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THE SPECIAL COPRODUCT OF OCKHAM ALGEBRAS*
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ABSTRACT. In this paper we introduce an algebraic concept of the coproduct of Ock-
ham algebras called the special coproduct. We show that if L; € DM S(i=1,2,... ,n)
then the special coproduct of L;(i = 1,2,...,n) exists if and only if Li,..., L, have
isomorphic skeletons.

An Ockham algebra is an algebra (L;V, A, f,0,1) of type (2,2,1,0,0) such that
(L;V.A,0,1) is a bounded distributive lattice and f is a unary operation defined on L
satisfying, for all z,y € L,

Fl@ny) = fle) vV Fy), fle Vy) = flx) A fy), f(0) =1, f(1) = 0.

In such an algebra (L; f) the subset S(L) = {f(z)|z € L} is a subalgebra which we call

the skeleton of L. The class of all Ockham algebras is a variety, denoted by O. Cleariy,

if L € O =1,...,n) , the direct product [][ L; , where the operation ~ is defined by
=1

(T1, oo yx0)™ = (27,...,27), is also an Ockham algebra.

The study of Ockham algebras has been initiated by J.Berman [l who gave particular
attention to certain subvariety K, , of Ockham algebra (L; f) in which f¢ = f**4. The
subvariety of K, , defined by the inequality @ > f?(x) is denoted by DMS, and its members
are called dual MS-algebras .

We recall that a mapping h : X — Y, where X,V are lattices, is a homomorphism
if, for any a,b € X, h(a Ab) = h(a) A h(b) and h(a V b) = h(a) V h(b). Such an h is said
to be an isomorphism if it is one-to-one. A mapping % is called a kernel if h? = h < id.
Let (L;~),{M;~) be Ockham algebras.We say a lattice homomorphism h : L — M is an
(Ockham) homomorphism if (h(a))™ = h(a™). Such an (Ockham ) homomorphism h is an
(Ockham) isomorphism if it is one-to-one,denoted by ~ .

Here we introduce a particular algebraic concept of the coproduct of Ockham algebras
which is called the special coproduct.We show that the special coproduct of Ockham algebras
is a subalgebra of the direct product Ockham algebras. In particular, if L; € DMS(i =
1,2,...,n) then the special coproduct of L1, Lo, ..., L, has isomorphic skeletons.

For later convenience we denote the category of bounded distributive lattices with 0 and

]. b\/ DOJ .

Definition. Let Ly,... L, be bounded distributive lattices with 0 and 1 , and let the
maps f;j : L; — L; be lattice homomorphisms such that

1. (Vi) fi = idy,

2. (Vi,5,k)fij > frjo fir
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By the special coproduct of Ly,..., Ly relative to the family of homomorphisms f;; we
mean the subset Z L; of H L; given by
=1 =1
n n n .
S L ={(x1,22,... ,25) € [[Li:xi =V fji(z;) , for any i }
=1 =1 J=1

We can see from the definition that

(z1,... 2, ZL & (Yi)z; = \/fjZ zj) & (Vi) (Vi) fij(z;) < wj.
It is then easy to see that Z L; is a sublattice of H L; containing (1,...,1) and
=1 =1
0,...,0). We first show the followm fact.
(0,...,0) g

Theorem 1. Let Ly,... ,L, € Doy. Then L is the special coproduct of Ly,... ,L,
relative to homomorphisms flj L; — Lj if and only if there exist kernel homomorphisms

hiy... ,hy on L such that \/h = idy, ,where ( \/ hi)(z) = \/ hi(z)(Ve € L) .
=1 =1
Proof. = : Suppose that L is the special coproduct of Lq,... , L, relative to homomor-

phismsf” L; — L;. Then, for any 1,7, k, fi;(x;) > fk;(fyk( i) and (fi1(a;), fiz(x;)s o, Fin(
€ Z L;(for any j). Define the mapping h; E L; — E L; by hj(z1,... ,ay) =

=1 =1
(fﬂ(xj) .., fin(2;)). It is clear that each h; is a homomorphism,and the fact that f;;(z;) <
x; (for any ,j). We have
h?(xlv s 7$n) = hj(fjl(xj)v s f]”(ccj))

= (fin(fii(z;)), -, finl(fi5(25)))
= (filxj)se s fin(xy))

= hj(zg,....25)

< (2:1,... ,$n)

thus hf = h; <id, so hj is a kernel. Finally,

(V b)) =\ hi(x) =\ Fnlz).. oo\ Finlzg) = (21, 2n)
=1 7=1 j=1 7=1
,and so \/ h; =idr.
j=1
<=: Suppose now that there are kernel homomorphisms hy,... ,h, on L such that

\/ hj =idg. Write L; = Imbh;, the image of h;, and define f;; : Ly = L; by fi;(hi(z)) =
=1

h](hl(f)) namely, f;; is induced by the restriction of h; to Imh;. Since hi = h; <idy, by
the hypothesis,we have f;; = idp, and fi;j o fir(hi(2)) = fk](hk( i(2))) = hj(hr(hi(z))) <
hj(hi(z)) = fij(hi(x)),i-e., fij > frj o fir. It follows that ZL exists. Consider the homo-

=1

morphism h : L — 3 L; defined by h(x) = (hi(z),... ,hn(x)). Observe that

=1

W) = hiy) = hilz) = hily)( for any i) = o = \/ hilw) = \/ haly) = v,

zj))
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so hisinjective. Now, for (hy(z1),... ,hn(zn)) € E L;,wehave hj(z;) =\ fij(hi(z:)).

= =1

Let = = V/ hi(r:) Then hy(2) = hy(V hi(w) = V hy(hute)) = V. fi(hulz)) = hye;)
whence

h(z) = (h1(2), ... s hn(2)) = (ha(21), ... s hnlzy)).

It follows that h is surjective and so L ~ )" L,.
=1

Corollary 1. L € Dy is the special coproduct of Ly, Ly € Dy if and only if L induces a
pair of kernel homomorphisms hy, hy such that hyV hy = 1.

Theorem 2. If Ly,....L, € O then the special coproduct of Ly,... L, relative to
(Ockham) homomorphisms fi; : L; — L; is a subalgebra of [[ L;.
=1

Proof. Tt suffices to show that (21,...,2,) € > L; implies (z7,...,25) € > L;. Let

n
=1 =1

(T1,.on Tn GZL Then

(Vi)(¥7) fw( ) <wj and (Vi)(V)) fij(27) > 27
We thus have

(W)(Vj)fji<$j ) = le(fJJ( )) > le(fu(le( ))) z fﬂ(fu( )) > f]z( )

So (Vi)(Vj)fji(m}) = fiilfi;(27) < fui(2F) = o and (Vi)(V))fij(277) = =5 It follows
that (V) \7 fij(a7) = aF, whence (27,... ,a7) € i L; .
=1 =1

Corollary 2. If L,... ,L, € Ky, then the special coproduct of Ly,..., L, relative to
(Ockham) homommorphisms f;; : Ly — L; belongs to K, ,.

Observe that Theorem 1 carries over to Ockham algebras. In fact, it suffices to replace
all the bounded disreibutive lattices by Ockham algebras, and all the homomorphlqms in

Dgo,1 by Ockham homomorphisms. That the lattice homomorphisms A ; E L; — E L;

given by hj(x1,... ,2,) = (fJ1 ()., fin(z;)) are Ockham homomorphlbms follows from
the fact (‘v’z)(‘v’])fzj(xi )= x5, for then

(*) (h,i($1v"'7xn))~ = (f71(T7)77f7n(x;))
= (27,...,7))

1
= hi(z7, ... 2p).
We now give a descripition of some properies of the special coproduct of Ockham algebras.

Theorem 3. Let Ly,... ,L,, € O andlet ) L; be the special coproduct of Ly, ... , L, rel-
=1

ative to ( Ockham) homomorphisms fij : Ly = Lj. Then there exist kernel homomorphisins

H L, — Z L; such that \/ hy = id and Ly ~ Imhg(k = 1,...,n) . Moreover,

=1 k=1

S([mh) (Imh )V, 7).

Proof. Let L} = {(fi(z; Jn(@i)]zy; € L = 1,...,n) . Write y; = fji(w;).
Then y; = fﬂ(lj) > fr (fjk(l])) = fri(yx)(¥j, k) , and then each L7 is a subalgebra of
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> L; Since fjj(z;) = wj, it is easy to see that L; ~ L} by z; — (Fa(j)s s finlay)).

=1

Define the mapping hj [[ L; — > L; by hj(z1,... ,25) = (fj1(2j),..., fin(z;)). Then
=1 =1

Imh; = L7 ~ L;. Arguing as in the proof of Theorem 1 we have h? = hj < id and
\/ h; = id. Finally, we can see from (*) above that S(Imh;) ~ S(>_ L;).

j=1 i=1

Theorem 4. Let Ly,...,L, be DMS-algebras having isomorphic skeletons. Then the

special coproduct of Ly,..., L, exists, and moreover, it can be simultaneously (Ockham)

isomorphically embedded by each L;.

Proof. Assume that «; : S(L;) = S(L;) is an (Ockham) isomorphism. Let f;; = idr,(V7),
and for 1 # j define fij : Ly — Lj by fij(x;) = aj_l(ozi(x?”“))(‘dxi € L;). Then these f;; are
(Ockham) homomorphisms. Observe that

(i # gk # ik # ) fis(fir(z) = frjlop (ai(e7™)))

= a;l(ak(a; (Ot'i(xTNNND))
= a; (ai(=77)
= fij(x).

and

Frlfar(@i)) = fralay (@i(2T™)) = a7 (an(ag (ai(af™))) = 27~ <z
It follows that these f;; satisfy (1) and (2) in the definition above, and hence the special
coproduct of Ly,... , L, relative to f;; exists.

n

Define now ¢; : Ly — > L; by gi(x;) = (fir(2s),. .., fin(2;)) .-We can see from the proof
=1

of Theorem 3 that each ¢; is a homomorphism and is injective. Consequently, under g¢;,

each L; can be (Ockham) isomorphically embeded into > L; . By Theorem 3 and 4 we
=1
have immediately the following interesting fact.

Corollary 3. Let Ly,...,L, be DMS-algebras.Then the special coproduct of Ly,... ,L,
exists if and only if Ly, ... , L, have isomorphic skeletons .

Example 1. Let L be a DMS-algebra. Define Ly = Ly = L and let fi1 = f12 = fa22 =
id, fa1(x) = 2™~ (Ve € L). Then the conditions (1) and (2) in the definition above are
satisfied,and so we can form the DMS-algebra

L+L={(z,y)e Lx Ly~ <z<y}

which then induces a pair of kernel homomorphisms hq, hy such that hy V he = id. More
specifically, taking L to be the algebra S¢ described by

ol1l=0"~
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we have Sy + Sy = {(0,0), (a,a),(a,b),(b,b),(1,1)} , and so Sy + Sy is isomorphic to the
following DMS-algebra

ol=07

T

Y

z=z" =y~ =z
Co=1~

and the homomorphisms hy and hy are given by
hi(z1,22) = (z1,21) and ha(21,22) = (2577, 22) .
So Imhy = {(0,0), (a,a),(b,b),(1,1)} and Imhs = {(0,0),(a,a),(a,b),(1,1)} .The corre-
sponding partitions are then
hy ~ {{0}7 {y7 Z}v {.1?}, {1}} and hy ~ {{O} {l’, y}7 {;}7 {1}}*
thus proving that hy V hy = id.

Example 2. Let L be a DMS-algebra. Define Ly = Ly = L and let fi; = foo = id, f12(z) =
far(x) = 2™~ (Va € L). Then the conditions (1) and (2) in the definition above are satisfied,
and so the special coproduct relative to f;;(1,7 = 1,2) is as follows:

L+L=A(z,y) e Lx Lz~ =y}

More specifically, taking L = Sy as in Example 1,we have
Sy + Sy = {(0,0), (a.a), (a,b), (b, a), (b.0), (1, 1)},
which is isomorphic to the DMS-algebra

1=0~

The associate kernel homomorphisms have the partitions

hy ~ {{0},{e, B}, {6,7}.{1}} and hy ~ {{0}. {a. v}, {8,6}.{1}} .

thus proving that hy V he = id.
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