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KUBO-ANDO THEORY FOR CONVEX FUNCTIONAL MEANS
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ABSTRACT. Inspired by the geometric mean due to Atteia and Railssouli, we discuss a
general theory of convex functional means on a Hilbert space like the Kubo-Ando theory
of operator means. Though our construction is based on the integral representation in
Kubo-Ando theory, it is an exact extension not only for operator means but also for
Atteia-Raissouli’s ones. We give an example where our geometric mean can be defined
even if their geometric one cannot. We show that our convex functional means satisfy
monotonicity, semi-continuity, homogeneity, subadditivity, joint concavity, transformer
inequality and normalization. One of outstanding properties of these means appeares in
those for constant functions, which suggests us to weights for operator means.

1. INTRODUCTION.

Since we met Ando’s lecture note [2], we have been studying operator means, which is
now known as the Kubo-Ando theory. For positive operators on a (complex) Hilbert space
H, the theory of operator means is established axiomatically by Kubo and Ando [11]: An
(operator) connection m is a binary operation on positive operators satisfying the following
axioms:

monotonicity: Ay < A, and By < By imply Ay m By < Ay m Bs.
semi-continuity: A, | A and B, | B imply A, m B, | A m B.
transformer inequality: 7*(A m B)T < (T*AT)m(T*BT).
An operator mean is a connection m satisfying
normalization: Am A=A
It is easy to show the transformer equality if T is invertible. In particular, we have:
homogeneity: (A m B) = (e¢A)m(aB) for every positive number o.

For an operator mean m, the corresponding numerical function f,,, () = 1 m z is operator
monotone:

0<A<B  implies  fu(4) < fu(B).

This correspondence m +— f,, is bijective. In fact, if f is a continuous nonnegative opeartor
monotone functional on [0, 00) with f(1) = 1, then a binary operation m defined by

AmB=AV%f (A*l/ZBAfl/Q) AL/

for positive invertible operators A and B induces an operator mean A m B. As in [7], the
operator meams bijectively correspond to the operator concave functionals on [0,1] with
F(1/2) =1/2 by

Flr)=(1-2) m z,
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which shows another construction of operator means by Izumino’s method [8]. This fact
is also a bridge between means for operators and ones for positive forms by Pusz and
Woronowicz [14, 15], and two theories are essentially equivalent.

Recently, Atteia and Raissouli introduced the geometric convex functional mean in [3]
which is characterized as the arithmetico-harmonic mean like the iteration method in [6].
As in [10] for example, the notion ‘Legendre-Fenchel conjugate’ f* of a convex functional
f on a real vector space

fry*) = st;p<fvay> — f(=)

is considered as that of ‘inverse’ in some sense. So they used essentially the harmonic mean

71, defined by
*+ * 0\ ¥
frhg = (7f 5 g ) :

(In [16], they redefine these means on a complex Hilbert space.) Inspired by their convex
functional means, we introduce a class of convex functional means o, corresponding to the
operator means m and show similar properties of o,,. Conversely we may define a general
class ¥y of convex functional means axiomatically satisfying these common properties for
o like the Kubo-Ando theory [11]. Finally we see what subclass ¥ corresponds to that of
operator means.

2. THE cLASS T'.

For our discussion, we summerize properties of a class of convex functionals. Let f be a
lower-bounded convex functional on a (complex) Hilbert space H and

dom f={zeH| flz) <o}

the domain of f. If dom f = H, then f is called finite. Throughout this note, we assume
that f is proper, i.e., dom f is not empty. and f is lower semi-continuous, i.e., the epigraph

epi f={ (r.a) € HxR | f(r) <o}

of f is closed. Then let I' = I'(H) be the proper lower-bounded lower semi-continuous
convex functionals on H. An dicator 1¢ for a closed convex subset C of H is defined by
le(z) =0if * € C and 1¢(z) = oo otherwise and it is a simple example in T'. A typical
and important example in T is f4 for a bounded linear positive operator A:

falz) = %(Ax,x).

The functional f4 is called quadratic in the sense that f(yz) = |y|*f(x) for all complex
number ~. For a subspace (', the indicator 1¢ is also quadratic.

As the researchers on convex functionals have been discussing, the class T' is stable
in certain algebraic and topological senses. First it is closed for an key operation called
Legendre-Fenchel conjugate f*. Here, to condider complex spaces, it is defined as

f*(y*) = supRe (z,y) — f(x),
rcH

where we write y* if y is considered as a functional on H. Then f* is also a lower semi-
continuous lower-bounded convex functional and f** = (f*)* = f. Note that f* is lower
semi-continuous even if f is not. f** is often called the closure of f, denote by clf, since
epi (f**) coincides with the closure of epi (f).

Moreover, note that the conjugate operation preserves the quadraticity and if it is induced
by a positive invertible operator, then the conjugate is by its inverse, which is confirmed in

[16]:
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Lemma 2.1. If f 1s quadratic, then so is f* and f} = fa-1.

Proof. Here we show the former statement. Suppose f(yz) = |y|*f(x). Then
* * ~ 1 1 2 k(o k
f(vy*) =supRe (z,7y) — f(z) = [y[*supRe <;x,y> —f <;x> = y"). O

Thus this conjugate operation * is considered as the inverse in the sense that f} = f4-:.
The following properties are easily obtained: For f. ¢ € T and every positive number a > 0,
we have

(1*)  f<g implies f*>g*
(2%) (fta)=f*"Fo.
(%) (af)(ay") = af*(y").
For a finite dimensional case, the epi-convergence, which is characterized by

epi (lim fn) = lim (epi fn)

n—r00 n—>0o0

for a product topology in H x R, has been often discussed in this class T" as in a standard
text like [17] or [10]. Moreover the Legendre-Fenchel conjugate preserves this convergence.
To extend this property to an infinite dimensional case, Mosco [13] introduced the conver-
gence M-lim,, ;o0 fr, which is now called Mosco convergence, if the following conditions are
satisfied:

(1) for each = € H, there exists z, € H with s-limz, =z and f(z) = lm f.(2,),
(ii) f(z) < h,?_l,logff"(x”) for Vzilolglln = .
Then it is also shown that
M-lim f, = f ifand only if M-lim f; = f*.
n—oo n—oo

Considering such stability for ', Atteia and Raissouli [3] introduced convex functional
means as the geometric mean is expressed by the limit in monotone convergence as the
arithmetico-harmonic one.

3. PARALLEL ADDITION.

The parallel addition for operators is introduced by Anderson-Duffin [1] and Fillmore-
Williams [5]. For invertible operators, it is represented by

A:B=(A"" 4B,
and in general it is characterized by the formula:

(+) (A:B o) = inf (Ayy)+(Bz2).

Typical extremal operator means are the arithmetic one A V B and the harmonic one
Al B=2(A: B). By Lowner’s theory [12], Kubo and Ando [11] showed that the operator
means correspond also bijectively onto the Radon probability measures on [0, co] by the fol-
lowing integral representation: For an operator mean m, there exists the Radon probability
measure (i, on [0, c0] with

1+t
Am B=aA+bB —l—/ (tA): B%d,um(t)
(OVm)
where a = 1, ({0}) and b = g ({o0}). Thus, roughly speaking, an operator mean is consid-
ered as a convex combination of the arithmetic mean and the harmonic one, or equivalently
the addition and the parallel addition.
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The above formula (*) suggests us that we can make the similar discussion in convex
functionals since the notion ‘inf-convolution’ f * ¢ is defined as

frgla)= mf fly)+g(2).
Unfortunately T' is not closed under this operation. In fact,

dom (f * ¢g) = dom (f) + dom (g),

and consequently
le, ¥ 1c, = 1ot

but it is known that, in an infinite space, C; + C5 is not always closed even if both C; and
Cs is closed. For example, for a bounded linear operator A on a Hilbert space H whose
range is not closed, put ¢4 = H & {0} and C; = {(x, Az)|x € H} the graph of A. Then
both C; and Cj are closed in H @ H but Cy 4 Cs is not, see [9]. Thus f * ¢ is not always
lower semi-continuous. Moreover, even if f* g is lower semi-continuous, we find it unsuitable
for a parallel addition for convex functionals in spite of the formula (*) since 2(f * f) £ f
and 2f * g # frpg if convex functions are not quadratic. However the following result is
known for a real case. Moreover we pay attention to the following useful method to prove
inequality or equality for parallel additions. So we give a proof of it:

Lemma 3.1. If f,g €T, thenclf xg=(f*xg)* = (f* +g)*.
Proof. Since
(f +97)(y") = supRe (v +w,y) — (f(v) +g(w))

<supRe (v 4w,y) — (f*g)(v+w) = (f*g)"(y"),

we have (f* + ¢*)* > f*¢** by (1*). Conversely
frgle)= wf f7(y)+97()

yt+r=z

= int (suRe (o) £707)) + (supRe (o) — g°(0"))

Vv

it (p Re (y+20) — (f* + g*)(v*)>
=supRe (2,0) = (f* +¢")(v") = (/" +47)"(2).
Taking the conjugation twice, we have (f*g)** > (f*+¢*)** = (f*+g*)*. Thus (f*g)*™* =
Considering these and (3*), we define the parallel addition for f and g by
1 * * \ K 1 * *\*
(Fro)@) = 72 ((F +97)") (2) = 7 (F7 +97)" (22).

Note that a functional 7f defined by 7f(z) = f(Tx) for a bounded linear operator T also
belongs to T' for f € T'. By (3*), this implies the following formulae:

_1 (f* +9*>* (1) = 5 (Frug)(o)

o 1 .
o)) = - (2
(f:g9)(x) = [(f+9)"(22) = 5 | =
Contrary to such differences, all of them are extensions for the parallel addition for

operators:

Theorem 3.2. If A and B are positive operators, then
faife=faxfo=(fi+fp)" = fan.
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Proof. By the formula (%), we have

fasfple) = inf fal)+ e =3 if ((Ay.u)+(Bz2))
= 5 (A2 B)e.2) = fan()

so that fa * fp is lower semi-continuous and hence (f% + f5)* = fa* fB = fa.p by Lemma
3.1. In addition,

Fa: fole) = {3+ F3) (20) = 5 (A £ BY2.22) = (A2 Bje2) = fam(e). O

Since the harmonic mean should be twice the parallel addition, we claim 2(f : f) = f.
In general, 2(f * f) = f does not always holds, but 2(f : f) = f does, which is the reason
we need the above definition:

Lemma 3.3. f: f = %f for all f €T.
Proof. By (3%), we have 2(f : f)(z) = %(Zf*)*(ZL) = % x 2f**(z) = f(v). a
The following estimation, which shows that the parallel addition is an operation in I, is
obtained immediately by 4(f : ¢) = o(f * ¢)™ < o(f * g):
Theorem 3.4. Ift € dom f and s € dom ¢ for f,qg € T, then
AF  g)a) < (20 — ) +gls) and 4(f:g)(x) < F(1) + g(20 — 1),

In particular, f (resp, g) are normalized in the sense f(0) =0, then

Frgle) < 10(20) (respo frg(x) < F(20))

The last inequality is represented into a simple one if g (resp., f) is quadratic in the sense
that f(vyz) = |v|*f(x) for every complex number ~:
fig<g  (vesp., f:g<f).

We are very interseted in quadratic functionals, so we discuss them in the next section.

4. CONVEX FUNCTIONAL MEANS VIA OPERATOR ONES.

To consider general means, we show that the parallel addition has properties like operator
means:

Lemma 4.1. For f,g,h, k. fi,gr € T' and 8 € (0,1), the parallel addition satisfies
monotonicity: F<hand g<kimply f:g<h:k.
semi-continuity: f, | f and g, L g imply fn 9.l f: 9.
subadditivity: (f+h):(9g+k)>f:g+h:k.
joint coneavity: (B + (1~ B)h): (g + (1 B)K) > B(f : ¢) + (1= A : k).

Proof. It f < h and g < k, then (1*) shows
A1 9)(0) = (7 + )" (20) < (B + )" (20) = 4(h : B) (o).

The semicontinuity is obtained by the fact that monotone convergence implies Mosco con-
vergence, see [4]. The subadditivity of inf-convolution follows from

A(f+R)* (g4 R)(@) = inf) (F+R)y)+ (g+F)()

o f*g)(w) + oh*E)(x).

Y%
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Taking double conjugate, we have
Af+h):(g+k)Z4(f:g)+4(h: k)

Combining the homogeneity and the subadditivity, we have the joint concavity.

a

Since the product operation is lacking in the convex functionals, we use instead the

operation

rf(z) = f(Tx)

for f € I' and a (bounded linear) operator T' on H. Then we show another inverse property

of conjugate:
Lemma 4.2. (¢f)* =(p-1)» (f*) for invertible T.

Proof. The required formula follows from

(rf)"(y*) = supRe (v,y) — f(T) = supRe (Te, (T")*y) — f(Ta) = fFU(T )

Now, considering 7f4 = fr+ a7, we can discuss the transformer inequality:

Lemma 4.3. For f,g € T, the parallel addition satisfies
transformer inequality:  7(f:¢g) <(7f): (19).
transformer equality:  7(f :9) = (7f): (rg) if T is invertible.
homogeneity: (af :ag) =a(f:g) for a > 0.
quadratic preserving: If f and g is quadratic, then so is f : g.

Proof. Since the range of T is a subspace of H, we have
Ar(f 2 g)(@) = 4(f - 9)(Te) <2 (F*9)(Tw) = inf = f(v) +g(w)
< jof, f(Ty) +9(T2) =2 ((2f) * (rg)) (2),

O

which implies the required inequality by taking the conjugation twice. Since x(f + ¢) =x

f +xg¢g, Lemma 4.2 implies
Ar(f - g)(e) =7 ((f* +97)) (22) = ((p-1)- (f* +97))" (22)
=((rf)" +(rg)")" (22) =47 f) : (rg)(2).
The homogeneity follows from
Alaf rag)(z) = ((af)* + (@9)*) (22) = (a1 /0 f* + a1/a9")" (22)
=a(1/af* +1/09%) 2u/a) = aa(f* +9°)" (22/a)
a(f*+4¢")" (2z) =4a(f : 9)(2).
and the quadraticity is preserved by

WP (fg) = (

2l Q.f) : (‘7‘29) = fiy9= 7(f 1 g).

|

Now we can define a class of convex functional means o, corresponding to that of
operator means m: First note that f,g € I' does not always imply f + ¢ € I'. In fact, if

dom fNdom g =0, then f + g = co. So, we assume here
dom fNdom g # ()

when we discuss means of functionals in I. Such a pair (f,g) is denoted by (f,g) € T'2.
Let m be an operator mean in the sense of Kubo and Ando. Considering its integral

representation, we define the convex functional mean o, associated with m by

(F omg)le) = afte) +bo(e) + [ (sgef s tageg) (2)pgdim)

4
J(0,00) 1+t
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If f and ¢ are quadratic, then we easily have
f omgte) =afe) o)+ [ (00) 00 ()
In fact, since sf(z) = f(s2) = s> f(z) for quadratic f and s > 0, we have

(%f:t%Lq) (;v)ljt — ((1‘215)2}0; (1::;)29) (T)lj—t (tf : g)——

The above modification is needed for the normalization of the mean as we show in the
below.

For the arithmetic mean ov, the measure is decided by « = b = 1/2 and pv((0,00)) = 0.
For the harmonic mean o1, we have yy = 1), the Dirac measure. For the geometric mean
oy, the corresponding measure pi4 is decided by

sin 7

dlu,j(t) = mdt

Here we denote the geometric operator mean by f.
By the above lemmas, we have fundamental properties similarly to operator means, which
forms basic part of an extension of the Kubo-Ando theory:

Theorem 4.4. For (f,g),(h, k), (fx,g9x) € I'*, a > 0 and B € (0,1), a convex functional
mean o, for an operator mean m is LBPL preserving and has the following properties:

1—|—7‘

monotonicity: F<hand g <k imply fo,g < hoy,k.
semi-continuity:  f, | f and g, | g imply foomgn L fomg.
homogeneity: (af)om(ag) = a(fomg).

subadditivity: (f+h)om(g+k)> fomg + hopnk.

joint concavity: (8f+ (1— 3)h )Jm(ﬁg + (1= 0)k) > B(fomg) + (1 — 8)(honk).
transformer inequality:  7(fo,,g) < (rf)om(T9g)-

normalization: fonf =1

quadratic preserving: If f and g is quadratic, then so is fog.

Proof. Tt suffices to show the normalization. By Lemma 4.3, we have

o (ssef s f) @) = 5 () + (1220)7) 20)
= 5 () +4(20)) @0 = 15 (A 0(gn)) o)
- ((*—}’f)*)* (1-2H$> = (4 f*)* (1—21—1‘35)
=27 (Tge) = 17 (0) = S0
Since (g, is a probability measure, we have fo,, f = f. U

Considering constant functions mI where I(z) = 1, we have:
Corollary 4.5. If (f,g) € T?, then fong is also lower bounded;
f,g > m implies fon,g>m,
and belongs to T'. In particular, f,g > 0 implies fo,,g > 0.
Recalling that
AmB=A/2f (A*l/ZBA*I/Q) Al

for operator mean m for invertible operators, we reconstruct convex functional ones:
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Corollary 4.6. If A is invertible, then

fAmB = A1/2f’[m(A—1/QBA—1/2) == (A1/2f1)0'm (A1/2f14—1/2BA—1/2).

Here we discuss constant functions I including an extension of Corollary 4.5. Before
considering means for constant functions generally, we give a case of the parallel addition:

t 9
Lemma 4.7. (f+tI): (g+tI)=f:g9+ I, tI:sI:%I fort,se€R and f €T.

Proof. Observing the proof of the subadditivity, we easily have the former. By (¢tI)* =
10y — tI, we have

AT s sT) = (D) + (sI)*)" = (Lgoy — (t+5)T)" = (t + s)L. O

Thereby we have the additivity, or translation invariance of constants:
Theorem 4.8. If ¢ is a real number, m is an operator mean and (f,g) € T'?, then
(f+cDom(g+cl) = fomg+ cl

Proof. We obtain the result by

(f + c)om(g + eD)(x)
= a(f + eT)(x) + g + cD)(x) + /( (s el D) ) e
= af(z) +bg(z) + (a+ b)c'/(om) ((%f ) (tazg + th)) (v)5 itdum(t)
— af(e) +bg(x) + (a+ b)c/(om) (if tigeg+ 2“1) (v) j_td,um(t)
= (Fomg)(x) + (a + be + /( ()= Gomg)(@) e O

This theorem shows that convex functional means are reduced to the case for positive
functionals by translation. Recall that the order m < n as operator means is defined by
AmB < AnB for all positive operators A and B. By the definition via integral representa-
tion, we immediately have a map m — o, is order-preserving for positive functionals, and
hence for all functionals in I':

Corollary 4.9. If m < n as operator means, then fo,,g < fo.g for all (f,g) € T2.
Now we have a formula for means of constant functions:

Theorem 4.10. If r and s are real numbers and m is an operator mean, then

(1) (sT) = (/[Um] 1_1|_td/,z,m(t)) 4 </[0’oo] litrlum(t)> oI

T+SI.

In particular, if m is symmetric, then (rl)oy,(sI) =
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Proof. By Lemma 4.7, we have
' 4
(rD)om (sI)(2) = arl(z) 4 bsI(x) —I—/ (m(‘rl) : tl_—l—t(SI)) () ——dum(t)
(0,00) 2 3t 1+t
4

drn
T (t)

=ar +bs + / (rI) : (¢sI)(2)
(0,00)

r+4ts
= bs ———dpn,(t
ar + 5—5—/(000) T (1)

1
_ L dum( g, s O
(/[OooJHf ! ) ( Ooo 1“ 8 ()>S

By the above, we can define the weight W (o, ) by
W(on,) = ——dpiy,
om) = [ Tydm(®)

In fact, we can confirm that the nonsymmetric degree for the weighted arithmetic, geometric
or harmonic mean is equal to its weight respectively.

5. QUADRATIC FUNCTIONALS.

To observe the difference between operator means and convex functional ones, we confirm
basic properties for quadratic functionals f in I' and discuss when a convex functional mean
is associated by some operator mean. Note that f(0) = 0, f(2) = f(—=) and hence f is

nonnegative by i i
o) = W > £(0) =

Now we characterize its local boundedness, which is rather ‘boundedness’ for functionals:
Lemma 5.1. Every quadratic functional f € T 1s locally bounded in the sense sup f(z) <
llzll=1
oo if and only of f 1s continuous at 0. In this case, f is finite.

Proof. Suppose f is not locally bounded. Then there exist a sequence of unit vectors z,
with f(x,) > n®. Putting y, = %xn, we have y, = 0 by ||yn|| = 1/n while f(yn) — oo by

1
Conversely suppose there exists M > 0 with sup,_q f(z/||z|]) < M. Then

0< <>—||fQ|)SMuP,

and hence 2,, — 0 implies f(z,) — 0 = f(0). |

Here we give a proper example in an infinite space which is not locally bounded. Let
H = (? with an orthonormal basis {e; }. Putting

>0 (o)
(S ) = S
n=1 n=1
we have f is not locally bounded and hence not continuous at 0. In fact, 2, = (1/n)e, — 0

while f(z,) — oo.
Note that the parallel addition is quadratic preserving:

Lemma 5.2. If f and g are quadratic functionals in T', then so is [ : g.
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Proof. Since f and ¢ are quadratic, then

A{fxg)ye) = inf  flyy)+g(vz) = v1* inf  fy) +9(2) =7 o(f % 9)(2).
y+z=2z y+z=2x

Taking the conjugation twice, we have 4(f : g)(vx) = 4[~|*(f : g)(x). 0
A quadratic functional f € T is called a PL functional if f satisfies
parallelogram law:  f(+ ) + (e —v) = 2(f(x) + ).
For example, consider f(z) = ||lz||? for the p-(semi)norm on H. Then f is PL functional if

and only if p = 2.
It is easy to see the conjugate preserves PL functionals:

Lemma 5.3. If f 1s a PL functional, then so 1s f*.
Proof. For a PL functional f € T', we have
@ +y)+ F(o —y) =supRe (v +y,0) — F(0) + (¢ — g,w) — F(w)

)

=sup Re (v +y,21 + 22) + (v —y,21 — 22) — (f(z1 + 22) + f(21 — 22))

21472

— 2 sup Re (r,22) + {1 22) = f(21) = flza) = 2(F*(0) + £ (y)). O

Z1,%2

In general, locally bounded PL functionals have good properties:
Lemma 5.4. A locally bounded PL functional f € T is finite, positive and continuous.
Proof. Tt suffices to show the continuity. The parallelogram law shows
Fle£2y)+ f(2) =2(f(z £y) + fy)),
Considering the difference of both sides, we have

Fla +2y) = flz =2y) = 2(f(= +y) = f(z —y)).
Then, it follows inductively that

1 1
floty) = fle—y) =5 (Fle+29) = F(f = 2y)) = = o (F(z +2%) = F(f = 2)) .
For a fixed vector z, any small number € > 0 and the bound M = supy=; f(z), there
exists K > 0 with

elllel +1) < 5.
For a sequence y,, — 0, there exists a number N with ||y, || < 1/2" for all n > N. Then
£ yn) = £l = )l = 5l flo + 25 0) — (o 25)
< 9% (1f(x +2%yn) [+ [F(z = 2" ya)]) < ;—f (Il + 2% yall + llo = 2% yn]))
< 2 (el + 25Tyl < 2 (lall +1) < =

Thus f(z + yn) — f(z — yn) — 0 as n — oo. Moreover, by the continuity at 0,
fla+yn) + flo—yn) =2(f(x) + flyn)) = 2f(2),

and consequently f(x + yn) — f(x), which shows the continuity. |
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As usual, we can identfy a continuous PL functional with a quadratic one for positive
operators:

Lemma 5.5. If f is a locally bounded PL functional in T, then it 1s the quadratic functional
fa for some positive operator A on H.

Proof. Note that f is continuous. So, similarly to the von Neumann-Jordan theorem, we
can define a continuous positive sesquilinear form ® by the polarization identity

40(z,y) = fle +y) — fle —y) +if(z +iy) —if(z — iy).
Thereby there exists a bounded linear positive operator A as its Radon-Nikodym type
derivative with f = fa. |

One of the outstanding properties of the parallel addition is LBPL preserving in the sense
that f : ¢ is a locally bounded PL functional in T" if f and ¢ are so:

Lemma 5.6. The parallel addition are LBPL preserving.

Proof. By Lemma 5.3, the parallel addition is also PL preserving. The local boundedness
follows from Theorem 3.4 and Lemma 5.1. U

Theorem 5.7. Convex functional means associated by operator ones are LBPL preseruving.

Finally, like the Kubo-Ando theory, we attempt to define convex functional means ax-
iomatically. Let Yo be the class of convex functional means fog € T for (f,g) € T? which
satisfies the monotonicity, semi-continuity, homegeneity, transformer inequality and normal-
ization. This class Xq is worth considering by the following result for constant functionals
corresponding to Theorem 4.10:

Theorem 5.8. F = (al)o(BI) 1s a constant functional for o € Xq.

Proof. By the transformer equality for invertible T', we have

F = (aD)o (1) = (r(aI)) o (7(81)) = 7((aD)a(51)).
For all nonzero vectors = and y, we can take an invertible operator T" with Tw = y, and
consequently F(z) = C for some C' € R for all nonzero vectors z. Suppose F # C1. Then,
by F €T, we have F(0) = C and F(z) = oo for x # 0. Then, by the homogeneity,

Fu(z) = (21) 0 <§1> () = %F(az) =

n n

for all nonzero = while the semicontinuity implies F,, | 0I, which is the contradiction. O

To connect convex functional means to operator ones, we consider a subclass ¥ of ¥y in
which o is LBPL preserving. Let ['g be the locally bounded PL functionals in I'. Restricting
ourselves to I'g, we have a final theorem like the Kubo-Ando theory (Here the order is defined
as in Corollary 4.9) :

Theorem 5.9. The map, m — o, | , gives an order-preserving bijection from the class of

o]

operator means onto X

To

Proof. Let 0 € X. Since o is LBPL preserving, then fiofp is also locally bounded PL
functional and hence equal to f¢ for some positive operator C, say A m B. Then the binary
operation m on positive operators satisfies also the monotonicity, the semi-continuity, the
transformer inequality and the normalization in the operator sense, that is, m is an operator

mean by the Kubo-Ando theory [11]. The injectivity is clear since all functionals belong to
Ty here. O
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Finally, we pay attention to the relation to Atteia and Ralssouli’s means [3]: Their
harmonic mean fr,g is defind using the conjugates by

fTh.g = (%) )

which is also available in a complex space in [16]. On the other hand, our harmonic mean
forg is 2(f : g), so that, they coincide. Thereby their convex functional means which are
based on this harmonic one belongs to our class ¥ at least when we discuss functionals in
T'y. For example, recall that their geometric mean 7 in [3] is defined also as the arithmetico-
harmonic mean:

Theorem 5.10. If f and g belong to I'y, then frg = fozg.

Proof. The mean frg is defined as s-lim fy,¢ = s-lim f~,,g by the following sequence:
n—oo n—>co

fwg = fovg, fr9=Fog, fimg = (Frna19)ov(frn19) frng = (Frn-19)o(frn-19)-

Clearly, we have v, and 4} are convex functional means associated with the corresponding
operator means V, and !,,. Thus they have the integral representation with the corre-
sponding measure oy, and o1, . Moreover they are determined only for operators. Since
fatfp = fayp = faoifB, we have they coinside. |

In [16], the geometrico-harmonic mean fr,,¢ also intorduced, which is equal to oy
associated with the geometrico-harmonic operator mean gh for quadratic convex functionals
with the same domain in I'y. Clearly other means in [3] coincide with our ones for convex
functionals with the same domain. But the following example shows that our means can be
defined even if dom f # dom ¢g. Thus we have an exact extension for their convex functional
means, even for the geometric mean:

Example. Let C' and D be one-dimensional subspaces orthogonal each other. Then E =
C + D is the closed (2-dimensional) subspace. Thereby, similarly to the paragraph before
Lemma 3.1, we have and hence

lg:1p = Zl(CJ’UW =1pp =1g,

so that
g1 =1lcmplp =1g
by sl¢ = 1¢ for all s > 0. On the other hand, it is easy to see
le+1p =1cap = 1y and hence fi =1l¢7,1p = L0y
for the aritmetic mean 7,. Thereby
92 = fitngr = Lyoyyp = le =g and  fo = fitag2 = Ljoyae = Loy = f1-

Thus this procedure shows f,, = fi # g1 = g for all n, and hence they cannot coincide and

their geometric mean cannot be defined.
On the other hand, since
%10:t%lnzl%c:lf—_ﬁtD:lc:lD:lFf
for all ¢ > 0, then our geometric mean oy is

(eoto)) = [ 1oty

Moreover this computation shows that

dus(t) = /( e =15

legonplp =1g
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if the measure pp, for an operator mean m satisfies (1, ({0}) = pm({o0}) = 0 like the
geometric operator mean f.
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