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Abstract. Let M be a complete, simply connected Riemannian manifold with positive con-

stant scalar curvature, and TM its tangent bundle with the lift metric I+II. If TM admits an

essential in�nitesimal conformal transformation, then M is isometric to the standard sphere.

Furthermore ifM is compact, then the assumption \essential" is reduced to \non-homothetic".

1. Introduction

Let (M; g) be a Riemannian manifold and r its Riemannian connection. A transfor-

mation f of M is called a projective transformation if it preserves the geodesics, where

each geodesic should be confounded with a subset of M by neglecting its aÆne parameter.

Furthermore, f is called an aÆne transformation if it preserves the connection r. We then

remark that an aÆne transformation may be characterized as a projective transformation

which preserves the aÆne parameter together with geodesics.

Let V be a vector �eld on M , and let us consider a 1ocal one-parameter group fftg of

local transformations of M generated by V . Then V is called an in�nitesimal conformal

transformation if each ft is a local conformal transformation. V is called an in�nitesimal

projective transformation if each ft is a local projective transformation. SimilarlyV is called

an in�nitesimal aÆne transformation if each ft is a local aÆne transformation. Clearly

an in�nitesimal aÆne transformation is an in�nitesimal projective transformation. The

converse is not true in general. Indeed the standard sphere Sn(c) with the the radius
1p
c
,

which is a space of positive constant curvature c, admits a non-aÆne in�nitesimal projective

transformation.

As a converse problem, the following conjecture is known.

Conjecture A. Let M be a complete, simply connected Riemannian manifold with

positive constant scalar curvature. Assume that M admits a non-aÆne in�nitesimal pro-

jective transformation. Then is M isometric to the standard sphere!)

Let TM be the tangent bundle over M . Then we can consider some lift metrics on TM ,

for example, the complete lift metric, the lift metric I+II, etc.

Recently one of the authors proved the following
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Theorem A ([Y3]). Let (M; g) be a complete, simply connected Riemannian mani-

fold with positive constant scalar curvature and TM its tangent bundle with the complete

lift metric. If TM admits an essential in�nitesimal conformal transformation, then M is

isometric to the standard sphere.

In this paper, we prove the following

Theorem 1. Let (M; g) be a complete, simply connected Riemannian manifold with

positive constant scalar curvature and TM its tangent bundle with the lift metric I+II.

If TM admits an essential in�nitesimal conformal transformation, then M is isometric to

the standard sphere.

Theorem 2. Let (M; g) be a compact, simply connected Riemannian manifold with

positive constant scalar curvature and TM its tangent bundle with the lift metric I+II.

If TM admits a non-homothetic in�nitesimal conformal transformation, then M is isomet-

ric to the standard sphere.

Therefore we have the following new conjecture.

Conjecture B. Let (M; g) be a complete, simply connected Riemannian manifold

with positive constant scalar curvature and TM its tangent bundle with the lift metric I+II.

Assume that TM admits a non-homothetic in�nitesimal conformal transformation. Then

is M isometric to the standard sphere?

In the present paper everything will be always discussed in the C1-category, and Rie-

mannian manifolds will be assumed to be connected and dimension n > 1.

2. Preliminaries

Let (M; g) be a Riemannian manifold and r its Riemannian connection. Let V be a

vector �eld on M . It is well-known that V is an in�nitesimal conformal transformation if

and only if there exists a function  on M satisfying

LV g =  g;

where LV is the Lie derivation with respect to V . In this case,  is called the associated

function of V . Especially, if  is constant, then V is called an in�nitesimal homothetic

transformation. Furthermore, V is an in�nitesimal isometry if and only if  is zero constant.

A vector �eld V onM is an in�nitesimal projective transformation if and only if there exists

a 1-form 
 on M satisfying

(LVr)(X; Y ) = 
(X)Y + 
(Y )X

for any X; Y 2 T10(M ). In this case, 
 is called the associated 1-form of V .

We have the following Tanno's Theorem ([O], [T]):

Lemma 1. Let (M; g) be a complete, simply connected Riemannian manifold. In

order that M admits a non-constant scalar function f on M satisfying

rkrjrif + c(2gkjrif + gkirjf + gjirkf) = 0

for some positive constant c, it is necessary and suÆcient thatM is isometric to the standard

sphere of radius
1p
c
.

One of the authors proved the following
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Lemma 2 ([Y1]). Let (M; g) be a compact, simply connected Riemannian manifold

with constant scalar curvature S. If M admits an non-aÆne in�nitesimal projective trans-

formation, then S is positive and M is isometric to the standard sphere.

Let � h
ji be the coeÆcients of r, i.e., r@j@i =: �

a
ji @a, where @h :=

@

@xh
and (xh) is the

local coordinates of M . We de�ne a local frame fEi; E�ig of TM as follows:

Ei := @i � yb� a
ib @�a and E�i := @�i;

where (xh; yh) is the induced coordinates of TM and @�i :=
@

@yi
. fEi; E�ig is called the

adapted frame of TM . Then fdxh; Æyhg is the dual frame of fEi; E�ig, where Æyh :=

dyh + yb� h
ab dx

a.

By straightforward calculations, we have the following

Lemma 3. The Lie brackets of the adapted frame of TM satisfy the following identi-

ties:

(1) [Ej; Ei] = ybK a
ijb E�a,

(2) [Ej; E�i] = � a
ji E�a,

(3) [E�j; E�i] = 0,

where K = (K h
kji ) denotes the Riemannian curvature tensor of M de�ned by K h

kji :=

@k�
h

ji � @j�
h

ki + � a
ji � h

ka � � a
ki �

h
ja .

Lemma 4. Let eV be a vector �eld on TM . Then

(1) L
eV
Ei = [eV ; Ei] = �(Ei

eV a)Ea + (eV cybK a
icb � eV b� a

bi �Ei
eV �a)E�a,

(2) L
eV
E�i = [eV ; E�i] = �(@�i eV a)Ea + (eV b� a

bi � @�i
eV �a)E�a,

(3) L
eV
dxh = (Ea

eV h)dxa + (@�a eV
h)Æya,

(4) L
eV
Æyh = fyc eV bK h

bac + eV b� h
ba +Ea

eV
�hgdxa � (eV b� h

ba � @�a eV
�h)Æya,

where (eV h; eV
�h) = eV aEa + eV �aE�a := eV .

We denote by Tr
s(M ) the set of all tensor �elds of type (r; s) onM . Similarly, we denote

by Tr
s(TM ) the corresponding set on TM .

3. In�nitesimal conformal transformations on TM

Let (M; g) be a Riemannian manifold and TM its tangent bundle. The lift metric I+II

is de�ned by eg = gbadx
bdxa + 2gbadx

bÆya. A vector �eld eV on TM is an in�nitesimal

conformal transformation if and only if there exists a function e� on TM such that

L
eV
eg = 2e� eg:

The in�nitesimal conformal transformation eV is said to be essential if e� depends on (yh)

essentially ([Y3]). The in�nitesimal conformal transformation eV on TM is said to be

inessential if e� depends only on (xh).
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Proposition. Let (M; g) be a Riemannian manifold and TM its tangent bundle with

the lift metric I+II. Then eV is an in�nitesimal conformal transformation with the associated

function e� on TM if and only if there exist  2 T00(M ); B = (Bh); C = (Ch); � = (�h) 2
T
1
0(M )and A = (A h

i ) 2 T11(M ) satisfying

(3:1) (eV h; eV
�h) = (Bh + yaA h

a ; C
h � ya(A h

a + ghbrbBa) + (2 + ya�a)y
h),

(3:2) e� =  + ya�a,

(3:3) Aji + Aij = 0,

(3:4) rjA
h
i = �iÆ

h
j � �hgji,

(3:5) LB+C gji = rjCi +riCj +rjBi +riBj = 2 gji,

(3:6) LB�
h

ji = rjriB
h +K h

aji B
a = 	jÆ

h
i + 	iÆ

h
j � gji�

h,

(3:7) rj�i +ri�j = 0,

(3:8) KakjiA
a
h = �gkjri�h + gkirj�h,

where (eV h; eV
�h) := eV aEa + eV �aE�a = eV , 	i := @i , and Aji := A a

j gai etc.

Proof. Here we prove only the necessary condition of Proposition because it is easy to

prove the suÆcient condition.

Let eV be an in�nitesimal conformal transformation with the associated function e� on

TM . Here we have

(L
eV
eg) = f2gaj(yc eV bK a

bic + eV
�b� a

bi + Ei
eV �a) + eV a@agji + 2gaiEj

eV agdxjdxi

+ 2feV a@agji + gaiEj
eV a � gaj(eV

b� a
ib � @�i

eV �a) + gaj@�i
eV agdxjÆyi

+ 2gai(@�jV
a)ÆyjÆyi:

From L
eV
eg = 2e� eg = 2e� gjidx

jdxi + 4e� gjidx
jÆyi, we obtain

(3.9) gai@�j
eV a + gaj@�i

eV a = 0;

(3.10) eV a@agji + gaiEj
eV a � gaj(eV

b� a
ib � @�i

eV a � @�i
eV �a) = 2e� gji

and

eV a@agji + gaj(y
c
eV bK a

bic + eV
�b� a

bi + Ei
eV a +Ei

eV �a)

+ gai(y
c
eV bK a

bjc + eV
�b� a

bj +Ej
eV a + Ej

eV �a)(3.11)

= 2e� gji:

From (3.9) there exist B = (Bh) 2 T10(M ) and A = (A h
i ) 2 T11(M ) satisfying

(3.12) eV h = Bh + yaA h
a and Aji + Aij = 0:

Substituting (3.12) into (3.10), we have

(3.13) rjBi �Aji + gaj@�i
eV �a + yarjAai = 2e� gji:
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Operating @�k to (3.13), we have

rjAki + gaj@�k@�i
eV �a = 2gji @�ke�;

from which, changing the roles of k and i and comparing these equations, we get

(3.14) rjAki = gji@�ke�� gkj@�ie�:

Here we put �i :=
1

n� 1
raA

a
i . Transvecting (3.14) by gji, we obtain

(3.15) @�ke� = �k;

from which

(3.16) rkAji = �jgki � �igkj

and

(3.17) e� =  + ya�a;

where  is a function on M . Substituting (3.16) and (3.17) into (3.13), we have

(3.18) eV
�h = Ch � ya(A h

a + ghbrbBa) + (2 + ya�a)y
h ;

where C = (Ch) is a vector �eld on M .

Substituting (3.12), (3.16), (3.17) and (3.18) into (3.11), we have

(3.19) LB+C gji = rjCi +riCj +rjBi +riBj = 2 gji;

(3.20) LB�
h

ji = rjriB
h +K h

aji B
a = 	jÆ

h
i + 	iÆ

h
j � gji�

h

and

KaijkA
a
h +KaijhA

a
k +KajikA

a
h +KajihA

a
k(3.21)

= gkjri�h + ghjri�k + gkirj�h + ghirj�k:

Transvecting (3.21) by gkh, we get

(3.22) rj�i +ri�j = 0:

Lastly we pove

(3.23) KakjiA
a
h = �gkjri�h + gkirj�h:

In fact, we put Pkjih := KakjiA
a
h +gkjri�h�gkirj�h. Then (3.21) is rewritten as follows:

(3.24) Pikjh + Pihjk + Pjkih + Pjhik = 0:

By virtue of the �rst Bianchi identity, we have

(3.25) Pkjih + Pjikh + Pikjh = 0:

On the other hand, applying the Ricci identity to (3.4), we get

(3.26) Pkjih + Pkijh = 0:

Using (3.24), (3.25) and (3.26), we obtain Pkjih = 0, i.e., (3.23). This completes the proof

of the necessary condition.

Q.E.D.
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Corollary 1. Let (M; g) be a Riemannian manifold and TM its tangent bundle

with the lift metric I+II. Then eV is an inessential in�nitesimal conformal transformation

with the associated function  on TM if and only if there exist B = (Bh); C = (Ch) 2
T
1
0(M )and A = (A h

i ) 2 T11(M ) satisfying

(1) (eV h; eV
�h) = (Bh + yaA h

a ; C
h � ya(A h

a + ghbrbBa) + 2 yh),

(2) Aji +Aij = 0,

(3) rjA
h
i = 0,

(4) LB+C gji = rjCi +riCj +rjBi +riBj = 2 gji,

(5) LB�
h

ji = rjriB
h +K h

aji B
a = 	jÆ

h
i + 	iÆ

h
j ,

(6) KakjiA
a
h = 0,

where (eV h; eV
�h) := eV aEa + eV �aE�a = eV and 	i := ri = @i .

4. Proofs of Theorems

Proof of Theorem 1.

Let (M; g) be a complete, simply connected Riemannianmanifold with positive constant

scalar curvature S, and TM its tangent bundle with the lift metric I+II: eg := gbadx
bdxa +

2gbadx
bÆya. Assume that TM admits an essential in�nitesimal conformal transformation

eV .

Operating rl to (3.8) and using (3.4), we have

(4.1) (rlKakji)A
a
h = �Klkji�h + glhKakji�

a � gkjrlri�h + gkirlrj�h:

Transvecting (4.1) by glh and using the Ricci identity, we get

(rbKakji)A
ba = (n� 1)Kakji�

a � gkjrari�
a + gkirarj�

a(4.2)

= (n� 1)Kakji�
a � gkjRai�

a + gkiRaj�
a;

where R = (Rji) is the Ricci tensor of M .

On the other hand, using (3.7) and (3.8), we have

(4.3) KbjiaA
ba = rj�i:

Operating rk to (4.3), and using (3.4) and the �rst Bianchi identity, we �nd

(rkKbjia)A
ba = �KbjiarkA

ba +rkrj�i

= rkrj�i +Kakji�
a;

from which, we obtain

(rbKakji)A
ba

= (riKakjb �rjKakib)A
ba

= rirj�k +Kaijk�
a �rjri�k +Kajik�

a(4.4)

= �(Kakji +Kajik +Kaikj)�
a

= 0:
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Therefore (4.2) is reduced to

(4.5) (n � 1)Kakji�
a = (gkjRai � gkiRaj)�

a:

Transvecting (3.8) by gkj, we have

(4.6) RaiA
a
h = (n� 1)rh�i:

Operating rk to (4.6) and using (3.4), we have

(4.7) (n � 1)rkrj�i = (rkRai)A
a
j + Rki�j � gkjRai�

a;

from which, since the scalar curvature S of M is constant, we obtain

(4.8) nRai�
a = S�i:

From (3.4) and (4.6), we have

(4.9) RajA
a
i +RaiA

a
j = 0:

Operating rk to (4.9) and using (3.4), we get

(4.10) Qkji = �Qkij;

where Qkji := (rkRaj)A
a
i + Rkj�i � gkjRai�

a. Tranvecting (4.1) by glk and using the

second Bianchi identity and the Ricci identity,

(4.11) (rjRai �riRaj)A
a
h = 0:

From the de�nition of Q = (Qkji) and (4.11), we get

(4.12) Qkji = Qjki:

Therefore, using (4.10) and (4.12), we obtain Qkji = 0, i.e.,

(4.13) (rkRaj)A
a
i = �Rkj�i + gkjRai�

a:

Substituting (4.13) into (4.7) and using (4.5), we obtain

(4.14) L��
h

ji = rjri�
h +K h

aji �
a = 0:

Here we put f :=
n(n� 1)

2S
�a�

a. First we assume that f is non-constant. Transvecting

(4.5) by �i and using (4.8), we obtain

(4.15) Fi = rif = A a
i �a:

where Fi := rif = @if . Operating rj to (4.15) and using (3.4), we have

rjFi = A a
i rj�a + �j�i � (�a�

a)gji(4.16)

= A a
i rj�a + �j�i � 2S

n(n� 1)
fgji:
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Operating rk to (4.16), and using (3.4), (4.5) and (4.14), we obtain

rkrjFi = A a
i rkrj�a � S

n(n � 1)
Fjgki + �jrk�i � 2S

n(n� 1)
Fkgji

= �A a
i Kbkja�

b + +�jrk�i � S

n(n� 1)
(2Fkgji + Fjgki)(4.17)

= � S

n(n� 1)
(2Fkgji + Fjgki + Figkj):

Therefore, by virtue of Lemma 1, M is isometric to the standard sphere.

Next, we assume that f is constant. Then f is non-zero because the in�nitesimal con-

formal transformation eV is essential. From (4.15) we have

(4.18) A a
i �a = 0:

Transvecting (4.5) by A i
h , and using (3.8), (4.6) and (4.8), we have

(RahA
a
k � S

n
Akh)�j = 0;

from which, because f is non-zero constant, we get

(4.19) RahA
a
k =

S

n
Akh:

Substituting (4.6) and (4.19) into (3.8),

KakjiA
a
h = �gkjri�h + gkirj�h

=
1

n � 1
(gkjRai � gkiRaj)A

a
h(4.20)

=
S

n(n � 1)
(gkiAjh � gkjAih):

Operating rl to (4.20), and using (3.4), (4.5) and (4.8), we get

(4.21) (rlKakji)A
a
h +Klkji�h =

S

n(n � 1)
(gligkj � gljgki)�h:

Because f is non-zero constant, transvecting (4.21) by �h and using (4.18), we obtain

(4.22) Klkji =
S

n(n � 1)
(gligkj � gljgki):

Thus M is a space of positive constant curvature. Therefore M is isometric to the standard

sphere.

Q.E.D.

Proof of Theorem 2.

Let eV be a non-homothetic in�nitesimal conformal transformation on TM . If eV is

essential, then M is isometric to the standard sphere by virtue of Theorem 1. If eV is

inessential, then there exists a non-aÆne in�nitesimal projective transformation B on M

by virtue of Corollary 1 (5). In fact, the associated function  of eV is non-constant, i.e.,

the associated 1-form 	 = (	i) of B is non-zero, because eV is non-homothetic. Therefore,

by virtue of Lemma 2, M is also isometric to the standard sphere.

Q.E.D.
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