graph which
we will construct and divide the remaining vertices of K, into halves and distribute them
between the vertices of H permitting redundancy and symmetrically regarding the axis then

the resulting graph becomes a Km—spanﬁing sHlpgraph of Kn ~xed by %g. The number of
nj2
m2'| 2
2

ways to distribute the vertices of K, is . Then we have the results. O
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Lemma 10. If n is even and m is even then

m1 =1 and
lem-.z1T
Sgnm;l = 2mi1 + m2‘|2 and
2 A 1
L MepeT o o (232)! . _
= : — —— - < om:1 ifn_ 3m
" mgz —nam oo KI(M i ko D(RZEm)! nism

Proof The Km-spanning subgraph of Ky, is Ky and Ky, is “xed by %;. Then we have

m:1 = 1. We assume that n _ 3m. We study two kinds of constitutions that compose
Km-spanning subgraphs of K, ~xed by %; inductively.

The “rst method is the following:

Let H be a Ky-spanning subgraph of K, ; m ~ xed by %;. Since n j m is even, the axis of %;
does not pass any vertices. If we take two vertices of Ky, in the positions of Vo and Vo
of the graph which we will construct and divide the remaining vertices of K, into halves
and distribute them between the vertices of H permitting redundancy and symmetrically
regarding the axis then the resulting graph becomes a Km—spannmg¢subgraph of K, ~xed

by %;. The number of ways to distribute the vertices of K., is 2. . Similarly, if we take

two vertices of Ky, in the positions of vp and v, of the graph wh|20h we will construct and
divide the remaining vertices of Ky, into halves and distribute them between the vertices
of H permitting redundancy and symmetrically regarding the axis then the resulting graph
becomes a Km—spannmg s%bgraph of Kn ~xed by %;. The numger of ways to distribute

the vertices of Ky, is mTZ Accordingly, it is possible 2 £ m > £S5 m:1 Km-spanning

subgraph of K, ~xed by Y1 as a whole with these constltutlons
The second method is the following:

Let H be a Ky-spanning subgraph of K, ;2m ~xed by %;. Since n j m is even, the axis
of %, does not pass any vertices. If we take one vertex of Kn, in the position of va and
one vertex of another K., in the position of Vo of the graph which we will construct
and distribute the remaining vertices of two K,, between the vertices of H permitting
redundancy and symmetrically regarding the axis then the resulting graph becomes a Ky,-
spannlnlg subgraph 01; K2n “xed by %;. The number of ways to distribute the vertices of two
Kmis oo k!(mik(il)!zlni#)!' Similarly, if we take one vertex of Ky, in the position of
Vo and one vertex of another K, in the position of v; of the graph which we will construct
and distribute the remaining vertices of two K,, between the vertices of H permitting
redundancy and symmetrically regarding the axis then the resulting graph becomes a K-
spanning sul:l):graph of Kn “xed by ¥%;. The number of ways to distribute the vertices of

n 2
two Ky is % k!(mikil)!(”izzm)!' Therefore, by this construction, we can construct
ol (Ri2)
2 : _ .
o Ki(m i ki DI(RZm)!
constructions, we can construct

2£

Km-spanning subgraph of K, ~xed by %;. By these two

Mo T Ao nj2y '
2 2 S L +2E Sl - E£SM m
mpz Tnham oo KIM i ki 1)I(REEm)! pem

Km-spanning subgraphs of K, ~xed by %;. Clearly there are doubling two pieces of each.
Also, it is clear to be able to compose all the K,-spanning subgraphs of K, ~xed by ¥
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by these methods. We assume that n is equal to 2m. Then we can similarly construct all
Km-spanning subgraphs of Ky, ~xed by %; by these two constructions if we set H be a
empty graph in the case of the second constitution. We have the results. O

Then we completely proved Theorem 2.

Remark 3. We calculated the non-equivarent K4-spanning subgraphs of K,, n - 16 by
computer. The numbers agreed with the numbers that are given by Theorem 2. The results
is as follows:

n=4 1
n=8 7
n=12 297
n=16 83488
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