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ABSTRACT.

Let X be a space with a closure-preserving cover F consisting of countably compact
closed subsets. In this paper we prove the following: (1) if X is normal and each
F € F is weakly infinite-dimensional, then X is weakly infinite-dimensional, (2) if X
is collectionwise normal and each F' € F is a C-space, then X is a C-space.

1 Introduction

We assume that all spaces are normal. In this paper we study sum theorems for infinite-
dimensional spaces. Usual and undefined terms can be found in [2].

A space X is weakly infinite-dimensional if for every countable collection {(A;, B;) : ¢ €
N} of pairs of disjoint closed subsets of X there exists a partition L; in X between A; and
B; for each ¢ € N such that ﬂfil L; = (. If A and B are collections of subsets of a space
X, then A < B means that A is a refinement of B, i.e. for every A € A there exists B € B
such that A C B. Notice that A need not be a cover even if B is a cover. A space X is
a C-space if for every countable collection {G; : i € N} of open covers of X there exists a
countable collection {H; : i € N} of collections of pairwise disjoint open subsets of X such
that H; < G; and |JU;=, Hi = X. A collection {A; : s € S} of subsets of a space X is
closure-preserving if Cl({J,cq As) = U,cq ClA, for every 5" C S. A collection {A, : s € S}
of subsets of a space X is hereditarily closure-preserving if every collection {B; : s € S},
where B, C A, for every s € S, is closure-preserving. Let us note that every locally finite
collection is hereditarily closure-preserving and that every hereditarily closure-preserving
collection is closure-preserving.

Let X be a space with a closed cover F consisting of weakly infinite-dimensional sub-
spaces. Hadziivanov [3] proved that X is weakly infinite-dimensional provided that X is
countably paracompact and F is locally finite. Polkowski [5] proved that X is weakly
infinite-dimensional provided that X is hereditarily normal and F is hereditarily closure-
preserving. By using the same method of Polkowski, we can easily show that Hadziivanov’s
result above holds under the assumption that F is hereditarily closure-preserving.

Addis and Gresham [1] proved that if a paracompact and hereditarily collectionwise
normal space X can be represented as the union of a locally finite collection F of closed
C-spaces, then X is a C-space. Komoda [4] proved this result under the assumption that
X is either paracompact or hereditarily collectionwise normal and F is hereditarily closure-
preserving.

On the other hand Telgérsky and Yajima [6] proved that if a space X has a closure-
preserving closed cover F such that each F' € F is countably compact and dim F' < n,
then dim X < n. The purpose of this paper is to give analogous results for weakly infinite-
dimensional spaces and for C-spaces.
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2 The Main Theorems
The following lemma which was proved by Telgarsky and Yajima [6] plays an important
role in the proofs of our main theorems.

2.1. Lemma.(Telgarsky and Yajima [6]). Let X be a space with a closure-preserving cover
F consisting of countably compact closed sets. Let {F; :1 € N} be a sequence of collections
of subsets of X and {X; :1 € N} a sequence of closed subsets of X satisfying the following
conditions;

Xit1 C X,, Fi is a mazimal disjoint subcollection of F|X; = {FNX,: F € F}, and
Xi+1 N U}—z = @
Then we have (2, X; = 0.

Since every F,-subset of a normal space is also normal, one can easily prove the following
lemma.

2.2. Lemma. Let F be a closed subspace of a space X and Z a zero-set in X. Let A and
B be disjoint closed subsets of X such that ZNA=0=ZNDB. If ZNF is a partition in
F between ANF and BN F, then there exists a partition L in X between A and B such
that LNF C Z.

2.3. Theorem. If a space X has a closure-preserving closed cover F such that each
F € F 1s countably compact and weakly infinite-dimensional, then X 1s weakly infinite-
dimensional.

Proof. Let {(Ai;, B;j) : i,j € N} be a countable collection of pairs of disjoint closed subsets
of X. For every ¢ € N, inductively, we shall construct a closed subset X;, a collection F;
and a closed subset L;; for each j € N satisfying the following conditions;

F; is a maximal disjoint subcollection of F|X;, and

L;j is a partition in X between A;; and B;; for each j € N such that fiﬂﬂjoil L;j =10.

First we set X; = X. Assume that a closed subset X; has been constructed. By Zorn’s
Lemma, take a maximal disjoint subcollection F; of F|X;. For every F N X; € F;, where
F € F, there exist {(F) € N and a partition T3;(F) in F N X; between A;; N F N X; and
B;;NFNX; for each j € N such that ﬂf(:Fl) T;;(F) = 0, because FNX, is countably compact
and weakly infinite-dimensional. For every £ € N let us set

Fie={FNX, Efi:E(F):é},A’MZU}—M, and

Ti]'( = U{TIJ(F) FNnX,; e fif} for each 57 € N.

Since F¢ is closure-preserving and pairwise disjoint, Fjp is discrete in X. Thus the set T,
is a partition in K between A;; N K¢ and B;j N K. Since {K;r : £ € N} is discrete in X,
there exists a discrete collection {Uj¢ : £ € N} of open subsets of X such that K;r C Uj,.
Since ﬂﬁzl Tije = 0, take a zero-set Z,j, in X such that T;5 C Zije C Lri(,ﬂﬁzl Zije =
() and Zij[ﬁAij =0= Zij[ﬂBij. Let us set Zij = U{Zijl e N} and K; = U{I&’M L e N}
Since {U;¢ : £ € N} is discrete in X, Z;; is a zero-set in X and Z;; N K; is a partition in K
between A;;NK; and B;;NK;. By Lemma 2.2, take a partition L;; in X between A;; and B;;
such that Lijﬂf&’i C Zij. Then we have U}—iﬂm;; Li]‘ = I&’,‘ﬁﬂ?}:l Lij C I&riﬁﬂjoil Zij ={.
Finally, we put X;41 = ﬂ?il L;; N X;.

By Lemma 2.1, ();=; X; = 0, therefore we have ();2, ﬂj’;l L = N2, X; = 0. This

implies that the space X is weakly infinite-dimensional. Theorem 2.3 has been proved.

Next we consider a sum theorem for C-spaces.
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2.4. Lemma. Let F be a closed subset of a collectionwise normal space X and {G; : i € N}
be a collection of open covers of X. If F' 1s a countably paracompact C-space, then there
exists a discrete collection H; of open subsets of X for each 1 € N such that H; < G; and
FcUUzZ Hi

Proof. Take a collection U; of pairwise disjoint open subsets of F for each ¢ € N such that
U; < Gi|F and UU?ilZ/Ii = F. For ever U € U; take G(U) € G; with U C G(U). We set
U, = JU; for every i € N. Obviously, {U; : i € N} is a countable open cover of F. Thus
there exists an open cover {V; : ¢ € N} of F with C1V; C U;. Let us set U’ = UNYV; for every
U € U;. The collection {ClxU’ : U € U;} is discrete in X. Hence we can take a discrete
collection {H(U) : U € U;} of open subsets of X such that ClxU’ € H(U) C G(U). Let us
set H, = {H(U) : U € U;}. Obviously, we have H; < G; and F C |J Uf; H;.

2.5. Theorem. If a collectionwise normal space X has a closure-preserving closed cover
F such that each F € F s a countably compact C-space, then X is a C-space.

Proof. Let {G;; : 1,j € N} be a countable collection of open covers of X. For every i € N,
inductively, we shall construct a closed subset X;, a collection F; and a collection H;; for
each j € N satisfying the following conditions;

F; is a maximal disjoint subcollection of F|X;, and

‘H;; is a collection of pairwise disjoint open subsets of X for each 7 € N such that
7'[,‘]‘ < g,‘]‘ and U}—,‘, C UU;’il 'H,‘,j.

First we set X1 = X. Assume that a closed subset X; has been constructed. By Zorn’s
Lemma, take a maximal disjoint subcollection F; of F|X;. Since F; is closure-preserving
and pairwise disjoint, F; is discrete in X. Since F'N X; € F; is a countably compact C-
space, | JF; is a countably paracompact C-space. By Lemma 2.4, there exists a collection
H;; of pairwise disjoint open subsets of X such that H;; < G;j and JF; C UU;’il Hi;.
Finally, we put X;4; = X, — U U;.i1 H;j. By Lemma 2.1, (2, X; = 0, therefore we have
UuZ, UJOOZ1 ‘H;; = X. This implies that the space X is a C-space.

2.6. Problem. Does Theorem 2.5 hold under the assumption that X is normal?
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