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ASYMPTOTIC ESTIMATION THEORY FOR TIME SERIES
REGRESSION MODELS WITH MULTIPLE CHANGE POINTS
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ABSTRACT. This paper discusses the problem of estimating multiple change points in
the trend function of a time series regression model where the residual process is a
circular ARMA model, and the trend function satisfies a sort of Grenander’s condi-
tions. First, the asymptotic representation of the likelihood ratio between contiguous
hypothesis is given. Then the limiting distributions of the maximum likelihood esti-
mator (MLE) and the Bayes estimator (BE) for the regression coefficients and change
points are derived. Tt is seen that the BE is asymptotically efficient, and that the MLLE
is not so generally.

1. INTRODUCTION

The problem of testing and estimating change point in linear regression model attracted
much attention from both econometrics and statistics researchers. For example, Bai (1997)
studied the least squares estimation of change point in multiple regression where he showed
the counsistency, rate of convergence and the asymptotic distribution of an estimator. For
testing structural changes, we refer the recent contributions of Andrews (1993), Andrews
and Ploberger (1996) and Hidalgo and Robinson (1996).

In comparison, the literature addressing the issue of multiple structural changes is rela-
tively sparse. Garcia and Perron (1996) studied the Wald test for two changes in a dynamic
time series. Liu, Wu and Zidek (1997) studied multiple shifts in linear regression model
estimated by least squares and obtained the consistency and the rate of convergence of the
estimated break dates. Bai and Perron (1998) extended their results allowing for general
forms of serial correlation and heterosckedasticity in the errors.

From statistical point of view, it is very important to investigate the asymptotically
efficient estimators. A number of authors considered the consistency property and the rate
of convergence for estimated change points, but the asymptotically efficient estimators were
not as well studied in the literature. For a diffusion type process, the problem of detecting
multiple changes was studied by Kutoyants (1984), and he obtained that the Bayes esti-
mator is asymptotically efficient. In ARMA context, Shiohama, Taniguchi and Puri (2002)
investigated a regression model with trend functions, and obtained the consistency and the
limiting distributions of Bayes estimators (BE) and maximum likelihood estimators (MLE).
They also showed that the BE is asymptotically efficient.

In this paper we develop the asymptotic theory for estimators of multiple change points
in time series regressions. The results include consistency, asymptotic distributions and
asymptotic efliciency. To show these we use the general results given by Ibragimov and
Has’minski (1981).

This paper is organized as follows. Section 2 specifies the model and describes as-
sumptions. Also in Section 2, the asymptotic representation of the likelihood ratio process
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between contiguous hypothesis is given. Section 3 defines the MLE and BE for unknown
parameters, and states the asymptotics of these estimators. A numerical example is illus-
trated in Section 4. Technical materials are collected in Section 5.

2. REGRESSION MODEL WITH MULTIPLE CHANGES

Consider the following time series regression models

B;Zt+ut t:]-'/"':[Tln}
Boze+u,  t=[rn]+1...,[rn]

B:n_i_lzt—&—ut t=[rmn]+1...,n
= {BIx(/n <)+ A B x(t/n > )}z 4w
= 7"7‘,(,61¢-~-7ﬁm+1,7')—|—‘u” (Say), t=1,...,n,
where 3; = (Bj1,...,854)',J = 1,... ,m+1 are unknown parameter vectors, T = (71,... , Tm)’

is a vector of unknown change points, y is the indicator function, and the residual process
{us} is a circular Gaussian ARMA process with E(u¢) = 0 and spectral density f(\). The
spectral density f()) is assumed to be bounded and bounded away from zero. The regression

function 2y = (#¢1,... ,2¢,)" is nonrandom and observable. Let
n—h
| -1 Zhi+hsZjt,  h=0,1,...
(2.2) an (h) = Soto Zkytths 2t 1,
J n P
> i _p FkhZe, h=—1,-2 ...

The following Grenander’s conditions are assumed to hold:

ASSUMPTION 2.1.

(G.1) a(0) = O(n), k=1,....¢q and Zii?sz = O(p), forany | = 1,...,n and, k =
1,...,q.

(G.2) limp—soo 3127+1,k/aZk(0) =0,k=1,...,q.

(G.3) limy—oo azj(h)/{azk(())a%(0)}1/2 = ry;(h) exists for every k,j=1,... ,q and h € Z.

Denote by R(h) the ¢ x ¢ matrix (r;(h)).
(G.4) R(0) is nonsingular.

From (G.3) there exists a Hermitian matrix function M () = (M;()\)) with positive
semidefinite increments such that

(2.3) R(h) = / e AM()N).

Suppose that the stretch of series from model (2.1) y,, = (y1, - ,y») is available.
Denote the covariance matrix of w, = (uy, - ,u,)" by &, and let ¢, = (r1,... ,r,) with
re =14(By,--- By, T)- Then the likelihood function based on y,, is given by

1 1

(24) La(By,+  BpyrsT) = S P |:_§(yn — ) S (Y, — )| -
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Since we assume that {u;} is a circular ARMA process, it is seen that X, has the following
representation

Y, =U diag{2rf(M), -, 270 f (M) }U

where U,, = {n~"/? exp(2rits/n);t,s = 1,... ,n} and \y = 27k/n (see Anderson (1977)).
Write

Fo(Ar) = (e —re)e "™

Then the likelihood function (2.4) is rewritten as

1 1
@r) (e, FOw) 72 77 l_5 =

(2.5) Ln(By,--- By1,T) =

Define the local sequence for the parameters

(2.6) ﬁgn) =8,+D;'b;, and ™ =r4n""p

a4
R™. For notational convenience, in what follows, we use the the following convention
70 = 0,7m41 = 1 and ppyr = 0. Under the local sequence (2.6) the likelihood ratio process
is represented as

where D, = diag(y/a}4(0),... ,,/a?(0)), b; e Rifori=1,... ,;m+1l,and p = (p1,... ,pm) €

(27) Zn(blv"' 7bm+17p)
Ln(ﬁgn) 7[’5:3—171-(72))
Ln( 177 :/6m+15T)

= e [‘ﬁ D7 FOw) T {da(M) A + (i) A0 }

) A(AN]

where dn(Ak) = (27{'71)71/2 2?21 uteitkk and

A(Ag)
1 das] —isAg X Iyl —isAn
- V27 f(AR) ]‘=15:[%+1(ﬂj+1_ﬂ - ]z;s_[;n]ﬂbjl)n -
= AW AN (say).

The asymptotic representation of Z, (b, ... ,bymi1, p) is given as follows.
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Theorem 2.1. Suppose that Assuption 2.1 holds. Then for all (87, .. ,,@;nJrl,T) €O C
Re*(mtD+m yhe log-likelihood function ratio has the asymptotic representation

loan(b1, . bm+1,p)

= > (B B) Wi + Z VT = T Wis + mb Wia + V1 — bl Wi o
=1 =2
1 T RPN
_87F2 Z (6j1+1 _'le)// A(levpjl;/\)A(Tj27pjz;/\) f(>‘) 1d/\(6]'2+1 _sz)
J1,j2=1 -

m+1 r T 1 m
— JTJW FOT AM(Nb;8; = = Y min(rj41 = 7,75 = 7j-1)

j=1 - i=1

lpi]l—

x{bgﬂ/ ! Z T(l)e "*dM(\)b, +b’/ Z T(De " dM (N)bjs1 | + op(1)

I=1—[ [ —

= logz(bla 7bm+17p)+op( )? (Say)

where A(71j,pj;\) = Zilr:;fil 2z S =1for j=2,...,m, 8 = bpp1 =2,
1 /7 [7in+p;]
Ty — PEDY —1 .
Wi = o Z zse f(N) T dZ,(N) for j=1,...,m

ST s=[r;n]+1

T [mjn+p;]
Wﬂ:/ (zm/,—j_n,l)” Z D'z e N (AT dZ, () for j=2,... ,m

—T

s=[rj_1n]+1
m [Tln""/)ﬂ
Wia :/ (2m/T1) " Z D}z e M1 4 ™M) fF(N)dZ, ()
and
Wns 1 :/ VT Y DIz 14 T AN AZa ().
- s=[rmn]+1

Let Wy = (W] [Wiy) and Wo = (Wiy| -+ Wiy o). Then

W, N Vi 0
w, ) o 0oV,
where Vi 1s (gm) X (qgm) matriz with (1, 5)th block
1 us
4r?

A(Ti:pi; A)‘4(7—]p]7 /\)*f(/\)_ld/\v fO?" hL1=1,...

—T

and Vo is (g(m + 1)) x (¢(m + 1)) matriz with

24 B
B A B O
Vy= .
B A B
O B 24



ASYMPTOTICS FOR REGRESSION MODELS WITH MULTIPLE CHANGES 253

where
1 s
A= [ FTaMy
and
1 =~ —ilA 1 - 71‘
/_ o > I(De + 5o > T(le | dM(N).
- (=1—[p;] (=1—[p;]

Next we present some fundamental lemmas which are useful in the estimation of multiple
change points.

Lemma 2.1. Suppose that Assumption 2.1 holds. Then for some p > 2 and for any
compact set € € O, we have

sup EZl/p(b P bm-‘,—l-/p) S exp{fg(:blv s 7bm+17 p)}
B1,-sBm g1, TEE
where
m—+1
g<b17"' m+17p Z|p]|+Zbe
,j=1

with some positive definite matriz K and C > 0.

Lemma 2.2. Suppose that Assumption 2.1 holds. Then for any compact set € C O,
there ezist some integer k(%) = K, B(€) = B such that for any integer p > 1
-1
sup b;z) — bgl)
,81,...,,8m+1,TECg,bj<H,pj<H ’

n Hp<z> _pM

B2 W o) - 2l il o) < B B

3. ESTIMATION THEORY

In this section we state the asymptotic behavior of MLE and BE. The limiting dis-
tributions of these estimators are different and it is shown that the BE is asymptotically
optimal. To show this we use the general results by Ibragimov and Has’minski (1981).

First, we need to introduce a loss function I(y),y € R? which is

1. nonnegative, continuous at point 0 and [(0) = 0, but is not identically 0;
2. symmetric: I(y) = 1(—y);
3. the set {y : l(y) < ¢} are convex for all ¢ > 0.

We denote by W, the class of loss function satisfying 1-3 with polynomial majorants. The

example of such function is w(y) = |y[?,p > 0.
~ (ML) (ML) (ML)

The MLE 6 = (b, coees by ,f'(ML)I) and BE (for quadratic loss function)
o' = (INJEB) Yo ,I;Efll,f'(B)l) are defined by the usual relations
1) LB AV = e L(bi.. b T)

b1y b1, TED
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and

. =(B) - ") =
(3.2) 9 :/G)GQ(GDn)dav WO = T L)y’

respectively, where 7(0) is a prior density on ®. We suppose that the prior density is a
bounded, positive and continuous function possessing a polynomial majorant on ®. Further,
let us define two random variables & and @, for Z(u),u = (by,... ,b,41,T), by relations

Z(u) = sup Z(u)
ueRqX(rn,+1)+m

fqu(m+1)+m uZ(u)du

qux<m+1)+m Z(v)dv

il f—
Our maln results are stated as follows

Theorem 3.1. Let the parameter set © be an open subset of ROX(m+D+Tm  They the

MLE is uniformly on (b1, ... ,bymt1,7) € O, consistent
~ML
P lim 6 =6
n—>00

and converges in distribution

(ML

2o ,8"" ~0)} — 2(a),
where o, = diag(Dy,... ,Dy,n... ,n). For any continuous loss function w € W, we
N —— S——
m—+1 m
have
(ML)

lim Egw(,(0

n tocco

9)) = Ew(a).

Proof. The proof follows from Theorem 2.1, Lemmas 2.1 and 2.2 of this paper and Theo-
rem 1.10.1 of Ibragimov and Has'minski (1981).

The asymptotic behavior of BE is in the following theorem.

(B
Theorem 3.2. The Bayes estimator 0" ), uniformly on 8 € ©, is consistent

Plim 8% —o

n—>0C

and converges i distribution

s {%(é“") —0)} — Z(a).

For any continuous loss function w € W, we have

lim Eguw(n(8'” — ) = Ew(a).
Proof. The properties of the likelihood ratio Z,(by,... ,bmy1, p) established in Theorem

2.1, Lemmas 2.1 and 2.2 allow us to refer to Theorem 1.10.2 of Ibragimov and Has minski
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(1981).

Remark. It can be seen that the BE is asymptotically efficient and satisfies
Elal| > El|a|.

Of cource the MLE is not asymptotically efficient generally.

4. A NUMERICAL EXPERIMENT

In this section we briefly report results from Monte Carlo simulations. The data are
generated from two mean breaks with the AR(1) process

1,...[mn],

n]

[T1
[T2m]

Uy t
(4.1) Ye =< 24 u; t
t

Ut

< [mn].

R n = 100

+1,..
+1

where u; = 0.7u;—1 + ¢4 and g4 ~ 1..d.N(0,1). The change points (71, 72) are chosen to be
(1/3,2/3). For simplicity, we assume that the parameters except change points are known.
The average estimates of change points and the squared root of mean square error of MLE
and BE are computed based on 100 repetitions, and are reported in Table 1. The histograms
are displayed in Figure 1.

From these simulations, we point out that two changes are well detected by both MLE
and BE, whereas the mean square error of BE is smaller than that of MLE. This can be
explained by the difference of the shape of distributions. We can see that the distribution
of MLE has fatter tails. These simulation results are consistent with the theoretical results
of previous section.

Table 1.
Average estimates and RMSE of = when (7, 72) = (1/3,2/3), n = 100.

7A_l(J\JL) 7A_Z(J\JL) 7~_l(B) 7~_2(B)

Mean  0.3222 0.6739 0.3172 0.6786
RMSE 0.0882 0.0809 0.0622  0.0598

5. PROOFS

In this section we just give the proof of Theorem 2.1, because the proofs for Lemmas 2.1
and 2.2 are similar to those of Shiohama et al. (2002). The details are given in Shiohama
(2002), which can be obtained from the author.

Proof of Theorem 2.1. We have from (2.7),
(51) loan(b1,. . ,bm+1,p)
1 & ‘ SN P
e M) T2 LAV ANE) + AV ADNE) F — — > A2
57 2 ) {d.00400) + TO0ANT } g 22 1A

D1 + _D2 + D3 (Say).
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(MLE)

20 30 40 50

10

0.0 0.10 0.50 1.00
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Figure 1. Histograms for estimated change points.

The first term D, can be evaluated as

52 D = —ﬁ;mrw{dnw)A(Aw}

n 7 H‘PJ

1 t=1 s=[r; n]+1

'MS

1 n
= *%;f(%) !

7

1w [mntes)

Z Z b}D;1z5utei(t_s))"“

t=1 s=[r;_1n]+1

3
+

dmn
k=

\_/
,_.

.

I M

—

= D11 + D12 (say)

Here we write the spectral density f(\) in the form

e o]

1 .
— Ry(\)e ™
5 r(Ae

l=—00

) =

where Ry’s satisfy > ;2 |l|P|Ry(I)| < oo for any given p € Z. Then, from Theorem 3.8.3
of Brillinger (1975) we may write

(5.3) F =2 3 Te ™
1
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where ['(I)’s satisfy for any given p € Z

Z 17T (1)] < oo.

l=—o00
Then Dy, becomes

oo n [rin+e;]

Dun = 7%% Z PRGNS Yo Bir Bzl

I=—o00 j=1t=1 s=[r;n]+1

It is well known that

n

(5.4) Zei(t—s—l))\k _ { n if ¢t — $ = =0 (mod n)

0 otherwise.
k=1

257

Since —[rjn 4+ p;] <t —s < [(1 — 7;)n], for each j and T'(I) satisfies >, [I|P|T'(])| < oo for

any given p, we have

(5.3) YR <0 Y (P = o(nP).

l1[=zn lt[2n

Hence we have only to evaluate D11 for ¢t — s — [ = 0. Then, it is easy to see

o0 n [7'77l+07 n
11 .
RN SR.0) 9 SHb ST A) SRS
I=—00 j=1t=1 5= [Tjﬂ]+1 k=1
1 m oo [m5 n+pj] N
o *8,22 T(1) > (Bjy—B)zsuer1= D (say).
T =l =—c s=[rjn]+1
Hence we have
~ 1 & [T;n+m
(5.6) Dii= g oY TB -8y > = / X7, (\)
j=11=—oc s—[nn]ﬂ -
1 m [TJ""'PJ
S DM N M SRRV ARTAY
j:l TN s= [r;n]+1
1 m .
= 52(5#1—5]‘)/“@1 (say).
j=1

For the random variables Wji,7 = 1,... .m, let 3 [ri n+p4] ze"N = A(7j,pji \), We ob-

s=[r; n]+1
serve that

™

1
EWaWh) — — | Al pis VA(15. 0 M) F(N) HdN, 4,5 =1,...,m.

n—oo 47? [

Recalling that {u;} is Gaussian, we have

(57) W1 ?J\/— (O,Vl)
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Next, we turn to evaluate Dy in (5.2). By using (5.3)

m+1 n [rj n+p;]

(5.8) Dy = 477772772 Z D™ 3TN ST B D O

k=1l=—occ J=1 t=1 s=[r;_1n]+1

Since n — [tj_in]—1>t—s > 1—[rn], for each j and (5.5), we have only to evaluate Dy
for

0,n, fory=1,

t—s—101=1¢0, fory=2,---,m

0,—n foryj=m+1.

2

Then D5 becomes

T [rjn+p;]
D12 ~ 8?2 F(Z)b; Z D;IZSUS_F[
j=21l=—cc s=[rj_1n]+1
1 0 [rintpi]
+8? Z b, Z D 1L9+l+ue+l+17>
I=—
1 - _
+8? Z F(l)b/m—H Z Dnlzs(u5+l+us+lfn)
I=—c0 s=[rmn]+1
= Di,+ Dl + Dl (say).
Similarly as in Dy
(59) D,
oo [mjin+p;]
— ! ISA 1l)\
—sz DY / 1Z,(\)D
j=21l=-00 s=[rj_in]+17 77

[75n+p;]

_ K S Dtz ) Az, (0

s§= [T] 1n}+1

[rj ntp;]

- Ziv”f;%b; 2/ =1m1) Y Dtz (V)T dZu(N)
=2 o

s=[rj_1n]+1

— Z 7'7_];7—1_1133'[/1/]2 (Say),
where
1 ki3
(5.10) Wi 7} N (0, o f(/\)f1 dM(/\)> , for 7=2,....m
T‘- o —TT

which follows from Assumption2.1. Analogously, we get

V=T
2

(511) .ZNDI; = \/_2—T_1b/1VV12 ELIld D;r;]t = b/ +1I%m+1 2
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where
- [rin+p1] ‘ ‘
(5.12) Wm:/ eyt S D, e N1 ) F(N)Z, (V)
o s=1
and
Wopia= [ rvT=m) ™ Y Dilac™ (14 )02 (V).
- s=[Tmn]+1

Recalling u; is Gaussian, Wis and Wi,y 2 are asymptotically normal with mean 0 and
covariance matrix

(5.13) % /2f( “AM(\).

— T
Similar arguments for evaluating Dy; and Dy, yield

m

1 ;
(5.14) Dy ~ B Z(ﬂj-{—l - B, Wi
i=1
V1
Z \/ﬁbl VI/ \/_1 bl -”/12 + Tmb;n+11[ m+1,2-

The last term in (5.1) becomes

Dy = MZM (Ae)|?

n

1

= =5 > {AOAN) + A ) A (0 + A2 () Ar () + A2 (M) A2 () |
k=1

= D31+ D33 + D33 4 D3y (say).

We have
D3,
;& (75, ntpj;]
- 7%2 Z Z (le-H 76,i1) %€ et
k=1 ji=1 sy =[rj, n]+1
m  [Tiantei,]

Z Z 222(ﬁj2+1 _I@b)e—isw\k

Jjo=1 52:[Tj2n}+1

1 ki3
= _871'2 Z (6j1+1 _le)l/;_ A(T.ilvp]i;/\)A(Tb:pjz;/\)*f(/\)ild/\(ﬁjz-l—l _6]‘2)""0(1)'

J1,J2=1

m
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As for Dy,

D34
m+1 [, n+ej] m+1

- 41L~r Zf /\l” Z Z b, Zslewl)\k Z

[Tizntpjs]

2.

I y—1p
Zsan bj,e

— 189Xk

s1=1s1=[r5, 1n]+1 J2=1so=[1j,_1n]+1
1 o=
- T 27 Z )
[=—
m+1 [7iy ntpi,] (7o n+pso] n
—1 -1 i(s1—so—D)AX
1D SIS SE SRS SRR
J1,j2=1 s1=[rj; —1n]+1 sa=[rj,_1n]+1 k=1
Since (5.5), it is seen that we have only to evaluate j; = j; and |j; — j2| = 1. Hence this
yields
D3y
m-+1 , o T 1 m
= — Z (i = 7i-1) b f(/\)’ldM(A)bﬂSjfEZmin(er — T, T — Tj=1)
r st
‘ T q [pj]—1 ‘
x b;+1/ r(z)e*l“dM(A)bﬁb;/ o D T(We dM(Mbjy | + o(1).
- 7{‘) - I— — oo
As for D35, we have
D3
1 n
= — (M)
4n7‘r f £
m T;ln+p“ m+41 [Tian+tpj.l
(ﬁjl—o—l . ﬂjl )IZ316181)\k Z Z zgzDT—le]ée—zsg)\k
]1—151 [T“n +1 j2:152:[rj2_1n}+1

m m+1 (75 n+piq] [Tiampjo]

=1 jo=1g;= [m5, n]+1 sa=[rj,_1n]+1
n
ei(3175271))\k

k=1

S|

m m+1 [Tzznpm]

- = Z ZZ Z (Bj,41 — B;,) 2112, Dby,

71=1j2=1 s=[rj,—1n]+1

_ —1/2
iz Ol (0)77)

8 Z r Z Z Z Z (’6,i1+1 _'6,7'1)’z31z;2D;Ib.72

where we use (G.1) and (5.4) to get the result. The asymptotic representation fot Dys is ob-
tained similarly as for D3o, which gives D33 = minj<i<q O(a’f(())*l/z). The joint asympotic

(23

normality and the covariance structure of (W, W)’ follows from the above evaluation.
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