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ABSTRACT. When railroad companies introduce new services such as express trains
skipping stations, they generally did not have a logical methodology to determine the
stations the express train should stop at. This paper proposes a mathematical model
to determine the stations that the express train should stop, based on maximization of
passenger’s satisfaction level. Here, it is assumed that the degree of congestion in the
trains represents the passenger’s satisfaction. In this model, we discuss the condition of
a specific station that some passengers can transfer to the express train. The numerical
analysis is based on actual collected data and verifies the approximation of the model
in real life situations.

1 Introduction

In general, the railroad company offers various services, such as rapid express and express
services. Until quite recently, the rapid express service has not made an intermediate stop
except neighborhood terminal station. But several railroad companies try to provide the new
intermediate stop of rapid express train. Depending on the past experience and business
result only, many railroad companies probably has made the decision of the number of
stops. We will construct the models to determine whether this new service is good or bad.
Passenger’s satisfaction of railroad service is introduced into this model as the standard
of optimization. The passenger’s satisfaction here is strictly based upon the degree of
congestion in a train. The seated customer is assumed to have high satisfaction with the
service, and conversely, the unseated customer is assumed to have low satisfaction with
the service. This mathematical model uses the function of passenger’s satisfaction, subject
to change by this degree of congestion, and applying it to all customers. This paper will
introduce a function of passenger’s satisfaction, subject to change by degree of congestion
in a train, and attempts to make a contrast of the total satisfactions of all customers before
and after the start of new rapid express service. Consequently, this result will determine
whether this new service was good or bad, in terms of the passenger’s satisfaction. By giving
direct relationship between the number of customers making transfers to the new stop of
the rapid express and the unit of distance away from the terminal station, it is possible to
discuss the optimal stopping point for the new service.

2 Assumption of the railroad models

In general, railroad companies offer number of train services, e.g. rapid express, express,
local services. This paper will focus on the case where rapid express service makes a brief
stop on particular station. For simplification, this case only takes rapid express and express
service into consideration. Also, the model only considers the service moving towards one
particular terminal station. In urban city, there are several stations close to the terminal
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station, which will be abstracted with the terminal station into one group as the region Q,
or terminal Q. The model I describes the state where the rapid express service train is not
making an intermediate stop at station P. The station P is located in between the starting
point and the terminal station. It is naturally considered that the station P is located in
a satellite city of region Q. Their numbers of customers gotten on each express train are
defined as follows:
a: the number of customers who has been on the rapid express train before station P
A: the number of customers who has been on express service before P and bound for Q
a: the number of customers who has been on express service before P,
and disembarked before Q
B: the number of customers who gets on express service at P and bound for Q
b: the number of customers who gets on express service that embarked on P,
and disembarked before Q
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Figure 2-1: Model 1

The assessment of the train service on the line may be represented by the accumula-
tion of individual passenger’s satisfaction. It is assumed that an individual satisfaction is
determined by the degree of congestion and the riding time of a train. If x is the number
of customers and t is the riding time on a train, satisfaction of a customer in the train is
represented by f;(x). Figure that gives visual aid is as follows:
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Figure 2-2: Satisfaction level
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It is naturally considered that fi(z) is nonincreasing in = and ¢. If z is less than the
number of seats, f;(z) = 1, and if x is approximate to the maximum capacity of a train,
fi(z) = 0. In the rush hour, f;(z) may not be low if the riding time ¢ is short. The sum
of satisfactions of all passengers both a rapid express service and a express service in the
model I, is put as ¢. ¢ is calculated as follows:

¢ = min(a, ) x 1 + max(a — m,0) fi(«)
+min(a+b+ A+ B,7) x 1+ max(a+b+ A+ B—7,0)f;(a+b+ A+ B)

In model I, it is introduced to the new service that a rapid express makes intermediate
stop at station P.
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Figure 2-3: Model 11
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Model IT is same under the assumptions of model I except for the new brief stop, therefore
fi(z) can be directly used. However, the new stop at station P invites new situation where
express service waits for the rapid express service to make transfer. In this case, it is
assumed that the passenger on express services either makes transfer at station P, or balks
the express service from station P to catch the later rapid express service. Under this
premise, the sum of all passenger’s satisfactions is put as p, which is calculated as follows.

p=min(a+ A+ B,7) x 1 + max(a + A+ B —7,0)fi(a + A+ B)
+min(a + b,7) x 1 + max(a + b —m,0)fi(a+b)

For simplifying, let a + b and A+ B be 8 and =, respectively. 0 represents the number
of passengers gotten on the express service from station P. 7 represents the number of
passengers that transfer from express service to the rapid express service at station P. Also,
¢ and p is considered as the function of . It is naturally considered that « increases in
proportion with the distance from the terminal Q. Hence, the formulae are transferred as
follows:

¢(v) = min(a, 7) + max(a — 7, 0) fe (o) + min(8 + v, 7) + max(8 + v — 7, 0) (3 +7)
p(v) = min(a + v, 7) + max(a + v — 7,0) fy( + ) + min(8, 7) + max(3 — 7,0) f(5)

Now it is possible to compare the two models. By calculating the difference between
the passenger’s satisfaction level of ¢() and p(7), it is possible to determine whether the
introduction of the new service of rapid express with intermediate stop at station P was a
good or a bad decision. Hence, the difference can be calculated as follows:
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M(v) = p(v) = 0(7)
= max(a+vy—m,0)fi(a+7v) — max(a — 7,0)fi(e) + min(8, 7) — min(G + 7, 7)
+ max(8 — ,0) f:(8) —max(8+ v —m,0)f:(8+ ) + min(a + v, 7) — min(a, 7)

3 Analysis of two models

In actual situation, the degree of congestion is given by the following variables; maximum
capacity, seating capacity, the actual passenger number, and the riding time on the train.
If the number of passengers is less than the seating capacity 7 in one car, in which every
passenger is able to take a seat, the passenger’s satisfaction level is 1. In case where the
number of passengers exceeds the passenger capacity in one car, for example in the rush
hour, the limit of the passenger capacity is considered as 3w. Meanwhile, the passenger’s
satisfaction level simply decreases as the number of the passenger rises, i.e. the satisfaction
level and the number of the passengers are inversely related. When the car is so crowded
that passengers cannot more an inch, that is when the number of the passenger exceeds
37, the customer satisfactory level is 0. Here, in order to simplify, we ignore ¢t and use the
linear function as follows;

1 ife<mw
filx) =9 —£(@—-3m) ifr<z<3nm
0 if3n <z

M (7)is determined by «,3,y,m. The analysis of the function M(vy) evaluates whether
the brief stop at station P of the rapid express service was good or bad. Furthermore,
by finding the maximization of M (7), it is possible to determine the optimal intermediate
stop for the rapid express. Here we will classify every situations depending the number of
passengers and search the optimal v which maximizes M (v):

(Ha<m <7

M(v) = max{y — (7 — a), 0} fi(a 4 7) — max{y — (7 = §),0}fo (6 + )
+ B —min(f + v, 7) + min(a +7,7) — «

1) a<p

()y<7m-p
MA)=p-B+7)+a+y—a=0

(i)r—F<y<m—a

M@)=—{vy- (=B} fi(B+7)+ -7+~
=5{y— (v —B)}?
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(i) r—a<y<3r-4
M@y)={y—(r—a)}fila+~v) —{v= (=B} fi(B+7)+ [ —7+7—«
=t 2a-Bv+a* -+ (a+B)r—(a—B)3rt+B—a+7y
(iv)3r—pB<y<3r—«
M(y)={yv—(r—-a)}fila+y)—{y— (7 =B} fi(B+7)+B—7+7—«
— Ll Cro o) Ca+f+ i
(V)3r—a<y

M()=f—mt7m—a=f—a>0
So, M () is presented graphically as Figure 3.1.

Figure 3.1
In this case, ¥ = 37 — 3 is given to the value of maximization M(y) = —5=(a? + 82 +
dra — 47 — 2a0).
(12)f<a
Hy<m—a

MHy)=8—-0B+7)+(a+y)—a=0
(i)r—a<y<wm-p0

M) = ~{y = (r = a)lfila+7) + B (B+7) +7-a
~E - -y -GBr-a)} —a+r—1

(fii)mr—B<~y<3mr—a

M@y)={v-(r-a)}fila+7y)—{y— (7=} il B+7)+B-7+7 -«
=—{r-(m-a)H{r-Br-a)}—a+r—7

(iv)3r—a<y<3r—-p
MAy)=—{v—@-P}(B+N+—7T+7—«

={r-Qr-p) -sr+6-a

(V) 3m =B <«

My)=B-nm+m—a=8-a<0
So, M () is presented graphically as Figure 3.2.
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In this case, 0 < v < 7w — « is given to the value of maximization M () = 0.

2)a<n<p

M(y) = max{y — (7 — ), 0} fe(a +7) — max{y — (7 — B),0} f: (8 + )
+ (B =) fe(B) + min(a +v,7) —a

2)0<a<nr<p<2r+a«
Ho<~y<7m—«

MA) = —{v-(@=-0i(B+7)+B-—m)fi(B) ta+v—«a
= 5 {v—(m=BHr—Br—0)} — 5= (7 — B)Br — B) +~
(i)mr—a<y<3r—-4
M(7) {r=(m =) fila+y) —{y—=(m =B} fi(B+7) + (B —7)fu(B) + 7 —

1
I3 a)yy— L(r—a)?

= {v—(m—a)lfilat+y)—{yv= (T =B)}fi(B+~)+(B—7)fi(B) +7 -«
= —%h—(ﬂ—a)}{v—(?ﬂr—a)}—ﬁ(ﬂ—ﬁ)(?ﬂr—ﬁ)ﬁf—a
= —5-{r—@r-a)}* —a+26— 54

= (- () fula+7) ~ {7 (T~ BB+ + (B - (B +7—a
= A B)BT B t1—a>0

So, M () is presented graphically as Figure 3.3.
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When 7 < (8 —«

When 7> (3 — «

T

—_—

> 7
0 il n-8 Im-a
Figure 3.3
In this case, v = 27 — « is given to the value of maximization M(y) = —a+ 20 — i 2

if # < —a,v=3r— [ is given to the value of maximization M (v)
26% + 4w — 678 — 203, if 1 > B — a.

(22)0<a<r<2r+a<p3<3rm
(H0<y<3m—p

— (2 +a’ +

—(r=P)} B+ +(B—m)fi(B) +a+v—«
—a{y— (=B HY-Br =)} — (= B)Br—B) +v

Ay = (T =B} f:(B+7)+ (B —m)f:(B) +
— o= (m=B)Br = B) +~

(i) mr—a<y<31T—a

—(m—a)fila+y)—{y—(m=B)} fe(B+) +(B—7)f:(B) +7—«
{r—(r—a)Hy-Br—a)} — = (r—B)Br—f)+ 7 —«
{7 —2r—a)}? —a+28— 5

—(mr—a)lfila+y)—{y - (@ =B} B+ +(B-m)fi(B) +7 -«
E(r—B)Br—B)+r—a>0
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So, M () is presented graphically as Figure 3.4.

0 Im—8 T Im—o
Figure 3.4
In this case, ¥ = 27 — « is given to the value of maximization M(y) = —a + 23 — 3=3%

23)0<a<nm<2r+a<3t<p
Ho<y<m—a

M(y) = v=0
(i)m—a<y<3t—«
M(y) = —é{v—(ﬁ—a)}{7—§3ﬂ—a)}+ﬂ—a
= - {y-@r-a)?’+3r—a

(iil) 3m —a < v

M) =7—a>0
So, M () is presented graphically as Figure 3.5.
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<

Figure 3.5

In this case, ¥ = 27 — « is given to the value of maximization M (y) = %77 — .

B)s<r<a

M(y) ={v— (7 — &)} fila+ ) — max{y — (7 = B),0}fe(B + )
— (a—7m)fi(a) + f — min(8 + v, 7)
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Blg<n<a<2n+p
Ho<y<n—p

M(v) {y=(m—a)}fila+v) — (@ —=7)fi(a)+ 8- (B+7)
— v —a)Hy = Br—a)} — g (m )37 —a) — v

(i) mr—B<y<3r—«

M(v) {y=(rm—a)lfila+y)—{y—(m=B)}fi(B+7) — (a—7)fe(a)+B—7
— v (- Hy = Br—a)l + o {y - (= HHy - B - B)}

+(r—a)Br—a)+B—m

(ii)3n —a<y<3r—-p4

M(v) {y—(m—a)fila+y)—{y— (@ =B)}fi(B+7)— (a—7)fila) +B—7

(=B —Br =B+ =(r—a)Br—a)+ B —7

(iv) 3 — B <~

M(v) {y—(mr—a)filat+y) —{y = (=B} fi(B+7) — (a—7)fila) + B —7

~(r—a)Br—a)+B-7<0

So, M () is presented graphically as Figure 3.6.
When 7> a—f

When 7 < a—f

Figure 3.6

In this case, v = 0 is given to the value of maximization M (y) = 0.
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B2)B<n<2r+p<a<3rm
H0<y<3m—a

M(7) {v=(mr—a)fila+7)+ (7 —a)fi(a) + 8= (B+7)

— - (m—a)H{y-Br-—a)}+ L (r—a)Br—a) -y
(i3 r—a<~y<n—-0

MG) = {y= (= a}fila+y) = (@=m)file) + 8= (5+)
L (m— a)(37 - a) + 7

(iii) 71— B < v < 31— 0

M(y) = {v=(m-a)lfilaty)—{v=(r=-B}i(B+7) - (a=7)fi(a) + B -7
= Ly -(m-BHy-GBr—B)} - —a)Br—a)+B—7

(iv) 3w =B <~

fr—(m—a)lfilat+y) —{v—(r=Bife(B+7) - (a=m)fila)+ -7
—a(r—a)Br—a)+B-7<0

M(v)

So, M (7y) is presented graphically as Figure 3.7.
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Figure 3.7

In this case, v = 0 is given to the value of maximization M (y) = 0.

B3)p<n<3Imr <«
Hosy<m—p

M(y) = {y—(r—a)}fila+v)—(a—m)fila) + B~ (B+7)
= —7<0

({)r—B<y<3r—p
M(y) = {yv—(m—-a)}filaty)—{yv—(=B)}Hfi(B+7) —(a—7)fi(a) +B—7
= ={1-@-BHry-Br—a)}+8-7
(iii) 3m —a < v
M@y) = {yv—(m-a)lfila+y)—{yv— (=B} fi(B+7) — (@ =7)fe(a) + 8-
= 0-7m<0

So, M () is presented graphically as Figure 3.8.
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Figure 3.8

In this case, v = 0 is given to the value of maximization M () = 0.

D r<an<p

M(v) = {y=(r—a)}filat+y)—{v—(7=B)}fe(B+7)— (7 =B) i (B)+ (7T —a) fe(@)

(41) a<pB<3m
() 0<~y<3r—p

M) = -y (- )}y - Gr-a)} + &y - (n= AHy - Gr - B)
+ oL (m = )37 — ) = 1~ B)(37 = B)

—z{B-a)y>0

(ii) 3r =B <y <37 -«

M(y) = —z{v—(-a)H{y-Br—a)} +5.(1 — )37 — ) — 5 (7 — f)(37 — )
= —{y— (27 — )} + 5= (7% + o — B — d7a + 47 3)

M) = —5-(a—B)dr—a—p)

So, M(v) is presented graphically as Figure 3.9.

When f—a<mand 4n < a+
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When 8 —a <mand 4r > a+ [

L 4

When 8 —a>mand 4n < a+ f3

S — o

When 8 —a>mand 47 > a+ 3

Y
~

0 Im—8 3T

Figure 3.9

In this case, ¥ = 37 — 8 is given to the value of maximization M(y) = L(-p? —
3ra+ 370+ af) if B—a <7y =27 — «is given to the value of maximization M (vy) =
=(m?+a?— B2 —dra+4np)if f—a <.

(42)a<3r<g
H0<y<3m—a

M) = - {y—(m—a)}{y - B - )} + (7 — a)37 - a)
- _%{7—(2ﬂ—a)}2+27r—20¢+%a2
(i) 3m —a < v
M(y) = 5-(r—0)Br—a) <0

So, M(+y) is presented graphically as Figure 3.10.
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When 27 < «

¥
=

When o < 27

Im—o

Figure 3.10

In this case, ¥ = 27 — a is given to the value of maximization M(y) = 5 (27 — a)?
(43)3r<a<f

M(y)=0

So, M (7y) is presented graphically as Figure 3.11.

.
0
Figure 3.11
In this case, the value of maximization is M (y) = 0D
(44) B<a<3r
Ho<y<3m—a
M) = —g{y-(-a)Hy-Br—a)} +5{y— (7 - BHHy - Br-5)}

2 (r — a)(37— ) — (x — B)(37 )
= —ila=Hr—Ha-pla+p—dn)

(i)3r—a<~y<3r—-0

M(v) sty = (= BOHY = Br =B} + 5. (7 —a)B7 —a) — 5-(7 — B) (37 — §)

- Cr =B -+ ad = )
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M(y) = 5:(m— )37 —a) = 5-(7 — B)(37 — )
—%(a—ﬁ)(@r—a—ﬁ)

So, M () is presented graphically as Figure 3.12.
When 47 >a+fanda—- (<7

0 Sm— o Im—8
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When 47 >a+fand a— > 7
0 Im—c an—g
T T >
| |
l l
| |
|
|
When 47 <a+fand a— <
[s] 3T — o

3w —8

When 4dr <a+panda—->7
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a - -
Figure 3.12
In this case, v = 27 — 3 is given to the value of maximization M (y) = — 5= (o — 3) (47 —

a—pf).

(45) <3n <«
H0<y<3r—-0

M) = {y—(r— B}y — Br—B)} — L (n— B)3r— )
= >={y—(@2r—p)}? — =(2n? —4nB + ?)
(ii) 37 — B <~
M(y) = — o-(m— B3~ 5) 20

So, M (7y) is presented graphically as Figure 3.13.

When 27 < 3
|
|
|
|
|
' >
0 am—
When 27 > 3
S — = -
Figure 3.13

In this case, v = 3w —f is given to the value of maximization M (y) = —5=(7— ) (37— ).
(46)3r<p<a

M(y) =0
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So, M () is presented graphically as Figure 3.14.

v
-2

Figure 3.14

In this case, the value of maximization is M () = 0.

This classification shows all possible situations. Analysis can be still made even in the
second model where the rapid express service stops at station P where the passengers make
transfers, by the following process. Even though the flow of the passengers in the former
model is unknown, M (v) can by calculated by providing the value for «, 8, 7. Furthermore,
the classification table above gives numbers that determine the optimal decision. When
the value of M (7y) is positive, it signifies that introducing an intermediate stop at station P
makes total passenger’s satisfaction greater. Conversely, when the value of M () is negative,
it signifies that the new service results in smaller total passenger’s satisfaction. Therefore,
by giving the fixed value for 7 and conducting a research for the value of «, (3, 7, it is
possible to find the dynamism of the passenger’s satisfaction level.

Let’s compare the maximum value of M (7y) in ten situations where it’s value exceeds zero.
From the ten Figure s where M () exceeds zero, these M () are denoted as M4 (v) M (7). Each
of the minimum and maximum value is shown below.

(1.1) 0< Ma(y) < 3m
(2.1)-(i) 47 < Mp(y) <2n
(2.1)-(ii) 0< Me(y) <2m
(2:2) 37 < Mp(y) < 2m
(2-3) 37 < Mp(y) < 3w
(4.1)-()) Mp(y) =0

(4.1)-(ii) 0< Mg(y) < 37
(4.2) 0< My(vy) <27
(4.4) 0< My(y) < g
(4.5) —3r < Mjy(y) < 3m

Therefore, the value of the M () lies between—3m < M(v) < 2m, and the maximum
value of M(+) given that,

0asn<fL2r+aand rn < B —a: a=0and 8 =27
o0<a<nr<p<2r+aand f—a<m a=0and =27
o 0<a<nr<2r+a<pG<3m a=0and =27
or0<a<3n<B: a=0

is 27 in any cases. Therefore, it is now possible to calculate the condition in which the
total passenger’s satisfaction level is maximized. However, a and ( is already known. It is
not feasible to bring the passenger’s satisfaction level to 27 in all cases, but it is possible to
sustain the level in (M (y) = 0) or to improve it.

Also, the number of transfers from the rapid express to the express at station P, and the
distance from station P from terminal Q is in direct relationship. Therefore, by calculating
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the optimal value for ~, it is also possible to determine the optimal distance between station
P and terminal Q. It is now apparent that in finding the best intermediate stop for the rapid
express service, the experience and the instinct of the executive managers are no longer are
dominant, but the calculation can provide a reasonable solution as well. Now this method
must be verified using the real case.

4 Example

There is an actual case similar to which was discussed in the chapter 2 and 3. A
large private railroad company in a large city has changed its railway schedule, and the
rapid express service now makes a new stop. This new stop is considered station P. In
the situation where the rapid express service is moving towards an urban city, this urban
city is considered terminal Q. In this new schedule, the express service waits for the rapid
express service that takes over at station P. That is to say, at station P the express service
arrives at the station earlier, waits for the rapid express service to arrive so the passengers
can make transfers, then the rapid express service departs from station P, and at last the
express service too departs from the station. In this case, the research has been focused on
a single car of the train, and actually collected numbers for the variables «,(3, and . The
research was done 12 times, and assumed that 7 = 60. The value of M(7) in each of the
situation is calculated and summarized as the table below.

Ho @ P ¥ M)
1 ah a1 21 i
a af 17 il -0.3
3 47 a6 . -2108
4 a7 10 24 -0.008
h 41 11 19 0
i 47 11 19 0.3
T a9 12 26 -0.208
8 46 g 20 -0.3
g 29 11 a4 0
10 34 g 18 0
1 a6 B 17 0
12 40 20 26 -0.3
Averagel 38333 14833 23333 -0.023

Table 4.1

As a result, in every case the value of M (-y) has either been equal or less than zero. That
is by introducing a new stop at station P has resulted in less total passenger’s satisfaction.
The average of the 12 situations too has resulted in negative value. In overall, it may be
argued that the brief stopping at station P was not the optimal decision. Next, this paper
will attempt to calculate and determine a station that provides better result.

This calculation will focus on the worst result taken, where a = 47, § = 36, and
v = 30 under the condition where m = 60. The relationship among the three valuable
is a < 7CB < wCand § < a, therefore it is possible to classify this under (1-2) of the
previous chapter. It is confirmed that the maximum value for M () under condition where
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0 <~y <7 —«is0. Under this condition, M () will never be positive. This in result has
made the passenger’s satisfaction level into 0 or negative value, and the stop at station P
has dissatisfied the passengers. In order to bring the optimal situation where M(v) = 0,
it is inevitable for the condition 0 < v < 7 — « to be met, meaning 0 < v < 13 must
be fulfilled for an optimal result. However, in reality this variable number of transfer is
v = 30, high above the constraint. This situation may represent a case where too many
passengers have been on the rapid express before station P, and the number of the passenger
has increased at the new stop, causing heavy crowd in the train. On the other hand, the
number of the passengers on the express service has reduced due to the transfer, and the
satisfaction level has not changed in the express service. Given that the satisfaction level
on the express service has stayed 0, the overall satisfaction level of both rapid express and
express is negative. In order to bring up the satisfaction level, there must be some measure
to reduce the number of transfers from the express. Consequently, the stop of the rapid
express should be canceled, or otherwise make an intermediate stop somewhere closer to
terminal Q. If these measures cannot be taken, it is inevitable for the railroad company to
increase the seating capacity, by increasing the car number of the train or the service itself.

However, there are many other constraints that must be considered when the rapid
express makes a new intermediate stop, and there is a risk of relying too much on the simple
calculation. There are complex factors behind the actual decision making of the railroad
company, e.g. environment around the station, infrastructure of the station, the congestion
of the station itself, the population around the station, pressure from the local self-governing
body, and the request from the passengers. This paper has proposed a mathematical method
by creating a model as a means of decision making method. However, there are many other
elements to be considered, and a managerial executive must always make the final decision.

5 Conclusion

This paper would like to suggest to the management of the railroad company that
a decision making method of Operations Research applies to railroad service. It is an
attempt to evaluate a stopping point of the train service under condition where various
services exist, in terms of passenger’s satisfaction level. Furthermore, this paper has also
argued that the optimal stopping station can be found by calculation. However, there are
many constraints crucial in such decision making that cannot be put into mathematical
expression. It is also necessary to consider the fact that this calculation has ignored the
capacity difference of the individual car. Furthermore, duration of the service, price of the
service, and environmental factors that are influential to the passenger’s satisfaction needs
to be considered in the future, which requires more adjustments. It is of great interest, to
construct a model that is closer to the actual model, and that this research will contribute
to some degree for the development of the railroad system in the future.
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