Scientiae Mathematicae Japonicae Online, Vol. 7, (2002), 81-95 81

ADMISSION CONTROL FOR A POLLING SYSTEM WITH
MARKOV-MODULATED ARRIVAL PROCESSES AND BERNOULLI
SERVICE SCHEDULE

WeI FENG', KoulcHI ADAcHIT AND MasasHl KowaDa?

Received February 5, 2002; revised April 22, 2002

ABSTRACT. Admission control is an important part of modern high-speed network
control and has received extensive attention in the recent literature. In this paper we
consider an admission control problem for a discrete-time polling system consisting of
two queues and a single server. The arrival process in each queue is a superposition
of mutually independent Markov-modulated processes and the server serves the two
queues according to a Bernoulli service schedule. Basing on the theory of effective
bandwidths and the buffer upper bound results on the overflow probability obtained
by large deviation techniques, we derive an admission control criterion for the polling
system under which Quality of Service (QoS) requirement by each queue is guaranteed.

1. Introduction

In the emerging high-speed networks using asynchronous transfer mode (ATM) technol-
ogy, each traffic-source is described by its stochastic characteristics, and is assured a quality
of service, as measured by the cell loss probability due to the buffer overflows. Generally,
the cell loss probability is desired to be controlled below very small level, e.g., in the order
of 107°. Therefore, providing QoS guarantees is an important and challenging issue in
the design of high-speed networks. Admission control using the concept of effective band-
width is an integral part of this challenge and has received extensive attention in the recent
literature (see Kelly[21], Gibbens and Hunt[15], Kesidis et al.[22], Elwalid and Mitra[10],
Berger and Whitt[1], Liu et al.[19], Gautam and Kulkarni[14], [23], Whitt[28] and Zhang
et al.[25]). The main aim of the admission control is to control acceptance of a new call
that arrives to a network under the condition without violating existing QoS guarantees
made to on on-going calls. Most of the previous work have been devoted to single queueing
systems with a single class of traffic ([4], [7], [19]), or with multiple classes of traffic with
and without priority structure ([21], [10], [15], [22], [28] and [1], [14], [23]). For a network
consisting of two-parallel queues and a single server, Zhang et al.[25] construct a theoretical
framework of the call admission control schemes with multiple statistical QoS guarantee
under the Generalized Processor Sharing (GPS) schedule discipline.

In the present paper, we consider an admission control problem for a polling system. As
known, polling systems have been used for modeling distributed multiqueue systems sharing
a single server and extensively studied in the literature under various service schedules
such as the exhaustive, gated, K-limited and Bernoulli service schedules (see [11], [18]).
Especially, polling systems consisting of two-parallel queues and a single server have an
important application in modeling communication systems with two different types of traffic:
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the real-time traffic(i.e., voice and video) and the non-real-time traffic(i.e., data). In general,
the real-time traffic has a more stringent delay requirement but can tolerate higher cell-loss;
while the non-real-time traffic can tolerate higher delay but demands much smaller cell
loss. They have different requirements for QoS. Therefore, deriving an admission control
criterion for such polling systems is an important work in network control. To the best of
our knowledge, such a research has not been done before. The reason can be considered to
be that performance analysis such as the delay, cell loss and buffer overflow probabilities
for polling systems with general arrival processes is extremely difficult. Recently, applying
large deviation technique, we have obtained in [12] and [13] the upper and lower bounds
of the overflow probability for polling systems under the Bernoulli service schedule. This
sheds some light on the admission control problem of polling systems. Large deviation
technique is an asymptotic technique for analyzing rare events and estimating rare event
probabilities(see Bucklew[5], Dembo and Zeitouni[8]). In this decade, it has been extensively
used to estimate tail probabilities for queneing systems(see Botvich and Duffield[4], Chang[6]
and [7], Weiss[24], Glynn and Whitt[16], Duffield[9], Bertsimas et al.[2] and [3], and Zhang
et al.[26] and [27].

The model considered in this paper is a discrete-time polling system consisting of two
parallel queues and a single server. The arrival process in the ith queue is a superposition of
mutually independent Markov-modulated processes. A single server serves the two queues
according to the Bernoulli service schedule described as follows: At the beginning of each
discrete time, the server who just completed the service in the ith queue makes a random
decision: with the probability p;(0 < p; < 1), it continues to sever the packets of the ith
queue in the next slot, with the probability ¢; = 1 — p;, it switches to the other queue.
Further, when the queue being served becomes empty, the server switches its service to the
other queue immediately. The server is assumed not to take switching times in its transition
from one queue to the other. The service rate in @); is assumed to be ¢;. Note that the
Bernoulli service schedule constitutes a generalization to both the exhaustive and 1-limited
service schedules. The main purpose of this paper is to present an admission control criterion
under which the cell-loss probability requirement is satisfied for each queue.

The paper is organized as follows. In Section 2, we describe the model, define the
potential service processes, and view some results on the large deviation and concept of
effective bandwidth. In Section 3, we give the large deviation upper and lower bounds, and
then, derive the admission control criterion for the polling system. In Section 4, we present
an algorithm for a special case where the arrival processes are the superposition processes
of mutually independent Markov on/off sources. Some conclusions are included in Section 5.

2. Model and Preliminaries

We denote the two queues by @1 and Q2. Throughout the paper, all time indices ¢, T,

etc., are always integers and N = {0,1,2,---}. On a notational remark, we denote by
Sft = Z;lr Xg, 7 < tand S} = Ez;lo X the partial sums of the random sequence
X = {X;;t € N}, and by S*(s) = ,E:J) Xi/t, 0 < s <1 the scaled partial sum of X,

respectively. We also denote by Ax(6) and A% (a) the limit logarithmic moment generating
function of the partial sum process of X, and the Legendre-Fenchel transform of Ax(6),
namely,

o L 65
Ax(f) = lim 7log B[], #€ R, (1
A% (o) = sup{fa — Ax(0)}, a€R. (2)

PER
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A. Arriwal processes

The arrival process {A!,¢ € N} in Q; is a superposition of a number of independent
Markov Modulated Arrival Processes (MMAP’s). There are N; classes of traffic in @; and
the n;; streams of the class j. The mth stream of the jth class is a MMAP defined by
AY™ = H™(a™), where {a’™ .t € N} is an irreducible, aperiodic, stationary Markov
chain on the finite state space S¥ with transition matrix P¥ = (P k.1esii, and stationary
distribution '/, and {H;”™ (k),t € N} is a renewal process with the mean h}! = E[H} (k)]
and the moment generating function 1%7(9) = E[emp(ﬁ@Héj (k)] for fixed k € S. In general,
the source state aijm can be thought of as modeling the burstiness of the arrival process at
time ¢, and the Markov structure models correlation in the arrival process. Assume that
all the Markov chains {a}’™,¢ € N} and all the renewal processes {H;”™ (k),t € N} are
mutually independent, and these arrival processes in (J1 and @2 are also mutually inde-
pendent. Further assume that all the underlying Markov chains have reached their steady
state. Let aj = (ai'!, .- ai!™ ... @il ... ,a;NimNi), then {al; t € N} is a Markov
chain with state space S' = HnNél(‘S‘ij)"i-f7 transition matrix P! = ®i\ll(Pij)®"i-i and sta-
tionary distribution 7’ = ®HNL1(7Tij)®"iJ, where ® denotes the Kronecker product. Define
Hti(ki) = E;\l1 ZZ;J:l ngm(kij) for k' = (kﬂlv T 7ki1ni17' o 7kiNi1: T vkiNmiNi) € s

Then, the aggregate arrival process in (; can be denoted as A} = Hi(a!). We have
. 4 N eamis e

A" = E[A]] =300 2ol Dpiimesi Trliijmh;cijm'
B. Potential service processes

According to the Bernoulli service schedule described above, the potential service process
in each queue (i.e., the service processes when both queues are not empty) can be described
by a Markov chain. Let {b], + € N} be a Markov chain with state space {0, 1} and transition
matrix

P2 @
Py = . 3
"=l (3)
Let b7 = 1 —b;, t € N. Then {b7, t € N} is also a Markov chain with state space {0,1}
and transition matrix

P @

sz__qrz p2 | )
Furthermore, define Bi = bic;,t € N. We have that {B},¢ € N} is a Markov chain with state
space Spi = {0, ¢;} and transition matrix Py:. From the above definition, {B!,t € N}, i =
1,2 are independent of the arrival processes {A},* € N} and {A?,# € N}. The equilibrium
distributions of {B},t € N} and {B?,t € N} are g1 = (¢2/(q1 + @), 1 /(1 + q2)) and
gz = (q1/(¢1 + @2),92/(q1 + q2)), respectively. Let B* = E[B]] = ¢;/(q1 + ¢2)ciyi = 1,2.
Note that {B} + B?,t € N} is a Markov chain with state space {c1,c2} and transition
matrix Py, Its equilibrium distribution and mean are n% = (¢1/(¢1 +¢2), ¢2/(q1 +¢2)) and
B! + B2, respectively.

C. Stabulity condition

Since {B] + B?,t € N} can be referred as the service process of the aggregate arrival
process {A} + A?,t € N}, from Loynes’s Stability Theorem[20], the stability condition of
the polling system is given as follows:

Al 4 A2 < B' 4+ B2 (5)

Throughout the paper, we assume that the condition (5) holds.
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D. Large deviations of the arrival processes and potential service processes

For ki € S', define ¢1:(#) = Elexp(#H(k'))]. Then, by independent assumption we
have ¥ (6) = H;\ilﬂgiluﬁ;jﬁm (6). Furthermore, let D' = {6 > 0: ¢:(0) < oo, ki € S}
fors = 1,2. We assume D" is non-empty and open. These technical assumptions are satisfied
in most cases of practical interest which includes r.v.’s with phase-type distributions. For
8 € D', define the matrix

Qning

HY(6) = (P07 (9)) " 0 (PR02(9)) " @ o (PN (p)) (6)
where ‘Ilij(9) = dia,g(zr/},ij (8), k€ S¥), and for any 8 > 0, define two-dimensional matrices

fcq fca
HLg) = | P2 ©€ } H29:|:p1 Qe } -

B(6) [ @ prefe B(6) g paele (7)
Furthermore, let p(6) = sp(H(0)) and p%(8) = sp(H%(d)) be the spectral radii of
thg matr?ces HY (6) and H%(6), x4(0) = (20", 1 < m < H.}N:il S "U‘) and x%(6) =
(29(8), 2% (8))T the positive right eigenvector corresponding to p, () and pjg(e),‘ where |SY|

denotes the state number of state space S¥. Let T () = MaXo g 1< i i ¥ (8)/x'L(8),

T (0) = maxo<k,i<1 25 (0) /7% (). Then, the following properties hold (see Graham[17]).

Proposition 1: (i) pi(6) = H}Zl(pj(ﬂ))"ﬁ, where pzj(ﬂ) = sp(P W (h)) is the spectral
radii of matrix PUWY(6) for j=1,--- ,N;.

(i) x4%(8) = @)?él(xfj(ﬂ))@"ii, where x'{(0) = (z'{™,1 < m < |S¥]) is the positive right

eigenvector corresponding to p'y(#) for j =1,--- , N,.

_ pj+pie” 4 /(py — pic®)? + dgigje”

i pip(6) — pie” di T
6) = (— - =1,2.
(iv) - x5 (6) (pjg(ﬂ) + @i —pie?’ pp(0) + qi — piee ) T
i gi pp(6) — pie’ L1
) Ti(6) = max{ : , i=L2
(v) Ty() = max{ ™ o e Th

Applying the large deviation results on general Markov-modulated processes and chains
(see Dembo and Zajic [7], and Chang [6]) to the processes {A!, ¢+ € N} and {B:,t € N}, we

get the following proposition.

Proposition 2: (i) A(6) = log(,(6)) = S-, i log(p4(6)) and A%(8) = log(p}y(6).
and both A% (#) and Az(6) are convex function of 6.

(ii) The processes {S /t; t € N} and {SP'/t; t € N} satisfy the large deviation principle
with the convex, good rate functions Af(a) = supger{fa — A (6)} and A%(a) =
supger {0a — A% (6)}, respectively.

(iil) Let F/' = o{Al; 7 <t} and FP = o{B%; 7 <t}, then for all § € R and 7,1 <0,

AL(0) — Ty (8) < log E[e®57+t|FAT] = log E[e®57 -+ |AL] < AL (0)t + T (8),  a.s.
A (B)t — Tiy(6) < log E[e#S7r+t|FB) = log E[e#S7r st | BE] < A ()t + Ti5(6),  a.s.

Other basic properties of /\2(9), A%(ﬂ)7 AZ“(&') and A%"(a) can be found in Dembo and
Zeitouni[7], and Zhang[19] and [20].
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E. Admission control and effective bandwidth

The admission control for the statistical multiplexing of bursty sources aims at a admit-
ting a new connection application into a network only if it can be guaranteed a minimal
QoS without violating the QoS of other connection applications already in the system. The
main task of the admission control is to construct an admissible set for the numbers of all
connection types. The theory bases is the concept of effective bandwidths, which has been
originally developed for a single server system with multiplexing input streams. Consider a
single buffer fluid model with the service rate ¢ and the arrival process which is a superpo-
sition of number of independent processes {A]™ .t € N},1 < j < N, 1 <m < nj. Assume
that n; streams of class j are identical distribution. For 6 (8 > 0), the effective bandwidth
function of {A{m,t € N} is defined as follows:

: .1 AL (B)
() = Jim - log Bleap(6s )] = 417 (s)
Let (* be the solution to the equation
N .
Z njeb’, (6) = c. (9)
j=1

Basing on the result of the large-buffer asymptotics on the tail probability of the steady
state queue length L:

lim P{L;> a2} =P{L>a} ~ ¢S (10)
00

as ¥ — 00, one has that the QoS criterion P{L > 2} < ¢ for cell loss probability is satisfied
ife " < e asa — oo and € — 0 such that —log(e)/x — (*. Then, the effective bandwidth
associated with {47, ¢ € N} is assigned to be eb’, = eb’,(¢*), and an admissible set for
the vector (nqy,--- ,ny) is defined as follows.

N
N ={(n1, - ,nn); Zn]‘ebfg < ¢} (11)
i=1

Therefore, the effective bandwidth actually is a number associated with each connection
such that if the sum of the effective bandwidths of all connection onto a buffer is less than
the output rate of that buffer, then QoS is satisfied. Recently, the concept of effective
bandwidths has been extended to networks with priority classes by Berger and Whitt[1], [2]
and [3]. For the polling system considered here, we want to find a similar admissible set for
which the cell-loss probability requirement is satisfied by each queue. Concretely, let Li be
the queue length of @; at time . Since the server allocates its capacity randomly between
the two queues, we know that {Li,# € N} is affected not only by itself arrival processes,
but also by the arrival processes of @)}, 7 # 7. Namely, the behavior of {Li,t € N} depends
on both (n11, - ,nin,) and (n21, -+ ,nan,). Let € be the cell-loss probability target for
the traffic of ;. The purpose of the admission control is to satisfy the QoS criterion for
the each class:

Gi((n11, -+ snany ), (na1, - nan,)) = tlgglo P{Li > 2;} <¢ (12)

on the asymptotic region: ©; — oo and ¢; — 0 such that —log(¢;)/2; — ¢ > 0. The main
work is to identify the following feasible region:

K= {(:(77’115 Ty TN, )7 (77/217 o 7n2N2:)) : Gl (:(77’11'/ Tty TN, )7 (77/217 o 7n2N2):) < €1,

Gal(mr.- omany) (o, ma,)) < 2}(13)
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3. Upper bounds and admission control

In this section, we first give the large deviation upper bounds on the overflow probability
of each queue, and then basing on the upper bounds, present an admission control criterion
for the polling system. By {D:,t € N} and {E},t € N}, we denote the stationary and tran-
sient departure processes from an MM AP/MSP/1 queueing system with the arrival process
{A!, t € N} and the service process {B!, t € N}, respectively. Here MM AP and MSP de-
note Markov-Modulated Arrival Process and Markov service process. Note that the stability
condition of this system is A’ < B'. The effective bandwidths of {A}, t € N} and {Bj, t €
N} are expressed by eb! (9) and eb’ (9)7 respectively. Then, from Proposition 2, we have

ebly(6) = S Tl eb{"(6) = Lk 12”” AY"(0)/8 = YL 1 747 108(p71(9))/6 and
1y (6) = A (6)/0 — loglp(6))/6. Then Ay (6) = (A4(O)) = 1%, S0, (A4 () =
Z;\il nii(p'1(8)) /p'1(#) and 1\%’(9) = (A5(9)) = (p3(8))'/p(F). Furthermore, we define
ebiy(8) as follows:
For any 6 > 0,
CASEL. A" < A'/'(67) < BF < min{\i, ¢;}
eb, (6) if §<4;

% iy (o) + L= by (0 — 67) if 6% <8 and

B' < AL'(8—67)
< min{\i, ¢;}

éF . 6 —of <
jeb%(cﬁ) + L min{ AL, ¢; } if §f <6 and
. Ai ; . . ‘
—%eb%(min{A%ci}) min{ AL, ¢;} <

AR (6 67)

CASE2. A" < B' < A/'(67) < min{\i, ¢;}
eb’, () if 6:A%'(6) <B (14)

Jé ) if 6:AY'(0) >Bi, §<6r

i ! i C*
cHpl8) - o, AY((0)> B 007
and A5(6 —67) < A (67)

(6) 86—, ., .
max{Jé), ?AA (6F) + 7 “AR(0—=67) i 0:AY(6) > B0 > 6F
and AL (87) < Ay (0 — 67)
< min{ A\, e;}
maX{JiéH), %Am(dj) Le} i 0:AL(0) > B> S

_min{An e} i )} and min M e} < AL (68— 67)

g
CASE3. A' < B' < min{\L ¢;} < A} "(6%)
ebiy (6) if 6:AL'(57) < B
]‘1'6(9) it 6 AL (65) > B

CASE4. A > Bt
ebiB(G)
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where, AL is the right end point of dom/\fj = z'n7,‘(rcznAf4/)7 and 07 is the largest solution
to the equation A% (6) + Al (—8) = 0. Ji(8) = (8 — 6%:(6) — 03, (8))n™ B () + AL (6%:(8)) +
A’é(é*B,-(G)), where n‘AiBi(G) is the maximum point of the function #a — A%} (a) — A%(a) in
the interval [B, Ai{/(cg*)], and for 4 fixed, ézi(ﬁ) and é%i(ﬁ) are the unique solution of the
equations Afal(é) = nAiBi(ﬂ) and A%/(é) = n‘AiBi(G), respectively. K;(6) = (0 — ét‘l({?) —
éEi(Q:))fAiBi(G) + AfA(éj‘i(G)) + AiB(é*Bi(ﬂ)), here .fAiBi(ﬂ) is the maximum point of the
function fa — A'%f(a) — A () in the interval [B*, min{\}, ¢;}], and for 6 fixed, 6%;(8) and
égi(e) are the unique solution of the equations Agl(é) = £AiBi(9) and A%l(é) = 5‘4i3i(0),
respectively.

As will be seen, eb%,(6) actually is the effective bandwidths of the stationary departure
{Di,t € N}. Obviously, ebi)(6) is a function of the integer number n;; and the effective
bandwidths ebi{(@) for j = 1,2,--- ,N;. Recall that L denotes the queue length of the
queue @Q; at time ¢. Then under the stability condition (5), L} converges in distribution to a
finite random variable Li_. Here we assume that the queue processes of the polling system
have reached their steady state. Thus L} has the same distribution as L _.

Theorem 1. Under the stability condition (5), the steady state queue length Li of the
queue @; satisfies the following upper bound:
(i) For any 6 € D', if eb',(8) + vieb), (vif) < ¢4, 7 # i, then

1 .
limsup —log P{L{ > x} < —6, (15)
r—oo L
where, v; = ¢;/¢;, 1,5 =1,2.
(i1) The positive solution @fj(’ui) of the equation:
by (8) + viebl (vif) = ¢i  j # 1. (16)
exists uniquely and —©7,(v;) is the tightest upper bound.
Before going to prove Theorem 3, we first present two lemmas on the effective bandwidth

of the stationary departure {D!,# € N}. First lemma is due to Theorem 2 of Chang and
Zajic[7].

Lemma 1. Under A < B?, for any a € R,

.1 ‘ : ix
tlgl;lc i log P{SP" > at} = —;gf; AD (), (17)
. osP" i (g \
flgglo n log E[e””t ] = A'(6), >0, (18)

where,  A¥(a) =dfa —sup{dfz — Al ()} + igf A% ()

0 if a< A

A () if a<AY(6%) and A <a < B
_ Aij‘(a) + /\g‘(a) if o< /\1‘/(5?) and B < o <min{\!, ¢;} (19)
) §ra— AL(6Y) if a>AL(6%) and AP <a < B

Sta —AA() + Ag(a)  if a>AY(5F) and B <o < min{)\, ¢}

o0 if a>min{\, ¢},



88 WEI FENG, KOUICHI ADACHI AND MASASHI KOWADA

here, §7 is the largest solution of the equation, A% () + A (—6) = 0, and

A5 () = sup {fa — A% (a)} = - osup {fa— A% (a)}). (20)
Ai<a Al <a<min{Al,c;}

For the MM AP/MAP/1 queueing system, we can directly derive A%, (6) as follows. The
proof is similar to that of Theorem 3.3 in Feng et al.[12].

Lemma 2. Under A* < B?, for any 6 > 0, A'(8) = ebi,(8), where b, (6) is given in the
formula (13).

The proof of Theorem 1: For the sake of convenience, we look backwards in time from time
0. As the Bernoulli service schedule is work-conserving, the evolutions of the two queues
are governed by the following recursive equations:

Lly=max{Ll, , + AL,_; —max{BL_;, e1 —oi(LZ,_; + AZ, )}, 0}, (21)
th = maX{thfl + *42471 - maX{thflﬁ €2 — 7«’2(L17t71 + *41471)}-, 0}. (22)
Define R', = max{B',, ¢; — v,;(L'it + Aj_f)},z‘,j = 1,2;i # j. Then, R', denotes the

amount of the service actually received by @; at time —¢. Expanding (21) and (22) recur-
sively we have ' ,

where, S}j; = Z:;_t RY is the total amount of the service actually received by Q; in [, 0).
Observing that » »
SE =L', + S84 -Li. =12, (24)

we have Sﬁi > StAi — LY. Without loss of generality, we consider here the case that
i = 1,5 = 2. Then, the maximum in (22) for ¢ = 1 must be achieved at the time when
L} = 0. Let —t < 0 be the first time such that L', = 0 and L' > 0 for 7 € (0,¢). Since
the queue @)1 is busy during the interval (—t, 0] and the Bernoulli service schedule is a work-
conserving policy, the queue 1 gets at least S_Btl amount of the service (by considering the
situation that the queue Q2 may become empty between —t and 0). Thus, 515; > S?;. On
the other hand, since Sﬁf is the amount of the service actually received by @2 during the
interval [—#,0) and the service rate is cq, SE:/CQ is the time that the server spends in @
during the interval [—t,0). We have that ¢; (¢t — Sl_{:/cz) = ¢1t —v1S% is the amount of the
service received by @1, where v = ¢1/co. Hence,

Sf; = max{ ¢t — 7;152?, cit — 'Ulsff } =1t — v1 min{ Sfj, Sf; }. (25)
Substituting (23) into (22) for i = 1 yields

L = ItréaNX{ Sftl + vy min{ S}_Q”:, Si? b=t} (26)

Note that under the stability condition (5) of the polling system, it is possible that for
some ¢ =1 or 2, A* > B*. Thus, it is necessary to distinguish theses two cases in the proof.

CASE1l: A% < B2
We introduce a MMAP/MSP/1 queueing system with the arrival process {A% t € N}
and the service process {B7,t € N}. Let L%, be its queue length at time —¢. Since this
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virtual system does not receive extra service except SE;, it always holds that L%, < iat
We have S}j“f < th + Sf‘j < Ezt + Sfj. Thus,

L§ < max{ SA +vymin{ L, + 8%, S% }—cit}= max{ SA +uSM — et ), (27)

where Sfﬂ = min{ I~,2_t + Sff, S?f }. From Proposition 2, Lemma 1 and 2, we have for
any € > 0,

2 2 2 2
E[eeLg} < E[eemaxteN{Sft+v15‘_V’t 7clt}] < Z E[ee(si‘t+vlsi’t 7c1t)]
teN

<C.+ Z e(AQ(9)+A%(me)+ze—c19)t
t>1.

where t. is sufficient large and C', is a constant dependent on e. Therefore, we have E[e”é] <
oo if AL (0)+ A%, (v18) +2e—c16 < 0. By Chebyshev’s inequality, P{L§ > 2} < ¢~ Fleflo]
for any @ > 0. Then, using the definition of eb!,(6) and eb%, (), we have that if eb',(8) +
viebh(v16) +2¢/6 — ¢ <0,

1
limsup = P{L} > 2} < —4. (28)

r—oco &

Taking ¢ — 0, we get the upper bound (15) in this case.

CASE2: A2 > B2
By (23), we have
L} gmeg_c{ Sftl —I—vlef—clt }. (29)
te

For any 6 > 0, similarly, if A 41(6) + Ag2(v16) + 2e — ¢16 < 0, then,

Ele?5) < 3 B[St 4t —an] ¢ oo,
teN

Again by Chebyshev’s inequality, if eb!, (6) 4+ viebg2(v18) + 2¢/6 — ¢ < 0,

lim sup % log P{L{ > «} < 6. (30)
r—oo T

Taking e — 0 and noting that eb3,(6) = eb%(6) in this case, we establish (15).

Next consider the assertion (ii) of Theorem 1. Write the equation ebil(ﬁ) —I—UiebjD(viH) =
c; as AL (6) + /\Jb(viﬂ) = ¢;8. Note that {Di,t € N} is the stationary departure process
from the MMAP/MSP/1 queueing system with the arrival process {A}, ¢t € N} and the
service process {Bi, t € N}. Then, D! < Bi for t € N. It follows that E[D]] < BY.
Hence, if A" < B, we have (Ai{/(e) + UiAle(H)ﬂgzo = A+ UiE[_Dé] < B+ 0 B7 = ¢
Otherwise, we must have that A7 < B7,j # ¢ from the stability condition (5). Thus, the
MMAP/MSP/1 queueing system with the arrival process {A], ¢ € N} and the service
process {B], t € N} is stable. We have E[D]] = A7. Again by the stability condition (5),
A+ viE[Dé} <Al +0; A1 < B+ 0;B87 = ¢;. Finally, by the convexity of A% (6) and /\Jb(e),

we obtain the assertion (ii). These complete the proof. O

Remarks: (1) Note that ©;j(v;) is the function of the integer numbers n;; and the
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effective bandwidths ebi{(@) and the effective bandwidth ebi;(6).

(2) In fact, by the similar method in [12] and [13], we can also derive the lower bounds on
the overflow probability. Since only the upper bounds of the overflow probability will be
used to determine the admission control criterion, here we give the lower bounds without
proof.

Theorem 2. Under the stability condition (5), the steady state queue length Li of the
queue @); satisfies the following lower bound:

1 4
liminf —log P{Ly > =} > —0;,(1,),

where, 67;(l;) is the unique solution of the equation:

eby (0) + Liebly (i) = ci, i # J.

here, I; = max{v;, L }1 4i<piy + vil{4i>5i}, Lo is the indicator function of the set ', and
ebt;(6) is defined as follows: for any 6 > 0,

CASEl. Al < B
eb'y () if 6:AL'(0) < B

ebp(8) = ¢ Ki(0)/0 it 6:04'(6) > B

CASE2. A" > B’
B

M
7@1711"

By the upper bounds (15), for z; sufficiently large, we have P{L} > z;} < ¢
Therefore, if e % < ¢, i.e., Cf=—-log(e)/a; < O7;, then it holds that P{L{ > z;} <«
From Theorem 1(ii), this means that

ebf4(€7) + eb‘};(@*) < ¢;. (31)

i

Note that bl ((F) = Z;\ll nijebid (CF) = eb'y ((Finit, -+ ,nin;) is a linear function of

nits s ning, and eb}, ((F) = b)) (CFimjr, -« .n;n; ) is a nonlinear function of n;1,- -+, nin;.

Thus, (31) is a nonlinear constraint on the integer numbers nqq, -+ ,n1N,;N21,° " , N2N,-
Let A be the set of points ((r11,- - ,nin, ); (R21, -+ ,nan,)) such that

N = {((n”v"' 7”1/\71)7(”’217"' :n’QNQ)) :
66%4(@1*%”117' o 7n1N1) + eb%(cr;nﬂla T 777’21\72) < C1,

Pba\(gganZM o 7n2NQ) +€b}_)(<-2*;n11, e 7n1N1:) < CQ}' (32)

We have the following theorem.
Theorem 3. AN C K, i.e., the QoS criteria

Gi((ni1, -+ ,nany ), (R, - ynan,)) <€, i =1,2
are satisfied if

Ebi-l( i*;nilv"' 7niNi) —I—ebJD((z*?njla 7njj\7j) S Ci, Z?] = 1727j #Z (33)
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where (,¢ = 1,2 is given by

N log €;
=84

Ty

4. Algorithm for two classes case

In this section we present an algorithm to calculate the admissible set for a polling
model that each queue has only one input class of traffic, i.e., Ny = Ny = 1. Assume that
n; input streams {ai™,t € N} of Q; are independent and identical stationary Makovian
on/off sources. That is, {a!™,t € N} is a stationary Markov chain with the state space
{0,1} and transition matrix

1—a' a'

Pd = ,Bi 1 — ’81'

(34)
While in the state on (denoted by 1), the source produces information of traffic at a constant
ri; while in the state off (denoted by 0), it produces no information. The equilibrium
distribution of {ai™ t € N} is 7% = (a'/(a’ + 3%),8'/(a’ + ')). The aggregate arrival
process A} of Q; can be described as A} = >""'_ ai™r, and A' = E[A}] =Y""_ /(o' +
8")n;r;. Since each input stream {a}”,¢# € N} is a two-state Markov chain, we can easily
calculate p!(6) = sp(P! W' (§))—the spectral radii of the matrix P! ¥’ (8) as follows:

: 1—C¥i+ 1— gi 66’7”{ + ( 1_ai _ 1_/31 697‘1' 2_;'_40[1',’81',6927

pa(e) — ( ! ) \/< 5 ) ( ) ) . (35)
We have A% (8) = n;log(pt () and the effective bandwidth ebiy (6,n;) = n;log(p: (8))/8 =
n; bl (8), where ebl(6) denotes the effective bandwidth of {air;,# € N}. Similarly, the
admission control policy for this special case can be described as follows: under the condition

that ny class-1 streams and ng class-2 streams are transmitting, if a new stream arrives into
the polling system, the admission control scheme decides whether or not to admit this
stream. A simple admission control scheme is an admissible region such that all points
within it denote the numbers of class-1 and class-2 streams for which QoS of each queue is
satisfied. Namely,

K= {(nl,ng) : Gl(nl,ng) S €1, Gz(nl,ng) S 61}. (36)
Now the subset A/ of K obtained by using the upper bounds becomes to:
N = {(n1,n2) 0 eby(GFinn) +ebh((Time) <er, ebd((ing) + ebp(Gim) < e} (37)

Since for any 6 > 0 and any n; > 0, ebiD(G,n,;) > 0. We have that the maximum num-
bers ni and nj of input streams under which QoS of each queue is ensured should be the
maximum numbers satisfying inequalities ebY (¢f;n1) < ¢1 and eb%((5;n2) < ca. Thus, we
can take n¥ = |(Fe;/log(pi(¢F))] for i = 1,2. In the following, we give an algorithm to
determine the admissible set A

Algorithm.

Step 1. For i =1,2 and § > 0, put
B 1 — O(i + (1 _ /Bi)eev‘i + \/((1 _ Oéi) _ (1 _ ﬁi)eé’ri)Q + 4ai/3i69'r,'

(i) pi(8) = 5 :

A% (0,n:) = nilog(pt(8)) and by (6,1;) = n;log(pt(8))/6.
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o p! + pre?ei 4 \/(pi — piefei)? + dqiqiefei
) pj(6) = )

7 j:]‘“?;j#i?

2
A%(6) = loa(p}(6)) and ebiy(6) = log(p}(6))/6.
Step 2. For the given ¢; and z;, calculate (¥ = —log(e;)/x;, and the maximum numbers of

the input streams in each queue nf = [(Fe;/log(pl(CF))].
Step 3. Fori = 1,2, determine the set N7 = {(n1,n2), ebly((Fini)+ebh((in2) < i} and
No ={(n1,n2), €b}((3in2) + ebh((3in1) < ea} as follows: first, set
Ny ={(0,0),(1,0),--+ ,(n7,0)} and Nz ={(0.0),(0,1),---,(0,n3)}.
Fori=1to 2,
For n; = 0 to n,
For n; =1 to nj
(i) Find d%(n;)—the largest root of the equation A‘A(G,nj) + 1\‘%(—9) =0, or
equivalently, the largest root of the equation (p(8))" = pj(—6)~ .

(ii) calculate /\;7-4/(5;-‘(71]-), n;), where

0T
n;rje’’

A0 =
4 (0,n5) 201 (6)

{uam+2“@”41—wxu—am—u_amaw}_

V(1 —ad) = (1 — B9)ef7i)2 4 4ai 3i e
(iii) Distinguish the following four cases:
CASEL if A/ < A‘i\l(é;-‘(nj),nj) < B <min{\,¢;}, then go to (1).
CASE2. if A7 < BJ < AQ((S;‘(nj,nj) < min{\,¢;}, then go to (2).
CASE3. if A7 < BJ <min{\,¢;} < 1\21(5;(71]-),11]-), then go to (3).
CASE4. if A7 > B7, then go to (4).

1) calculate eb’ (Fin;) for CASEL.
D\ J

nj ebl(C}) if ¢ <67(nj)
§*(n: ) *_ 5% (.
0 e 55+ ) i 5j(ny) < G and
v . ot . il
xeby (¢ =67 (n;)) B < Aj (¢ —65(ny))
. N 3 J .
Do) = ) G — 55 (nj) St
JC*] n; ebg(a;f(nj))Jrzci;Vmin{Ag,cj} if §%(n;) < ¢ and
in{\ el _ ‘
RO} i\ ) min{\, e;} <
i o
A (¢F = 65 (ng),

then go to (iv).

(2) calculate eb]b(C;‘; n;) for CASE2.

(2.1) find nAJBj(C*)—the maximum point of the function f(a) = (F—

Af:(Na) - Ag(a’) on the interval [B7, A‘A’(é;‘(nj))}.
(2.2) find 6% ((}) and 6%, (¢F)—the unique solution of the equations

?

A3 (8,m5) = P (CE) and AG(8) = n" B (¢7), where

k2
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ALy = S°
S 2(0)

Oc; ) ) T4t I (i i olc
T T S N
\/(‘pz _ p]69Cj)2 + 4q]qze¢9c]'

(2.3) put
Ti(CE) = (G =07 (G ) =0 (SN B (G AL (7 () + AL (85, (CD)).

*

(2.4) calculate ebi)(Cl- i)
by (i)

nj eb) (CF)

Ji(¢)
G

(G > BT, ¢ > 85(ny) and

AR (G = d5(ny)) < A (85 (ny))

it AL(¢r) < B

it AL(¢r) > B, ¢ < 8%(n;) or

maX{L?), 5;(Zj)nj eb‘é((sj(nj)) if AQI(C;‘) > BJ,C;‘ > 5;(nj) and
61*_51*01]) J(* *lo Jl sk N T
+T€bb(@: —d07(n;))} Ay (67 (ng)) < AR (G = 67(ny))
1 < min{\, ¢;}

St £ 6% (n, y .
) S8 550+ EEE i (60 5 80,G: 5 ny) ana

ax{—* ,
Ci Cl \
_ TSV IR _ , 4
i e} = PEUES ) ing o) min. e} < A6 - 50

then go to (iv).

(3) calculate eb]b( £inj) for CASES.

(3.1) find fAiBi (¢;)—the maximum point of the function f(a) = (7 — A (a)

—A%(a) on the interval [Bi, min{\., ¢, }].

*) and é%z (¢; )—the unique solution of the equations

(3.2) find 67, ((}) anc 50
AL(8) = €4 P(¢r) and A (B) = €1 P(C)).

(3.3) put
Ki(C) = (0% (C) 05 (CONEN BUCH)HAL (5 (C )+ AR (05:(C)).

(3.4) calculate eb%({f; n;):
npebl(¢) i AL(G) < B,
ebh(Cring) =3 K(¢k . .
S L) if A% (¢F) > B,

¢

then go to (iv).

(4) calculate ebg( Finj) for CASEA4.

eb]‘D(‘;‘;nj) = ebi((f), then go to (iv).
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(iv) If ey ((F5mi) + ebjD(C;"; n;) < ¢;, then next nj, else go to (v).

v) set n*(n;) = n;, and
7 7

«/Vz‘ = /Vi U {(niv 0)7 (ni’ 1)’ T ,(ni, n*(nl))}

J
Next n;
Next 7.

Step 4. Set N = N7 NN, Then, end.

5. Conclusion

In this paper we have considered an admission control problem for the polling system
consisting of two-parallel queues and a single server, under the Bernoulli service schedule.
Basing on the effective bandwidth theory and the large deviation bounds, we have derived
an admission control criterion under which QoS of each queue is guaranteed, and presented
an algorithm to find the admissible set. As known, the effective bandwidth approach based
completely on large-buffer asymptotics often give a very conservative approximation, e.g.,
see [1], [2]. Moreover, the large deviation upper and lower bounds used here are not match-
ing. This fact also affects the accuracy of approximation. Nevertheless, we believe that our
results can be very useful because they identify an appropriate structure for the admissible
set for the polling system. Furthermore, since ebh,(¢Fin 1, -+ ,njn;) is non-linear function
of nji, -+ ,njn;, the resulting admissible set (32) has nonlinear constraints for each class
of each queue. These non-linear constraints make the notation of effective bandwidths lose
much of its original meaning: i.e., assigning an effective bandwidth to each connection of
each type. However, we can produce a smaller admissible set with linear constraint bound-
ary by using the similar method in [2,3], e.g., approximating the admissible set (32) by
a linear hyperplane chosen to be tangent to the admissible set at some point of typical
operating region, say, n*. With this admissible set, we can assign an effective bandwidth
to each connection of each type in each queue. As a future work, it should be worthwhile
to consider the problem that if taking the probabilities of routing servers, p'.i = 1,2 as
control variables, whether or not there exist optimal values of p,i = 1,2 such that they
give a maximum admissible set.
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